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Preface

Objectives and motivation

Measure theory and integration form one of the fundamental pillars of modern mathe-
matical analysis. Born from the pioneering work of Emile Borel and Henri Lebesgue at
the beginning of the 20th century, this theory profoundly transformed our understand-
ing of the concepts of length, area, volume, and more generally the “size” of a set. The
Lebesgue integral, which arises from it, considerably extends the Riemann integral and
provides the natural framework for probability theory, functional analysis, partial differ-
ential equations, and many other branches of mathematics.

This course is aimed at graduate students (Master’s level) in pure or applied math-
ematics. It assumes a solid command of real analysis (sequences, series, continuity, dif-
ferentiability, Riemann integral) as well as basic notions of general topology. Familiarity
with linear algebra and normed vector spaces is also desirable.

Historical context

The Riemann integral, developed in the 1850s, has well-known limitations. Consider the
Dirichlet function:

1 ifzeQ,
0 ifz¢Q.

This function is not Riemann-integrable, yet intuitively, since Q is “negligible” in R, one
would expect fol f=0.

Similarly, if (f,,) is a sequence of Riemann-integrable functions converging pointwise
to a function f, it is generally not true that

b b
lim [ fu(z)dx :/ f(z)dz,
n—oo a a
even when the right-hand side makes sense. For the interchange of limit and integral to
be valid in the Riemann sense, one needs uniform convergence, which is a very restrictive
condition.

The Lebesgue integral solves both problems elegantly: the Dirichlet function becomes
integrable (with integral zero), and the dominated convergence theorem allows the inter-
change of limit and integral under much weaker hypotheses than uniform convergence.
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Guiding ideas

Lebesgue’s approach rests on a fundamentally different idea from Riemann’s. While
Riemann partitions the domain of the function into small intervals, Lebesgue partitions
the range of the function and measures the preimages:

Imagine you need to count a large sum of money composed of coins of different
values. Riemann’s method takes the coins one by one, in the order they are found.
Lebesgue’s method first sorts the coins by value, then counts how many there are
of each type. The result is the same, but the second method is more flexible and
applies to more situations.

For this approach to work, one must be able to “measure” the preimages f~'([a,b)).
This requires:

1. A theory of measurable sets (o-algebras), which determines which sets can be
measured.

2. A theory of measures, which assigns a “size” to each of these sets.

3. A definition of measurable functions, whose preimages of reasonable sets are
measurable.

4. The construction of the integral itself, by approximation via step functions (simple
functions).

Course outline
The course is organized into twelve chapters following this logical progression:

Chapter 1. o-Algebras and measurable spaces: the fundamental structures. Generated
o-algebras, Borel o-algebra.

Chapter 2. Measures: definitions, examples, g-additivity, finite and o-finite measures,
continuity lemma.

Chapter 3. Carathéodory’s theorem: construction of measures via outer measures, ex-
tension from a pre-measure to a complete measure.

Chapter 4. Lebesgue measure on R"™: construction, invariance properties, non-measurable
sets.

Chapter 5. Measurable functions: definitions, stability under algebraic operations and
limits, approximation by simple functions.

Chapter 6. Lebesgue integral: three-step construction (simple functions, non-negative
functions, integrable functions).

Chapter 7. Convergence theorems: monotone convergence (Beppo Levi), Fatou’s lemma,
dominated convergence (Lebesgue).
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Chapter 8. L? spaces: Holder and Minkowski inequalities, completeness, separability,

duality.

Chapter 9. Signed measures: Hahn and Jordan decompositions, total variation.

Chapter 10. Radon—Nikodym theorem: absolute continuity, Radon—Nikodym deriva-

tive, Lebesgue decomposition.

Chapter 11. Product measures: product o-algebra, Fubini and Tonelli theorems.

Chapter 12. Radon measures and the Riesz representation theorem.

Conventions and notation

N =1{0,1,2,...} denotes the set of natural numbers (including zero).
R* = [0, +00) and R = [0, 4+00].

The extended real line is R = [—o0, +o0].

1,4 denotes the indicator (characteristic) function of A.

[T =max(f,0), 7 =max(=1,0), f = [T = f7, [fI ="+ /"

A, T A means (A,) is increasing and A = J,, A..

A, | A means (A,) is decreasing and A =1, A,.

“a.e” means “almost everywhere” (outside a set of measure zero).
(X, A, ) denotes a measure space.

B(R™) denotes the Borel o-algebra on R™.

A" denotes the Lebesgue measure on R" (A = \!).

Prerequisites

Real analysis: properties of R, numerical sequences and series, continuity, differ-
entiability, Riemann integral, series of functions, uniform convergence.

General topology: metric spaces, open and closed sets, compactness, connected-
ness.

Linear algebra: vector spaces, norms, Banach spaces (basic notions).

Set theory: set operations, axiom of choice (for the construction of non-measurable
sets).
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Chapter 1

o-Algebras and Measurable Spaces

At the end of the nineteenth century, mathematicians faced a fundamental problem: how
to rigorously define the “size” of a set. The Riemann integral, which had served so
well for decades, was showing its limits in the face of pathological functions discovered
by Dirichlet, Weierstrass, and others. Henri Lebesgue, in his 1902 thesis, proposed a
revolution: instead of slicing the z-axis into small intervals, he sliced the y-axis. But for
this idea to work, one first had to answer a preliminary question: to which sets can we
assign a measure in a consistent way?

The answer — and this is the subject of this first chapter — is that we must restrict
ourselves to a collection of sets with good closure properties: a o-algebra. This concept,
which may appear purely technical at first sight, is in reality the keystone of all of measure
theory, integration, and by extension modern probability.

1.1 Introduction

The first step in building measure theory is to identify the sets to which we wish to assign
a “size” In general, one cannot consistently measure all subsets of a given set (we shall
see in Chapter 4 that non-measurable sets exist). One must therefore restrict attention to
a collection of sets that is rich enough to be useful, yet structured enough for the measure
to be well-defined. This collection is a o-algebra.

1.2 Fundamental definitions

Definition 1.1 (c-algebra). Let X be a non-empty set. A o-algebra on X is a collection
A C P(X) of subsets of X satisfying:

(i) X € A,
(i) if A€ A, then A°= X\ A € A,
(iii) if (A,)nen is a sequence of elements of A, then | J -, A, € A.
The pair (X, .A) is called a measurable space.

Remark 1.2. Condition (iii) concerns countable unions. This is the essential difference
with the notion of an algebra (or Boolean algebra), which only requires closure under
finite unions.
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Proposition 1.3 (Elementary properties). Let A be a o-algebra on X. Then:
1. e A;
2. Ais closed under countable intersections: if (A,)nen C A, then (72, A, € A;
3. A is closed under set difference: if A, B € A, then A\ B € A;
4. A is closed under finite unions and intersections.

Proof. (1) @ = X° € Aby (i) and (ii).

(2) By De Morgan’s laws: (), A, = (U, 42)°. Since each AS € A by (ii), the union
U,, A5 € A by (iii), and its complement is in A by (ii).

(3) A\ B = AN B¢ which is in A by (ii) and (2).

(4) Special case of (iii) and (2) with A, = @ for n large enough. O

Definition 1.4 (Algebra). A collection Ay C P(X) is an algebra on X if it satisfies (i),
(ii), and closure under finite unions: if A, B € Ay, then AU B € A,.

Example 1.5. Here are some fundamental examples of o-algebras:
1. The trivial o-algebra {&, X } is the smallest o-algebra on X.
2. The discrete o-algebra P(X) is the largest o-algebra on X.
3. Forany A C X, A={@, A, A°, X'} is a o-algebra.

4. If X is uncountable, the collection of countable sets and sets with countable com-
plement forms a o-algebra, called the co-countable o-algebra.

1.3 Generated o-algebra

In practice, one does not define a o-algebra by listing all its elements, but by “generating”
it from a smaller collection.

Theorem 1.6 (Generated o-algebra). Let £ C P(X) be any collection of subsets of X.
There exists a smallest o-algebra containing &, called the o-algebra generated by £ and
denoted o(E). It is given by:

&= (1 A
A is a o-algebra

ECA

Proof. The intersection is well-defined since at least P(X) is a o-algebra containing &, so
the family is non-empty.
We verify that o(€) is a o-algebra:

» X belongs to every o-algebra, so X € o(&).

o If A € (&), then A belongs to every o-algebra A D &, so A° does too, hence
Ac e a(€).

e The same argument applies to countable unions.

6
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Finally, o(&) is the smallest such o-algebra since it is contained in every o-algebra con-
taining £ (by definition as an intersection). O

Remark 1.7. The intersection construction is non-constructive: it does not allow one to
describe the elements of o(&) explicitly. In general, (&) is much larger than £ and its
structure is complex.

1.4 The Borel o-algebra

Definition 1.8 (Borel o-algebra). Let (X, 7) be a topological space. The Borel o-algebra
of X, denoted B(X), is the o-algebra generated by the open sets of X:

B(X)=o(r).
The elements of B(X) are called Borel sets.

Theorem 1.9 (Generators of the Borel o-algebra of R). The Borel o-algebra B(R) is
generated by each of the following collections:

1. the open subsets of R;

2. the closed subsets of R;

3. the open intervals (a,b), a < b;

4. the half-open intervals [a,b), a < b;
5. the half-open intervals (a,b], a < b;
6. the rays (—oo,a), a € R;

7. the rays (—oo,al, a € R;

8. the rays (a,+00), a € R.

Proof. Denote by B the Borel o-algebra and by o; the o-algebra generated by the i-th
collection. It suffices to show circular inclusions.
o6 C o7: (—00,a) =, (—00,a —1/n], so (—o0,a) € o7.

o7 C 06: (—00,a] =\ (—00,a+1/n), so (—o0,a] € .

o3 C 0g: (a,b) = (—00,b) N (a,+00). Now (a, +00) = (—o0, al® € gg (since o6 = 07 as
shown).

01 C o3 every open subset of R is a countable union of open intervals (Lindel6f

property).
Since o1 = B by definition and o1 C 03 C 0 C B, we have equality. The remaining
cases are analogous. O

Common generators of B(R)
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1.5 Borel g-algebra on R"

Definition 1.10. The Borel o-algebra on R™ is B(R™) = o(7,,), where 7, is the standard
topology on R™.

Proposition 1.11. We have B(R") = ¢(R,,), where R,, is the collection of open rectan-
gles T]7, (a;, b;) with a; < b; for all 7.

Proof. Every open set in R" is a countable union of open rectangles with rational vertices
(since Q?" is countable), so o(7,) C o(R,). Conversely, each open rectangle is open in
R”, s0o 0(R,) C o(7,). O

1.6 Product o-algebra

Definition 1.12 (Product o-algebra). Let (X,.4;) and (X, .43) be measurable spaces.
The product o-algebra is:

A1 @Ay =0 ({A1 x Ay 1 Ay € Ay, As € As}).
More generally, for a family (X, A;)er:
QR Ai=c({m ' (A) i€l A€ A}),
iel
where 7; : [ jer Xj — X is the canonical projection.
Theorem 1.13. If X, and X5 are separable metric spaces, then
B(X)) @ B(X3) = B(X; x X3).
In particular, B(R") = B(R) ® --- @ B(R) (n times).

Proof. Let U be an open set in X; x X3. For every (x1,x9) € U, there exist open sets
Vi 3 x and V5 5 xo with V) x Vo, C U. By separability, one can choose V; and V, from
countable bases By and B of X7 and X,. Thus U = |, Vl(k) X VQ(k), a countable union of
measurable rectangles. This shows B(X; x X5) C B(X;) ® B(X3).

Conversely, if A; € B(X,), then 7;'(A4;,) = A; x X5 is Borel in X; x Xj since 7 is
continuous. Similarly for m. The sets A; x Ay = 71 (A;) Ny '(Ay) are Borel, giving the
reverse inclusion. OJ

1.7 Sub-o-algebra and trace

Definition 1.14 (Trace). Let (X,.A) be a measurable space and Y C X. The trace of A
onY is:

Aly ={ANnY : Aec A}
This is a o-algebra on Y.
Proposition 1.15. If A =0(€), then Aly = o(€ly), where |y ={ENY : E € &}

Proof. Set F ={AC X :ANY € d(€]y)}. One checks that F is a o-algebra containing
&, hence o(&) C F, giving Aly C 0(€ly). The reverse inclusion is immediate. O

8
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1.8 Measurable maps

Definition 1.16 (Measurable map). Let (X,.4) and (Y, B) be measurable spaces. A map
f: X =Y is (A, B)-measurable (or simply measurable) if:

VBeB, fLB)eA

Proposition 1.17 (Generator criterion for measurability). Let B = o(€). Then f :
(X, A) — (Y, B) is measurable if and only if:

VEcE, fHE)cA

Proof. The forward direction is clear. For the converse, set C ={B C Y : f~}(B) € A}.
We verify that C is a o-algebra:

e fFAYY)=XeA s0Y e€C.
« If BeC, then f~1(B°) = fY(B) € A, so B° € C.
« If (B,) CC, then f7(U, B.) =U, f(B,) € A, so U, B, €C.
By hypothesis, £ C C, hence B = ¢(€) C C, meaning f is measurable. O

Corollary 1.18. A map f : R — R is Borel measurable (i.e. (B(R), B(R))-measurable)
if and only if f~'((—o0,a)) € B(R) for every a € R.

Proposition 1.19 (Composition). If f : (X, A) — (Y,B) and g : (Y,B) — (Z,C) are
measurable, then go f: (X, A) — (Z,C) is measurable.

Proof. For any C € C, (go f)~4(C) = f~(g71(C)). Since g is measurable, ¢g~(C) € B,
and since f is measurable, f~!(g71(C)) € A. O

1.9 Dynkin systems and the 7\ lemma

Dynkin’s m-A lemma is a fundamental tool for proving that two measures agree.

Definition 1.20 (7-system and A-system). e A m-system on X is a collection P C
P(X) closed under finite intersections.

o A A-system (or Dynkin system) on X is a collection D C P(X) such that:
(i) X € D;
(ii) if A, B €D and A C B, then B\ A € D;
(iii) if (A,) is an increasing sequence in D, then | J, A, € D.

Theorem 1.21 (Dynkin’s -\ lemma). If P is a w-system and D is a A-system with
P C D, then o(P) C D.

Proof. 1t suffices to show that d(P), the smallest A-system containing P, is a o-algebra
(for then o(P) C d(P) C D).

For this, it suffices to show that d(P) is closed under finite intersections (since a
A-system closed under finite intersections is a o-algebra).

For A € d(P), set G4 = {B €d(P): AN B € d(P)}.

9
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Step 1. If A € P, then G4 is a A-system containing P (since P is a m-system), hence

ga D d(P)

Step 2. For any A € d(P), G4 is a A-system. By Step 1, P C G4 for every A € d(P),
so G4 D d(P).

Thus d(P) is closed under finite intersections, which concludes. O

Using the 7-\ lemma

This lemma is very useful for showing that a property true on a w-system extends
to the generated o-algebra. Typically, to show that two measures p and v on o(P)
agree, it suffices to verify p = v on the 7m-system P (under a o-finiteness condition).

1.10 Uniqueness of measures

Theorem 1.22 (Uniqueness of measures). Let p and v be two measures on (X,o(P)),
where P is a mw-system. Suppose there exists a sequence (E,),>1 C P with E, T X and
w(E,) =v(E,) < oo foralln. If u=v on P, then p=v on o(P).

Proof. Fix n and set u,() = p(- N E,) and v,(-) = v(- N E,,). These are finite measures.
The collection

D, ={A€0a(P): pn(A) = vu(A)}

is a A-system (direct verification). By hypothesis, P C D,,. By the 7-A lemma, o(P) C
D.,, 80 pin, = v, on o(P).

For every A € o(P), AN E, T A, so by monotone continuity: p(A) = lim, p,(A) =
lim, v, (A) = v(A). O

1.11 Exercises
Exercise 1.1. Let X be an uncountable set. Show that the collection
A={AC X :Ais countable or A is countable}

is a o-algebra on X.
Exercise 1.2. Show that B(R) is generated by the open intervals with rational endpoints.
Exercise 1.3. Let f : R — R be a continuous function. Show that f is Borel measurable.

Exercise 1.4. Show that B(R) # P(R). Hint: use a cardinality argument (|B(R)| =
IR| = ¢ while |P(R)| = 2°).

Exercise 1.5. Let (X,.A) be a measurable space and f,g : X — R two measurable
functions. Show that {x € X : f(z) < g(x)} € A.

Exercise 1.6 (Atoms of a o-algebra). Let (X,.A) be a measurable space. For x € X,
define the atom of x as [2] = (44 pea 4-

1. Show that if A is generated by a countable partition, then [z] € A for every z.

2. Give an example where [z] ¢ A.

10



Chapter 2

Measures

Now that we have g-algebras — the collections of sets to which we wish to assign a size
— it is time to define that “size” itself. This is the role of the notion of measure, which
simultaneously generalizes length, area, volume, and probability. This unification, due
to Lebesgue and refined by Carathéodory, is one of the great achievements of modern
mathematics.

2.1 Definition and first properties

Definition 2.1 (Measure). Let (X, .A) be a measurable space. A measure on (X, A) is a
function p : A — [0, +o0] satisfying:

(i) p(@) =0;

(ii) (o-additivity) for every sequence (A, )nen of pairwise disjoint elements of A:
() =
n=0 n=0

The triple (X, A, p) is called a measure space.

Definition 2.2 (Types of measures). Let (X, A, 1) be a measure space.
o pis finite if p(X) < oo.
o is a probability measure if pu(X) = 1.

 jis o-finite if there exists a sequence (X, )neny C Awith X =, X, and pu(X,,) < oo
for all n.

o is complete if for every N € A with u(N) =0 and every A C N, we have A € A.
Proposition 2.3 (Monotonicity and subadditivity). Let (X, A, 1) be a measure space.

1. Monotonicity: if A C B with A, B € A, then p(A) < u(B).

2. Excision: if A C B and u(A) < oo, then p(B\ A) = u(B) — u(A).

3. Countable subadditivity: for any sequence (A,) C A, u(UJ, 4n) < >, 1n(Ay).

11
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Proof. (1) Write B= AU (B\ A), so u(B) = u(A) + u(B\ A) > u(A).

(2) Follows directly from the decomposition B = AU (B \ A) and the finiteness of
p(A).

(3) Set By = Ag and B, = A, \ U}—y Ax for n > 1. Then (B,) is a disjoint sequence
with {J,, B, = U,, An and B, C A,,. Therefore

m (Lnj An) = M(|7| Bn) = Zn:u(Bn) <> (A m

n

2.2 Continuity of measures
Theorem 2.4 (Monotone continuity). Let (X, A, 1) be a measure space.
1. Continuity from below: if A, T A (increasing sequence), then u(Ay) T u(A).

2. Continuity from above: if A, | A (decreasing sequence) and pu(A;) < oo, then

1(An) I p(A).

Proof. (1) Set By = Ap and B,, = A, \ A,—1 for n > 1. Then (B,) is disjoint with
Llr_o Bx = A, and | |}, By = A. By o-additivity:

kzou (By) = hmZu (Br) = lim p(A,).

(2) Set C, = A1\ Ap. Then C,, T A1\ A. By (1), u(Cr) T (A1 \ A). Since u(Ay) < oo:
1(Cn) = (A1) — p(Ay) and p(Ar \ A) = (A1) — p(A), giving p(An) 4 u(A). O

Finiteness condition

The hypothesis p(A;) < oo in (2) is essential. Counterexample: A,, = [n, +00) with
Lebesgue measure. Then A, | @ but u(A,) = +oo for all n.

Lemma 2.5 (Borel-Cantelli lemma). Let (X, A, ) be a measure space and (A,) C A. If

Yors g M(Ay) < 00, then
1 (lim sup An) =0
n—oo

where limsup,, A,, = (o~ Ure,, Ak is the set of points belonging to infinitely many A,,.

Proof. Set B, = J,—,, Ak Then B, | limsup,, A, and
Z (Ax) >0 (n— o)
k=n

since the tail of a convergent series tends to zero. Since p(By) < >, p(Ag) < 0o, conti-
nuity from above gives u(limsup,, 4,) = lim,, u(B,) = 0. O

12
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2.3 Fundamental examples

Example 2.6 (Counting measure). Let X be any set and A = P(X). The counting
measure is defined by:
A if A is finite,
n(4) = {‘ | .
+00 otherwise.

It is a measure on (X, P(X)), o-finite if and only if X is countable.

Example 2.7 (Dirac measure). Let g € X. The Dirac measure (or point mass) at z is

the probability measure:
1 if A
DRV S
0 ifzg ¢ A

Example 2.8 (Linear combinations). If y, us are measures on (X, A) and «, 5 > 0, then
apy + Pug is a measure. More generally, if (x,)neny € X and (ap)neny C [0, +00), then
p=>_ and,, is a measure.

2.4 Pre-measures and extension

Definition 2.9 (Pre-measure). Let Aj be an algebra on X. A function ug : Ay — [0, +00]
is a pre-measure if:

(i) po(2) = 0;

(ii) for every disjoint sequence (A,) C Ay such that | | A, € Ay po(Ll,A4n) =

Zn f0(An)-

Remark 2.10. The difference from a measure is that 4y is only an algebra, and o-additivity
is required only when the union falls in A,.

Proposition 2.11 (Criterion for o-additivity). Let ug be a finitely additive set function
on an algebra Ay with po(@) = 0. The following are equivalent:

1. pp is a pre-measure (o-additive).
2. po is continuous from below: if (A4,) C Ay, A, T A € Ay, then uo(A,) T 1o(A).
3. po is continuous at @: if (A,) C Ay, A, | &, then uy(A,) 4 0.

Proof. (1) = (2): same proof as Theorem 2.4(1).

(2) = (3): if A, | @ and po(A1) < oo, apply the same technique as Theorem 2.4(2).
If pp(Ay) = 400, the result is trivial.

(3) = (1): let (A,) be disjoint with A = || A, € Ag. Set By = A\ ||, A,. By
finite additivity, po(A) = S0 to(An) + po(By). Since By | @, we get po(By) — 0,
hence jio(A) = 37, pio(Ay). 0

13
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2.5 Extension theorem

Theorem 2.12 (Carathéodory extension — preliminary statement). Let ug be a pre-
measure on an algebra Ay. Then pg extends to a measure p on o(Ap). If ug is o-finite,
this extension is unique.

The complete proof will be given in Chapter 3, but we sketch the construction here.

Outer measure construction

One defines the outer measure associated with g by:

mf{ZpO CAO,ACUA}

n=0

for every A C X. Then one restricts u* to the Carathéodory-measurable sets.

2.6 Completion of a measure

Definition 2.13 (Completion). Let (X, .A, ) be a measure space. The completion of p
is the measure 1z defined on the o-algebra:

={AUN:Ae€ A N C M for some M € A with u(M) =0}
by (AU N) = pu(A).
Proposition 2.14. A is a o-algebra and 7 is a complete measure extending j.

Proof. We verify that A is a o-algebra.

Closure under complementation: if E = AUN with N € M, u(M) = 0, then
EC=ANNe=(ANM)U(A°NM\N). Now AN M€ Aand ANM\ N C M, so
Ece A

Closure under countable unions: if E, = A, UN,, with N,, C M, u(M,) = 0, then
U, E.=U, A, v, N, with U, N, € U,, M,, and p(UJ,, M) < >, w(M,,) = 0.

Well-definedness of 7i (independence of the decomposition) is verified directly, and
o-additivity follows from that of pu. O

2.7 Image measure

Definition 2.15 (Image measure). Let (X, A, 1) be a measure space and f : X — Y

a measurable map to (Y,B). The image measure (or push-forward) of p under f is the
measure f,u on (Y, B) defined by:

(fe)(B) = u(f~(B)), BeB.
Proposition 2.16. f,u is indeed a measure on (Y, ).

Proof. (fuu)(@) = pu(f~1(2)) = n(@) = 0. For a disjoint sequence (B,,) in B
is dlSJOlIlt in A and 7Y, Bn) = L, fH(Bn), so (fup)(U, Bn) = w(L, f1(Bn) =
Do H(fTH(BR)) = 22, (furt) (Bu). O

14
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2.8 Exercises

Exercise 2.1. Let (X, A, i) be a measure space and (4,) C A. Show that y(liminf, A,) <
liminf, (A,) (Fatou’s lemma for sets).

Exercise 2.2. Let u be a measure on (R, B(R)) such that u(K) < oo for every compact
K. Show that p is o-finite.

Exercise 2.3. Show that the counting measure on (R, P(R)) is not o-finite.

Exercise 2.4. Let (X, A, 1) be a measure space with u(X) < oo and (4,,) C A a sequence
with u(A,) > a > 0 for all n. Show that there exists x € X belonging to infinitely many
A,.

Exercise 2.5. Let p be a finite measure on (N, P(N)). Show that p is determined by the
values p({n}), n € N, and that g = ">, p({n})d,.

Exercise 2.6 (Lebesgue—Stieltjes measure). Let F' : R — R be an increasing right-
continuous function. Define po((a,b]) = F(b) — F(a) on the algebra Ay of finite disjoint
unions of half-open intervals (a, b].

1. Show that ug is a pre-measure on Ajy.

2. Deduce the existence of a unique measure pur on B(R) such that pr((a,b]) = F(b) —
F(a).

15
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Chapter 3

Carathéodory Extension Theorem

3.1 Introduction

How does one construct a measure? The question may seem circular: we want to measure
sets, but to rigorously define what “measuring” means, we first need a theory. It was
Constantin Carathéodory who, in 1914, cut this Gordian knot with a construction of
remarkable elegance. His idea: start with a cruder notion, the outer measure, which has
the defect of not being additive in general, then select among all sets those on which this
outer measure behaves well. The “measurable” sets in Carathéodory’s sense automatically
form a g-algebra, and the outer measure restricted to this o-algebra is a genuine measure.

This construction, as elegant as it is abstract, is the universal machine that produces
the Lebesgue measure, the Hausdorff measure, and many others. It is the cornerstone on
which the entire edifice of modern integration rests.

3.2 Owuter measures

Definition 3.1 (Outer measure). Let X be a set. An outer measure on X is a function
p*:P(X) — [0, +o0] satisfying:

(i) (@) =0;
(ii) (monotonicity) if A C B, then p*(A) < p*(B);

(iii) (countable subadditivity) for every sequence (A, )nen C P(X):
i (U An> <> H (A,
n=0 n=0

Remark 3.2. An outer measure is defined on all subsets of X, but it is generally not
o-additive. Carathéodory’s idea is to identify the sets on which it is additive.

3.3 Carathéodory-measurable sets

Definition 3.3 (Carathéodory measurability). Let p* be an outer measure on X. A set
A C X is p*-measurable (or Carathéodory-measurable) if:

VECX, p(E)=p(ENA)+u(EnNA°.

17
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We denote by M* the collection of all y*-measurable sets.

The condition says that A “splits” every set E properly: the outer measure of
equals the sum of the outer measures of the two pieces E N A and EF N A°. By
subadditivity, the inequality p*(E) < p*(E N A) + p*(E N A°) always holds. So it
suffices to verify the reverse inequality: p*(E) > p*(E N A) + p*(E N A°).

3.4 The main theorem

Theorem 3.4 (Carathéodory). Let u* be an outer measure on X. Then:
1. M* is a o-algebra;
2. the restriction p = p*|p s a complete measure on (X, M*).

Proof. The proof proceeds in several steps.

Step 1: M* is an algebra.

Clearly X € M* (take A = X: p*(E) = p*(E) + p* (@) = p*(F)). If A € M*, then
A¢ e M* since the Carathéodory condition is symmetric in A and A°.

Let us show closure under finite unions. Let A, B € M*. For every £ C X:

p(E) =p (ENA)+p* (BN A
= (ENANB)+p(ENANBY)+p(ENA°NB)+ p"(ENA°NB°).

Now EN(AUB) = (ENANB)U(ENANB)U(ENA°NB) and EN(AUB)¢ = ENA°NB°.
By subadditivity:

W(EN(AUB)) <pu(ENANB)+u (ENANBY) 4+ u(ENA°N B).

Therefore p*(E) > p*(EN(AUB))+ p*(EN (AU B)°), and the reverse inequality follows
from subadditivity. Thus AU B € M*.

Step 2: Finite additivity.

If A, B € M* are disjoint, taking £ = AUB: p*(AUB) = u*((AUB)NA)+ u*((AU
B) N A) = p*(A) + p*(B).

By induction, for Ay, ..., A, € M* pairwise disjoint: p*(||,_; Ax) = >y 1" (Ax).

Step 3: o-additivity and closure under countable unions.

Let (An)n>1 C M* be a disjoint sequence. Set S, = | |/_, Ay and A = | |2, A;. By
Step 1, S, € M*, so for every E:

pH(E) = ' (ENS,) +p(ENS) >y p*(ENAy) + p*(E N A°)
k=1

since S O A€ Letting n — oo:
> P (ENA) +p (ENAY) > p*(ENA) + p'(EN A%
k=1

by subadditivity of p*. The reverse inequality always holds, so A € M*.

18
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Taking E' = A: p*(A) = > 00, ' (Ag) + 1 (@) = >, " (Ax), giving o-additivity.

Step 4: Completeness.

Let N € M* with p*(N) =0and A C N. Forevery E C X: p*(ENA) <pu*(N)=0
and p*(ENA°) < p*(E), so pw" (ENA)+ p (ENA°) < p*(E). The reverse inequality is
subadditivity, so A € M*. O

3.5 Application to pre-measures

Theorem 3.5 (Carathéodory extension). Let ugy be a pre-measure on an algebra Ay C

P(X). Define:

mf{ZuO CAO,ACUA} AcCX.

n=0

Then:
1. p* is an outer measure on X.
2. Ay C M* (every element of the algebra is Carathéodory-measurable).
3. wW*|a, = Ho (the extension agrees with the pre-measure on the algebra).
4. In particular, p = p1*|5(4y) % a measure on o(Ay) extending po.

Proof. Part 1. p*(@) = 0 (take A,, = @). Monotonicity is clear. For countable subaddi-
tivity, let (By) be a sequence and € > 0. For each k, choose (AS)) C Ay with By, C U, AP
and 37, p10(AY)) < p*(By) + /281, Then (J, By C U, A and

p (U Bk) < ZMO(A'Slk)) < ZM*<Bk) +e

Letting ¢ — 0 gives countable subadditivity.

Part 2. Let A € Ay and E C X. Tt suffices to show p*(E) > p*(ENA) + p*(E N A°).
Let ¢ > 0 and (A,) C Ao with E C |J,, A, and >, po(A,) < p*(E) + €. Since Ay is an
algebra, A, N A and A, N A° are in Ay and po(A,) = po(An NA) + po(A, N A°) (finite
additivity). Thus:

pw(E) +e> ZNO(AN NA)+ ZMO(AR N A°)
> ;;*L(E NA) +u*(Err;AC).

Part 3. For A € Ay, p*(A) < po(A) (take Ag = A, A, = ). For the reverse,
let (4,) C Ay with A C U, An. Set By = An (UY,4,) € Ap. Then By 1 A and
By C UnN:() A,,. By finite subadditivity: po(By) < 25:0 to(Ay). By continuity from
below (Proposition 2.11): po(A) = limy pio(Bn) < >, po(A,). Taking the infimum:
o A) < i (A). .
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3.6 Uniqueness of the extension

Theorem 3.6 (Uniqueness). If the pre-measure pg is o-finite on Ay, then the extension
p to o(Ap) is unique.

Proof. By the uniqueness theorem for measures (Theorem 1.22), applied to the m-system
Ay (an algebra is a m-system). The o-finiteness of py provides the required exhausting
sequence. ]

Summary of the Carathéodory construction

outer meas. restrict

Pre-measure pp on Ag ——— p* on P(X) —— p on M* D a(Ap).

3.7 Carathéodory criterion for metric outer measures

Definition 3.7 (Metric outer measure). Let (X, d) be a metric space. An outer measure
w* on X is metric if:

d(A,B) >0 = p*(AU B) = p*(A) + p*(B),
where d(A, B) = inf{d(a,b) : a € A, b € B}.

Theorem 3.8. If u* is a metric outer measure on (X,d), then every Borel set is pu*-
measurable: B(X) C M*.

Proof. 1t suffices to show that every closed set F'is p*-measurable. Let £ C X and set
E,={re ENF°:d(x,F)>1/n}. Then E, 1 ENF¢and d(ENF,E,) > 1/n >0, so
p(ENFUE,) =u(ENF)+ u(E,) by the metric property.

By monotonicity, u*(E) > p*(ENFUE,) = u*(ENF) + p*(E,). It remains to show
W (En) = 1" (B 0 Fe).

Set D, = FE,1 \ E,. For n and m with m > n + 2, d(D,, D,,) > 0, so the sets
D,, of fixed parity are at positive distance from each other. By the metric property and
countable subadditivity:

W (ENF) < p(Ey)+ Y i (D).
k=n
If >, (D) < o0, the tail tends to zero and p*(E,) — p*(ENF€). If the series diverges,
one shows that p*(E) = +oo and the inequality is trivial. O
3.8 Application: Hausdorff measure

Definition 3.9 (Hausdorff measure). Let (X, d) be a metric space and s > 0. For § > 0,
define:

Hi(A) = inf{Z(diam Uy’ :AC U U,, diam U, < 5} :
n=1 n=1

The s-dimensional Hausdorff measure is:
H*(A) = im H5(A) = sup H5(A).
6—0 §>0

Proposition 3.10. #° is a metric outer measure. Consequently, it is a (Borel) measure

on (X, B(X)).
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3.9 Exercises

Exercise 3.1. Verify in detail that the set M* in Carathéodory’s theorem is closed under
countable intersections.

Exercise 3.2. Let p* be an outer measure on X. Show that if pu*(A) = 0, then A € M*.

Exercise 3.3. Show that the Hausdorff measure H" on R” equals (up to a multiplicative
constant) the Lebesgue measure.

Exercise 3.4. Let ug be a finite pre-measure on an algebra Ay. Show that for every
A € 0(Ap) and every € > 0, there exists B € Ay such that u(AAB) < e, where AAB =
(A\B)U(B\A).

0 if A is countable,

1 otherwise.

Exercise 3.5. Let X be an uncountable set and p*(A) = { Show

that p* is an outer measure and determine M*.
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Chapter 4

Lebesgue Measure on R"

We finally arrive at the object that all the preceding machinery has been preparing: the
Lebesgue measure. It is the measure that gives rigorous meaning to the notions of length,
area, and volume, where Riemann’s construction fell short. Henri Lebesgue, in his 1902
thesis, showed that one can measure far more pathological sets than simple unions of
intervals—and that the resulting integral possesses limit-passage properties incomparably
superior to Riemann’s. The construction we present here applies Carathéodory’s theorem
to the volume content of rectangles, and produces the most fundamental measure in all
of analysis.

4.1 Construction

Lebesgue measure is the unique measure on R" that extends the notion of volume of
rectangles. We construct it via Carathéodory’s theorem.

Definition 4.1 (Rectangle and volume). A rectangle (or box) in R™ is a set of the form
I =11p_,lak, br) with aj < by. Its volume is:

vol(I) = [ J(bx — ax).

k=1

Definition 4.2 (Algebra of disjoint rectangles). Let Ay denote the collection of finite
disjoint unions of half-open rectangles in R™. This is an algebra.

Proposition 4.3. The function pg : Ay — [0, +00] defined by po(|_Jje; Ix) = > peyq vol(Ix)
is a o-finite pre-measure on Aj.

Proof. Finite additivity is immediate by definition. The o-additivity follows from conti-
nuity at & (Proposition 2.11). Let (A,,) be a decreasing sequence in A with A,, | @.
We show 119(A;,) — 0 by a compactness argument.

Suppose for contradiction that po(A,,) > o > 0 for all m. Each A,, is a finite union
of rectangles. By slightly shrinking each rectangle [a, b) to [ax + €, bx — €], we obtain a
compact set K, C A, with uo(An) — po(K,,) small. We can ensure po(K,,) > /2 > 0,
so K,, # @. Since K1 D Ky D ... are nested non-empty compact sets, [, K,, # &,
contradicting (), Am = @.

o-finiteness follows from R™ = | J;—,[—k, k)". O
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Theorem 4.4 (Lebesgue measure). There exists a unique measure \" on (R™, B(R"))

such that:
)\n (H[ak, bk)) = H(bk — ak).
k=1 k=1

This measure is called Lebesgue measure on R™.

Proof. Direct application of the Carathéodory extension theorem (Theorem 3.5) to the
pre-measure fi. Uniqueness follows from o-finiteness. O

Remark 4.5. We often write A = \! for Lebesgue measure on R. The complete Lebesgue
measure is the completion of A" with respect to the Lebesgue o-algebra £ D B(R").

4.2 Fundamental properties
Theorem 4.6 (Regularity). For every A € B(R™):
1. (Outer reqularity) \*(A) = inf{\"(U) : U D A, U open}.
2. (Inner regularity) \"(A) = sup{\"(K) : K C A, K compact}.
Proof. (1) Let ¢ > 0. By definition of the outer measure, there exists a sequence of
rectangles () with A C |J, I and >, vol(I;) < A"(A) + . Replacing each [a;,b;) by
(a;—9,b;+0) with § small enough, we obtain an open set U D A with A*(U) < A\"(A)+2e.
(2) For A*(A) < oo, use the approximation A = | J,, (AN[—m, m]") and outer regularity
applied to the complement. O
Theorem 4.7 (Translation invariance). For every A € B(R™) and every x € R™:

N'(A+2)=N"(A), where A+x={a+x:a€ A}

Proof. The measure v(A) = \*(A + z) is a measure on B(R") that agrees with A™ on
rectangles (since volume is translation-invariant). By uniqueness, v = A\™. [

Theorem 4.8 (Scaling behavior). For every A € B(R™) and every ¢ € R\ {0}:
A (cA) = |e|" A" (A).
More generally, if T : R™ — R"™ is an invertible linear map:
ANY(T(A)) = |det T| - \"(A).
Proof. For scaling, the measure v(A) = A"(cA)/ |¢|" agrees with A™ on rectangles and is
o-finite, so ¥ = A" by uniqueness.

For the general case, reduce to shears and scalings (Gaussian elimination). 0]
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4.3 Null sets

Proposition 4.9. The following sets have Lebesgue measure zero:
1. every countable set;
2. every affine subspace of dimension < n in R";
3. the Cantor set C C [0, 1].

Proof. (1) A singleton {z} is contained in [z1,21 +€) X ... X [x,, 2, + €) of volume £,
for every € > 0. So A\"({z}) = 0. By countable subadditivity, every countable set has
measure zero.

(2) By isometry invariance, it suffices to treat the hyperplane R"~! x {0}. We have
R x {0} € R" ! x [—¢,¢) for all € > 0, and the latter has finite measure tending to
Zero.

(3) The Cantor set is the intersection C = (), C,, where C,, is a union of 2" intervals
of length 37". So A(C) < A(C},) = (2/3)" — 0. O

4.4 Non-measurable sets

Theorem 4.10 (Vitali, 1905). There exists a subset of [0,1] that is not Lebesgue-
measurable.

Proof. Define the equivalence relation z ~y <= x —y € Q on [0,1). By the axiom of
choice, let V' C [0, 1) contain exactly one representative from each equivalence class.

For r € QN [0,1), define V, = {x +r (mod 1) : x € V} (translation modulo 1). The
sets V. are pairwise disjoint and [0, 1) = ||, cgno1) Vr-

If V' were measurable, by translation invariance (modulo 1), all V. would have the
same measure o = (V). By o-additivity:

1= Z AV, Z Q.
reQN[0,1) reQN[0,1)

If a =0, the sum equals 0 # 1. If a > 0, the sum equals 400 # 1. Contradiction. ]

Role of the axiom of choice

Vitali’s construction uses the axiom of choice. Indeed, Solovay (1970) showed that
it is consistent with ZF (without the axiom of choice) that every subset of R is
Lebesgue-measurable.

4.5 The Cantor set

Definition 4.11 (Cantor set). The Cantor set C is defined by:

~ p
C= ﬂ C,, where Cy=10,1], Chy1 = % U <§ 4 %) )
n=0

Equivalently, C = {z € [0,1] : x = >_;2, ax37%, a;, € {0,2}}.
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Proposition 4.12 (Properties of the Cantor set). 1. C is compact, uncountable, per-
fect (closed with no isolated points), and totally disconnected.

2. MC)=0.
3. C is in bijection with [0, 1] (via the Cantor function).

4. C contains non-Borel subsets (since |P(C)| = 2° > ¢ = |[B(R)|).

4.6 Characterization of Lebesgue-measurable sets

Theorem 4.13. A set A C R" is Lebesque-measurable if and only if there exist a Borel

set B and a null set N such that A= BUN. In other words, L™ = B(R") (the completion
of the Borel o-algebra).

Theorem 4.14 (Characterization via G5 and F,). Let A C R"™ be Lebesgue-measurable
with A"(A) < co. Then:

1. there exists a G5 set (countable intersection of open sets) G O A with \"(G'\ A) = 0;

2. there exists an F, set (countable union of closed sets) FF C A with \"(A\ F) = 0.

4.7 Exercises

Exercise 4.1. Show that A\(Q) = 0 directly from the definition of Lebesgue measure (by
constructing an explicit covering).

Exercise 4.2. Let A C R be measurable with A(A) > 0. Show that the difference set
A—A={a—b:a,be A} contains an interval centered at zero. (Steinhaus’ theorem.)

Exercise 4.3 (Generalized Cantor set). For o € (0, 1), construct a closed set C, C [0, 1],
homeomorphic to the Cantor set, with A(C,) =1 — .

Exercise 4.4. Let f : R — R be Lipschitz with constant L. Show that for every
A€ BR), A(f(4)) < L-A(A).

Exercise 4.5. Show that Lebesgue measure A is the only (complete) measure on R that
is translation-invariant and satisfies A([0, 1]) = 1.

Exercise 4.6. Show that there exists a Lebesgue-measurable set that is not Borel. Hint:
use the surjection C — [0, 1] and the fact that C has measure zero.
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Chapter 5

Measurable Functions

Before we can integrate, we must know which functions are allowed to be integrated. This
is the question of measurability: a function is measurable if the preimages of “reasonable”
sets are themselves measurable. This condition, which may seem technical, is in fact very
natural: it guarantees that one can unambiguously define the probability that f(X) falls
in a given interval, or the integral of f with respect to a measure. Continuous functions
are always measurable, but the class of measurable functions is vastly larger—and it is
precisely this flexibility that makes the Lebesgue integral so powerful.

5.1 Definitions and measurability criteria
Definition 5.1 (Measurable function). Let (X,.A) be a measurable space. A function
f:X = R=[—00,+00] is A-measurable (or simply measurable) if:
VaeR, f[-o00,a)={reX: f(z)<a}eA

Proposition 5.2 (Equivalent criteria). For f : X — R, the following are equivalent:

1. {f <a} e Aforall a € R;

2. {f <a} e Aforall a e R;

3. {f >a} € Aforall a € R;

4. {f>a} e Aforall a e R.
Moreover, if any of these holds, then {f = a} € A, {f = 400} € A, and {f = —o0} € A.

Proof. (1) = (2): {f <a} =2, {f <a+1/n}.

()= (3): (f >a) = {f <a}t

(3)=@): {f>a} =N {f >a—1/n}.

(4) = (1): {f <a} ={f = a}".

Finally, {f = a} = {f < a}n{f > a}, {f = +oo} = N {f > n}, {f = —oc} =
N, {f <-—n}. []

Example 5.3. 1. Every constant function is measurable.
2. The indicator function 1, is measurable if and only if A € A.

3. If X is a topological space and A = B(X), every continuous function f: X — R is
measurable.

4. Every monotone function f : R — R is Borel measurable.
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5.2 Operations on measurable functions

Theorem 5.4 (Algebraic stability). Let f, g : X — R be measurable functions and o € R.
Then:

1. af is measurable;
2. f+ g is measurable (when well-defined);

3. fg is measurable;

E N

. |f] is measurable;
5. f/g is measurable (where g #0);
6. [T, f~, max(f,g), min(f,g) are measurable.

Proof. (2) The key observation is:

{f+g<a}=J{r<rtn{g<a-r}).

reQ

This is a countable union of measurable sets, hence measurable.

(3) Use the identity fg = [(f + 9)* — (f — 9)?] and the fact that h? is measurable
when h is (since {h* < a} = {—v/a < h < \/a} for a > 0).

@) {lfl <a}={-a<f<a}={f>—-a}n{f <a}.

(6) max(f,g) = 5(f + g +|f — g|) and min(f,g) = 3(f + 9 — |f — g]). O

5.3 Limits of measurable functions

Theorem 5.5 (Stability under limits). Let (fy)nen be a sequence of measurable functions
X — R. Then the following are measurable:

1. sup,, fn and inf, f,;
2. limsup,, f, and liminf, f,;

3. if f =1lim, f, exists (pointwise), then f is measurable.

Proof. (1) {sup,, fn > a} = U, {fn > a} € A. Similarly, {inf, f, < a} =, {fn < a} €
A.

(2) limsup,, f, = inf, sup,>,, fr and liminf, f, = sup, infy>, fi, hence measurable by
(1).

(3) If f =lim, f,, then f = limsup,, f, = liminf, f,. O

Contrast with continuity

A pointwise limit of continuous functions need not be continuous (e.g., f,(x) = 2"
on [0,1]). But a pointwise limit of measurable functions is always measurable. This
is a major advantage of measurability over continuity.
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5.4 Simple functions

Definition 5.6 (Simple function). A function ¢ : X — R is simple if it takes only finitely
many values. It can be written as:

= Z crlay,
k=1

where ¢y, ..., ¢, are the distinct values of ¢ and A, = ¢~ '({c.}) are the corresponding
preimages. ¢ is measurable if and only if each A, € A.

Theorem 5.7 (Approximation by simple functions). Let f : X — [0, +00] be a measurable
function. There exists a sequence (¢n)n>1 of measurable simple functions such that:

1. 0<p1 <2 <0y

2. pu(x) 1 f(x) for every x € X;

3. if f is bounded, the convergence is uniform.

More generally, every measurable function f : X — R is the pointwise limit of a sequence
of measurable simple functions.

Proof. Forn > 1 and x € X, set:

(2) k-27" ifk-27"< f(z) < (k+1)-27", k=0,1,...,n-2"—1,
n\r) =
4 n if f(z) > n.

This function is simple (taking at most n - 2" 4+ 1 values) and measurable (each preimage
is a measurable set of the form {k-27" < f < (k+1)-27"}).

Monotonicity: for every x, p,(z) < p,11(x) since the partition at step n + 1 refines
that at step n.

Convergence: if f(z) < oo, for n > f(x), we have 0 < f(x) — pp(x) < 27" — 0. If
f(z) = 400, pp(xr) =n — +o0.

Uniform convergence when f is bounded: if f < M, for n > M, sup, |f(z) — pn(z)| <
27",

For general f, write f = f* — f~ and approximate f* and f~ separately. O

Approximation construction

n2"—1

k
o= g Lik/n<s<tern)/any + 1 L2y
k=0

5.5 Measurable functions and Borel functions

Proposition 5.8. Let (X,.4) be a measurable space. If f: X — R is measurable and
g : R — R is Borel measurable, then g o f is measurable.

Proof. For every B € B(R), (gof)~(B) = f~*(¢g~*(B)). Since g is Borel, g7}(B) € B(R).
Since f is (A, B(R))-measurable, f~'(¢g7'(B)) € A. O

Corollary 5.9. If f is measurable, then e/, sin(f), f* (p > 0), log(|f]) (where f # 0)

are measurable.
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5.6 Almost everywhere convergence and convergence
in measure

Definition 5.10 (Almost everywhere convergence). We say f,, — f p-almost everywhere
(p-a.e.) if
u{z € X : fula) £ f(2)}) = 0.

Definition 5.11 (Convergence in measure). We say f, — f in measure if for every e > 0:
p{r e X o [fulz) — f(z)]| > €}) =0 (n—o0).
Theorem 5.12. If u(X) < oo and f, — f a.e., then f, — f in measure.

Proof. Set An(e) = {z : [fu(z) — f(z)| > €} and By(e) = U, >n An(€). Then By(e) |
{z :|fu(z) — f(z)| > ¢ for infinitely many n} C {f, # f}.

By hypothesis, u({f. 4 f}) = 0,s0 u(Bn(g)) = 0. Since Ay () C By(e), p(An(e)) —
0. [

Theorem 5.13 (Partial converse). If f,, — f in measure, there ezists a subsequence ( f,,)
such that f,, — f a.e.

Proof. For each k, choose ny such that u({|f., — f| > 27%}) < 27*. By the Borel-Cantelli
lemma (Lemma 2.5), p(limsup,{|f,, — f| > 27%}) = 0. Outside this set, |f,, — f] < 27"
for k large enough, so f,, — f. [

Theorem 5.14 (Egorov). Let u(X) < oo and f, — f p-a.e. For every 6 > 0, there
exists A € A with p(A°) <6 and f, — f uniformly on A.

Proof. For m,n € N*, set E,, , = Uy, {|fx — f| = 1/m}. For fixed m, E,,,, | E,, where
Ep C{fu# f}, s0 u(Ey) =0. Thus p(E,,,) — 0 asn — oo.

Choose n,, so that pw(Ep,,,) < 6/2™. Set A = X\ U,, Emn,,- Then pu(A°) <
Y om0/2™ =4. On A, for every m and every k > n,,, |fr — f| < 1/m, which is uniform
convergence. O

5.7 Lusin’s theorem

Theorem 5.15 (Lusin). Let f : R™ — R be Lebesgue-measurable and € > 0. There exists
a closed set I C R™ with \"(F°) < € and f|p continuous.

“Every measurable function is nearly continuous.” More precisely, one can make a
measurable function continuous by removing a set of arbitrarily small measure.

5.8 Exercises

Exercise 5.1. Show that if f : R — R is monotone, then f is Borel measurable.

Exercise 5.2. Let f : X — R be measurable and g : X — R with f = g y-a.e. Show that
g need not be measurable (give a counterexample). However, show that if p is complete,
then g is measurable.
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Exercise 5.3. Show that convergence in measure is metrizable when p(X) < oo via the

distance d(f,g) = [ 12];2;' dj.

Exercise 5.4. Construct a sequence (f,,) on ([0, 1], \) that converges in measure to 0 but
converges at no point. (Typewriter functions.)

Exercise 5.5. Let (f,,) be a sequence of measurable non-negative functions. Show that
{z ), fa(z) < 00} is a measurable set.
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Chapter 6

Lebesgue Integral

We arrive at the heart of the edifice: the Lebesque integral. While Riemann sliced the
z-axis into small intervals and summed the areas of rectangles, Lebesgue had the inge-
nious idea of slicing the y-axis instead: group the points where the function takes similar
values, measure these level sets, and sum. This approach, presented in his 1902 thesis,
produces an integral that coincides with Riemann’s when the latter exists, but applies to
an incomparably larger class of functions—and above all, possesses convergence theorems
(Fatou, dominated convergence, monotone convergence) of unmatched power.

6.1 Integral of simple functions

Definition 6.1 (Integral of a non-negative simple function). Let (X, .A, ) be a measure
space and ¢ = Y, ¢tla, a non-negative measurable simple function (¢, > 0). We

define: -
/ pdu ="y cu(Ay),
X

k=1

with the convention 0 - (+00) = 0.

Proposition 6.2 (Properties of the integral of simple functions). Let ¢, ¢ be non-negative
measurable simple functions and «, 5 > 0. Then:

. (Linearity) [(ap+ B¢)du=a [odu+ B [ du.
. (Monotonicity) If ¢ <, then [pdu < [ dpu.

N =

w

. If o =0 prace., then [@du=0.

S

. Forany Ae A, [, pdu:= [, ¢-1adp.

Proof. (1) Consider the common partition generated by the level sets of ¢ and . If
¢ =2 ;alp and ¢ = > b;lc, with {B;} and {C;} partitions, then the sets B; N C}
form a finer partition and

ap + 51/1 - Z(aai + Bbj)]-BiﬁCj'
1,7

The equality follows by direct computation.
(2) Write ¢» — ¢ > 0 and use linearity. O
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6.2 Integral of non-negative measurable functions

Definition 6.3 (Integral of a non-negative function). Let f : X — [0, +00] be measurable.
We define:

/ fdp =sup {/ @du : ¢ simple measurable, 0 < ¢ < f} .
X X

Proposition 6.4 (Fundamental properties). Let f,g: X — [0, +00] be measurable.
1. (Monotonicity) If f < g, then [ fdu < [ gdp.
2. (Homogeneity) For ¢ >0, [cfdp=c [ fdu.
3. [ fdp=0if and only if f =0 p-a.e.
4. If p(A) =0, then [, fdu = 0.

Proof. (3)If f = 0 a.e., every simple function 0 < ¢ < f satisfies ¢ = O a.e., so [ @ du = 0.
Conversely, if [ fdu=0,set A, = {f > 1/n}. Then 21,, < f,s0 2pu(A,) < [ fdu =
0, giving p(A,) = 0 for all n. Since {f > 0} =, A, we get pu({f > 0}) =0. O

Theorem 6.5 (Chebyshev / Markov inequality). Let f : X — [0,400] be measurable.
For every a > 0:

p({f >a}) < %/deu-

Proof. a- 1>y < fysoa-p({f >a}) = [a 1> du < [ fdp. O

6.3 Additivity of the integral (non-negative functions)

Theorem 6.6. Let f,g: X — [0,+00] be measurable. Then:

/X(erg)du:/deunL/ngw

This result is a consequence of the monotone convergence theorem (Chapter 7). It
can also be proved directly by approximation with simple functions.

6.4 Integral of integrable functions

Definition 6.7 (Integrable function). A measurable function f : X — R is integrable (or
p-integrable, or summable) if:
[ 1l du < oo
X

/deuz/xf*du—/Xf_du,

where fT = max(f,0) and f~ = max(—f,0). We write L*(X, A, u) (or L'(u)) for the

space of integrable functions.

In this case, we define:
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The form oo — oo is forbidden

The integrability condition [ |f|dp < co guarantees that both [ f*duand [ f~du
are finite, thus avoiding the indeterminate form co — oco.

Theorem 6.8 (Properties of the integral). Let f, g € L*(u) and a, 3 € R.
1. (Lincarity) [(af + Bg)du=o [ fdu-+ B [ gdp.
2. (Triangle inequality) deu| < [|f| dp.
3. (Monotonicity) If f < g a.e., then [ fdu < [ gdpu.
4. If f =g ae., then [ fdu= [ gdpu.
5. If f >0 ace. and [ fdu=0, then f =0 a.e.

Proof. (2) We have —|f| < f < |f|, so by monotonicity — [ |f| dp < [ fdu < [|f| dp.
L]

6.5 Comparison with the Riemann integral
Theorem 6.9. Let f : [a,b] — R be a bounded function.

1. If f is Riemann-integrable, then f is Lebesque-measurable and the two integrals
agree:

b
(R)/ f(x)der = ) fdA.

[

2. f is Riemann-integrable if and only if its set of discontinuities has Lebesque measure
zero (Lebesque’s criterion for Riemann integrability).

Proof idea. (1) The lower and upper Darboux sums are integrals of simple functions with
respect to A. Taking the limit over partitions yields equality.

(2) Let D be the set of discontinuities of f. One shows that the upper and lower
Darboux sums converge to the same value if and only if A\(D) = 0. O

Lebesgue integral — Summary

For f: X — [0, +oo] measurable:

/ fdp = sup {ch,u(Ak) :0< chlAk < f}
X k=1 k

For general integrable f:

/deuz/xﬁdu—/Xf—du.
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6.6 The measure v associated with an integrable func-
tion

Proposition 6.10. If f € L'(u), f > 0, the set function v¢(A) = [, fdu is a finite
measure on (X, .4), absolutely continuous with respect to p.

Proposition 6.11 (Absolute continuity of the integral). Let f € L'(u). For every € > 0,
there exists 9 > 0 such that:

wA) <d = /A|f| du < e.

Proof. Set f, = min(|f|,n). Then f, 1 |f| and by monotone convergence, [ f,du 1
J1f] du < 0o. Fix n such that [(|f|— f,)dp < /2. Then for u(A) < 6 with § = ¢/(2n):

/!f! dué/fndu+/(!f!—fn)du§n-u(A)+€/2<€- O
A A A

6.7 Exercises

Exercise 6.1. Compute [, 1gdA and [ ) Ip\g dA.

0,1]
Exercise 6.2. Show that if f € L'(u), then {f # 0} is o-finite (for p).

Exercise 6.3. Let f :[0,00) — [0,00) be measurable. Show that

/Ooof(x)dxz/ooo/\({f>t})dt.

(Cavalieri’s principle / layer cake formula.)

Exercise 6.4. Let f € L'(R,\). Show that lim, ,« [, f(z)sin(nz)dz = 0 (Riemann—
Lebesgue lemma).

Exercise 6.5. Let f > 0 be measurable on (X, A, u). Show that v(A) = [, fdu defines
a measure on (X, .A) and that for every measurable g > 0: fX gdv = fX gf dp.

Exercise 6.6. Let f : R — R be Riemann-integrable on every [a,b]. Show that f is
Lebesgue-measurable. Is f necessarily in L'(IR, \)?
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Chapter 7

Convergence Theorems

7.1 Introduction

Here is the question every analyst eventually faces: when can one interchange a limit and
an integral? The Riemann integral offers a spartan answer: under uniform convergence,
and that is all. But in practice — Fourier series, probability theory, statistical mechanics
— uniform convergence is a rare luxury. This is precisely where the Lebesgue integral
reveals its full power. Between 1902 and 1910, Lebesgue, then Beppo Levi and Pierre
Fatou, established three convergence theorems that form the beating heart of modern
integration. Beppo Levi’s monotone convergence theorem (1906) handles increasing se-
quences; Fatou’s lemma (1906) provides a universal inequality; and Lebesgue’s dominated
convergence theorem crowns the edifice by allowing the limit-integral exchange whenever
an integrable function “dominates” the sequence. These three results are, without exag-
geration, the most frequently used tools in all of modern analysis.

7.2 Monotone convergence theorem (Beppo Levi)

Theorem 7.1 (Monotone convergence). Let (f,)nen be an increasing sequence of mon-
negative measurable functions: 0 < fy < fo < ... Let f =lim,, f, = sup,, fn. Then:

/fduz hm/fnduzsup/fndu.
X n—oo D' nEN X

Proof. Set I = lim,, [ f,dp (the limit exists in [0, +oc] since the sequence ([ f,du) is
increasing by monotonicity of the integral).
Inequality [ fdp > I: since f,, < f for all n, [ fodu < [ fdu,so I < [ fdpu.
Inequality [ fdp < I: let ¢ be a measurable simple function with 0 < ¢ < f and
a € (0,1). Set E, = {x: fu(x) > ap(z)}. Then E, T X (since for every z, f,(z) 1
f(z) > ¢(x) > ap(z) eventually). We have:

[tz [ fuduza [ pdn
E, n
Letting n — oo, by monotone continuity of the measure A — [ apdu:

]Za/cpd,u.
X
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Letting o« — 17: I > | « pdu. Taking the supremum over all simple functions ¢ < f:
I> [ fdu. [

Monotone convergence

0 </, f, then/fnduT/fdu-

Corollary 7.2 (Series of non-negative functions). Let (gn)nen be a sequence of non-
negative measurable functions. Then:

Proof. Apply the monotone convergence theorem to fny = ij:o Gn- ]

Corollary 7.3 (Additivity of the integral). For measurable f,g : X — [0,+oc0]: [(f +
9)dp= [ fdu+ [gdp.

Proof. Let (¢,) and (1,) be increasing sequences of non-negative simple functions with
on T fand ¢, Tg. Then , +1, T f+gand [(p, +n)dp = [ ndu+ [t du. Apply

the monotone convergence theorem to both sides. O

7.3 Fatou’s lemma

Theorem 7.4 (Fatou’s lemma). Let (f,)nen be a sequence of non-negative measurable
functions. Then:

n—0o0 n—

/ liminf f,, dp < lim inf/ frndp.
X * JX

Proof. Set g, = infy>, fr. Then g, is non-negative measurable, g, < f,, and g, T
liminf,, f,. By the monotone convergence theorem:

/lim inf f,, du = lim/gn dp < lim inf/ fndu,

the last inequality following from [ g, du < [ f, dp. O

The inequality can be strict

Take f, = n -1 1/m on (R,A\). Then f, — 0 a.e. but [ f,d\ =1 for all n. So
0 = [liminf f, d\ < liminf [ f, d\ = 1.

Corollary 7.5 (Reverse Fatou lemma). If (f,,) is a sequence of non-negative measurable
functions and there exists g € L*(u) with f,, < g a.e. for all n, then:

limsup/ fndug/limsupfn dpu.
X X

n—oo n—oo

Proof. Apply Fatou’s lemma to the sequence g — f,, > 0. O
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7.4 Dominated convergence theorem (Lebesgue)

Theorem 7.6 (Dominated convergence). Let (f,) be a sequence of measurable functions
X — R such that:

(i) fn — f p-a.e. (pointwise convergence almost everywhere);
(ii) there exists g € L*(n), g > 0, with | f,| < g p-a.e. for all n (domination).

Then f € L'(u), each f, € L'(u), and:

lim fn dp = / fdpu.
X

n—oo

Moreover, [\ |fn— f| du— 0.

Proof. Since |f,| < g a.e. and f, — f a.e., we have |f| < g a.e., so f € L'(u).
Consider the functions g + f, > 0 and g — f,, > 0. By Fatou’s lemma:

/(g—l—f)d,uSlin%inf/(g—l—fn)du:/gdu—i—lin}linf/fndu,
/(g—f)duSlirr;linf/(g—fn)dﬂz/gdu—limsup/fndu~
Since [ gdu < oo, we deduce:
/fduglirrzinf/fnduglimsup/fndug/fdu.

For the last assertion, apply dominated convergence to |f, — f| < 2¢g and |f, — f| = 0
a.e. [

Dominated convergence theorem

fo—= fae, |fu<gel' = /fndu%/fdu.

7.5 Applications

Corollary 7.7 (Continuity under the integral sign). Let f : X x [ — R where I C R is
an interval. Suppose:

1. for everyt € I, x — f(x,t) is measurable;

2. for p-a.e. x, t — f(x,t) is continuous at ty;

3. there exists g € L' (u) with | f(x,t)| < g(z) for allt € I and p-a.e. .
Then F(t) = [ f(x,t)du(z) is continuous at to.

Proof. 1f t,, — to, then f(z,t,) — f(z,to) a.e. with |f(z,t,)] < g(x). By dominated
convergence, F(t,) — F(to). O
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Corollary 7.8 (Differentiation under the integral sign). Let f : X x I — R where I is
an open interval. Suppose:

1. for everyt € I, x — f(x,t) is integrable;

2. for p-a.e. x, t — f(x,t) is differentiable on I;

3. there exists g € L*(p) with (J: t)| < g(z) for allt € I and p-a.c. .
Then F(t fX x,t) du(zx) is differentiable on I and:

- /X % 1) dt)

Proof. For h # 0, ZUHh=FQ) = [z t+h I@ qu(x). By the mean value theorem,

h
w < g(x). Letting h — 0, dommated convergence gives the result. N

7.6 Convergence in L!

Theorem 7.9 (Characterization of L' convergence). Let f,,f € L*(u). The following
are equivalent:

1. [|fa—fldu— 0 (L' convergence).
2. fu — f in measure and the family (f,) is uniformly integrable.

Definition 7.10 (Uniform integrability). A family (f;);c; of integrable functions is uni-
formly integrable if:

lim Sup/ |fil du = 0.
Moo iel J{iil>ny

Theorem 7.11 (Vitali). Let u(X) < oo. If (f,) is uniformly integrable and f, — f in
measure, then f € L*'(p) and [ |f, — f| dp — 0.

7.7 Exercises

0o nsin(z/
1+562

Exercise 7.1. Compute lim,, f dx justifying the interchange of limit and

integral.

Exercise 7.2. Show that F(a) = [;° % dx is C* on (0, 00) and compute F'(«).

Exercise 7.3. Let f € L'(R). Show that F(t) = [, e f(z) dz is continuous on R (this
is the Fourier transform of f).

Exercise 7.4. Give an example of a sequence (f,,) in L'([0,1],\) with f, — 0 a.e. but
[ fadX # 0. Why does the dominated convergence theorem not apply?

Exercise 7.5. Compute lim,,_, fol(l +x/n)"e " dx.

Exercise 7.6. Let f € L'(R). Show that lim, o [; [f(z 4+ h) — f(x)] dz = 0 (continuity
of translation in L').
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Chapter 8
LP Spaces

The LP spaces are the most important Banach spaces in analysis. Born from the Lebesgue
integral, they provide the natural framework for Fourier analysis, partial differential equa-
tions, probability theory, and machine learning. Frigyes Riesz, in the 1910s, was the first
to study these spaces systematically, establishing with Ernst Fischer the celebrated com-
pleteness theorem for L2, The Hélder and Minkowski inequalities structure the theorys:
the duality (LP)* = L4 (for 1/p + 1/q = 1) crowns it. As for L?, endowed with its inner
product, it is the only one that is a Hilbert space, and it is upon L? that all of spectral
theory rests.

8.1 Definitions

Definition 8.1 (L? space). Let (X, A, 1) be a measure space and 1 < p < co. The space
LP(p) is the set of measurable functions f: X — R (or C) such that:

[0 du < o
X

The L? norm (or semi-norm on LP) is:

1/p
1l = ( [ du) .

The space LP(u) = LP(u)/ ~ is the quotient by the equivalence relation f ~ g <= f =g
p-a.e.

Definition 8.2 (L> space). The space L™ () is the set of equivalence classes of measur-
able essentially bounded functions, equipped with the norm:

| fllo, =nf{M >0:|f] <M p-ae.} =esssup|f]|.

Remark 8.3. One works with equivalence classes (modulo a.e. equality) so that [|-|| , is a
genuine norm (not merely a semi-norm).

8.2 Holder’s inequality

Definition 8.4 (Conjugate exponents). Two reals p,q € [1,+00] are conjugate (or dual)
if:
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By convention, ¢ = occ if p=1and g =1 if p = oo.

Lemma 8.5 (Young’s inequality). For a,b > 0 and conjugate p,q > 1:
P e
ab < @ + —.
p q

Proof. The function t — logt is concave, so for « = 1/p and g = 1/¢:
log(aa? + pb?) > alog(a?) + Blog(b?) = log(a) + log(b) = log(ab).
Exponentiating: ab < %p + %. [

Theorem 8.6 (Holder’s inequality). Let p,q € [1,+o0] be conjugate. If f € LP(u) and
g € Li(u), then fg € L' (u) and:

1fall, = /X ol du < IIF1 - lgll,.

Proof. The case p =1, ¢ = oo is immediate: |fg| <|f]- ||g],, a-e.
For 1 < p < oo, we may assume | f[|, = [|gl|, = 1 (otherwise normalize). By Young’s
inequality applied to a = |f(z)| and b = |g(z)|:

S @F | lg@)I*

F@)g() <
p q
Integrating:
172 el 11
gl dn< 04 20— Dl — 11, gl =
p q P q

Corollary 8.7 (Cauchy-Schwarz inequality). Forp=q=2: [|fg] du <||fll, - lgll,-

8.3 Minkowski’s inequality
Theorem 8.8 (Minkowski’s inequality). Let 1 < p < oco. For f,g € LP(u):

1f+gll, < IfIl, + llgll, -
That is, |||, is @ norm on LP(u).

Proof. The case p = 1 is the triangle inequality. The case p = oo is clear.
For 1 < p < oc:

/ gl d < / 1+ gl (1] + lgl) du
- / gl )t / 1+ gl gl ds

Apply Holder to each term with ¢ = p/(p — 1):

1/q
[+l 51 < ( [+ du) TR

Thus | +gll2 < 17 + g2 (11l + llgl,). Dividing by [If + g2/* (if nonzero) and noting
p—p/a="1 11 +gll, <71, + loll, .
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Fundamental inequalities

Holder: |[fgll, < IF1I, lgll,,  Minkowski: [[f +gll, < [LfIl, + [lgll,-

8.4 Completeness: [’ is a Banach space

Theorem 8.9 (Riesz-Fischer). For every 1 < p < oo, the space (LP(u), ||-|,) is a Banach
space (complete normed vector space).

Proof. Let (f,) be a Cauchy sequence in LP. It suffices to show it has a convergent
subsequence (every Cauchy sequence with a convergent subsequence converges).
Choose ny, so that ank+1 - fnk”p < 27F. Set:

N 00
gN:Z‘fnkH_fnk ) g:Z}fnk+1_fnk|'
k=1 k=1

By Minkowski, |[gn|[, < SV 27F < 1. By monotone convergence, lgll, < 1,80 g < o0
a.e. This means the telescoping series f,, + > po(fn,,s — fn,) converges absolutely a.e.
Let f be its sum (a.e.). Then f,, — f a.e. and |f,, — f| < 2g € LP, so by dominated
convergence, || fn, — f||, = 0. O

8.5 Inclusion relations between L’ spaces
Proposition 8.10. If u(X) < oo and 1 < p < ¢ < oo, then L(u) C LP(u) and:
111, < (X)) 7,

Proof. Apply Holder with r = ¢/p > 1 to |f|” and 1: [|f[" dp < ([ | f]* d,u)p/q p(X)-r/a,
[

No inclusion in general

If 11 is not finite, there is generally no inclusion between the L” spaces. For example,
on (R,\): f(z) =221y € L'\ L? and g(z) = (1 + 2)~! € L3(R) \ L}(R).

8.6 Density and separability
Theorem 8.11. For 1 < p < oo:
1. Integrable simple functions are dense in LP ().

2. If X =R"™ and p = A", the continuous functions with compact support C.(R™) are
dense in LP(R™).

3. LP(R™) is separable for 1 < p < oc.

Remark 8.12. L* is generally not separable.
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8.7 Duality of L? spaces

Theorem 8.13 (LP—L? duality). Let 1 < p < oo and q the conjugate exponent. For every
continuous linear functional ¢ : LP(p) — R, there exists a unique g € L(u) such that:

(0= [ fodu vre .

Moreover, ||]| = ||gll,. In other words, (LP(u))* = L(n) (isometrically).
Remark 8.14. This theorem requires u to be o-finite. For p =1, (L')* = L*. For p = oo,
(L>)* 2 L' in general.

8.8 L? as a Hilbert space

Definition 8.15 (L? inner product). The space L?(u) is equipped with the inner product:

@mzémm

It is complete for the associated norm || f[|, = \/(f, f), hence it is a Hilbert space.
Theorem 8.16 (Orthogonal projection). IfV is a closed subspace of L*(u) and f € L*(),
there exists a unique f € V' such that:

| £ = 7], = i 17 = gll..

Moreover, f — f LV (i.e. (f—f,g> =0 forallgeV).

8.9 Complementary inequalities

Proposition 8.17 (Jensen’s inequality). Let (X, .4, i) be a probability space (u(X) = 1),
fe LY (u),and ¢ : R — R convex. If po f is integrable, then:

w(/xfdu>§/xs00fdu~

Proposition 8.18 (Interpolation inequality). If f € LPr N LP? with 1 < p; < ps < o0,
then f € LP for every p € [p1, p2] and:
6 1-46

1
£l < f9 fl_e, where — = — +
1AL, < W1, 1L, » p D

8.10 Exercises

Exercise 8.1. Show that for 1 < p < g < oo, # C ¢4 (where (? = LP(N, P(N), #) with
# the counting measure). This is the reverse of the inclusion for finite measure spaces.

Exercise 8.2. Show that L*([0, 1]) is a separable Hilbert space and that (e, ),cz defined
by e,(z) = €™ is an orthonormal basis.
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Exercise 8.3. Prove the integral form of Minkowski’s inequality: if f > 0 is measurable
on X XY and 1 < p < o0, then

</X (/Yf(%y)dV(y)ydu(x))l/pS/Y</Xf(:c,y)Pdu(x)>l/pdu(y).

Exercise 8.4. Let (f,) C LP(u) with >_ |[|full, < oo. Show that }_ f, converges a.e.
and in LP.

Exercise 8.5. Show that if f, — f in L” and f,, — ¢ a.e., then f = g a.e.
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Chapter 9

Signed Measures and Hahn-Jordan
Decomposition

9.1 Introduction

Until now, measures have been positive quantities: area, volume, probability. But physics
and economics abound with quantities that change sign: an electric charge can be positive
or negative, a financial balance can be profit or loss, the difference of two probability
measures is no longer a positive measure. Johann Radon and Otton Nikodym, in the
1910s-1930s, showed that every signed measure decomposes canonically into a positive
part and a negative part (Jordan decomposition), concentrated on disjoint sets (Hahn
decomposition). The Radon—Nikodym theorem, which expresses an absolutely continuous
measure with respect to another as a weighted integral, crowns this theory and provides
the rigorous definition of the probability density function.

Consider an electric charge distribution on a surface: some regions carry positive
charge, others negative. The total “charge measure” of a set can be positive, nega-
tive, or zero. This is exactly what a signed measure models. Moreover, the difference
of two (positive) finite measures is always a signed measure.

9.2 Definitions and first examples

Definition 9.1 (Signed measure). Let (X,.A) be a measurable space. A signed measure
on (X, A) is a function v : A — [—o00, +00] satisfying:

(ii) v assumes at most one of the values +00 and —oo;

(iii) (o-additivity) for every sequence (A, ),>; of mutually disjoint sets in A:

V(U An> = ZV(An),

n=1

where the series converges absolutely if the left-hand side is finite.
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Remark 9.2. Condition (ii) is essential to avoid indeterminate expressions of the form
+00 — oo. Every positive measure is a signed measure (special case).

Example 9.3. 1. If g and A are positive measures on (X,.A4) with A finite, then v =
[ — A is a signed measure.

2. If f e L'(p), then v(A) = [, fdpu is a finite signed measure.

Definition 9.4 (Positive, negative, and null sets). Let v be a signed measure on (X, .A).
o Aset A€ Ais positive for v if v(B) > 0 for every B € A with B C A.
o A set A is negative for v if v(B) <0 for every B € A with B C A.

o Aset Ais null for v if v(B) =0 for every B € A with B C A.

Positive for v # v(A) >0

A set A is positive for v if all its measurable subsets have nonnegative signed
measure. The fact that v(A) > 0 alone does not suffice: there may exist B C A
with v(B) < 0.

9.3 Hahn decomposition

Lemma 9.5. Let v be a signed measure on (X, A) and let A € A with —oco < v(A) < 0.
Then there exists a negative set B C A with v(B) < v(A).

Proof. If A is already negative, take B = A. Otherwise, there exists A; C A with
v(A1) > 0. Let n; be the smallest integer such that some measurable subset of A has
v-value > 1/n;. Iterate: in A\ Ay, find Ay with v(As) > 1/n,, ete. Set B = A\ U, Ak.
Then v(B) = v(A) — >, v(Ax) < v(A), and ), 1/ny < 00,80 1/, = 0. If C C B
had v(C) > 0, we could find n with v(C') > 1/n, contradicting the choice of n; when
1/ny, < 1/n. Hence B is negative. O]

X

Hahn decomposition: X = PUN, v|p >0, vy <0

Theorem 9.6 (Hahn Decomposition). Let v be a signed measure on (X, A). There ezists
a partition X = PUN with PN € A, PN N = &, such that P is a positive set and N
is a negative set for v.

Moreover, this decomposition is essentially unique: if X = P’ U N’ is another Hahn
decomposition, then PAP" (and NAN') is a null set for v.
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Proof. Assume v does not take the value 400 (the symmetric case is analogous). Let
= inf{v(A): A € A} € [-0,0]. For each n > 1, choose A, with v(A,)) <A+ 1/n. By
Lemma 9.5, there exists a negative set B, C A,, with v(B,) < v(4,).

Set N = |J,, Bn. As a countable union of negative sets, N is negative. Moreover,
v(N) < v(B,) < A+ 1/n for all n, so ¥(N) = A. Set P = X \ N. If P were not
positive, there would exist A C P with v(A) < 0, yielding a negative subset B C A with
v(NUB)=v(N)+v(B) < A, a contradiction.

For essential uniqueness: PNN’ C P (positive) and PNN’ C N’ (negative), so PN N’
is null. Similarly P’ N N is null. O

9.4 Jordan decomposition and total variation

Definition 9.7 (Jordan decomposition). Let v be a signed measure and X = PU N a
Hahn decomposition. The positive and negative parts of v are:

vH(A) =v(ANP), v (A)=—-v(ANN),
foral Ae A. Thenv =vt —v—.

Theorem 9.8 (Jordan Decomposition). The measures vt and v~ are positive measures
on (X, A), at least one of them is finite, and they do not depend on the choice of Hahn
decomposition. Moreover, vT L v~ (mutual singularity).

Definition 9.9 (Total variation). The total variation of v is the positive measure:
lv|=vt +v .
The total variation of v on X is ||v| = |v| (X).

Proposition 9.10 (Properties of total variation). For any signed measure v and any

Ae A
L [v(A)] < |v](A);
2. 0] (4) = sup{3, (A - A= LI, i A € A}

3. v is a finite signed measure if and only if |v| (X) < co.

Proof. (1) [v(A)] = [v7(A) — v~ (A)| < v™(A) + v~ (4) = [v[ (A).
(2) For any partition A = | |, A;, >, [v(A)] < Y. V[ (A;) = |v|(A). The reverse
inequality follows by taking the partition A = (AN P)LI (AN N).

(3) Immediate since ||v|| = vT(X) + v~ (X). O

Summary: Jordan decomposition

For any signed measure v:

v=vt—v, lv|=vt +v7,

V+:|V|+V Vﬁ_ll/|—l/
2 2
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9.5 Mutual singularity

Definition 9.11 (Mutually singular measures). Two signed measures p and v on (X, .A4)
are mutually singular, written u L v, if there exists a partition X = AUB with A, B € A
such that |u| (B) =0 and |v| (A) = 0.

Example 9.12. 1. Lebesgue measure A on R and the Dirac measure y are mutually
singular: A({0}) = 0 and §p(R \ {0}) = 0.

2. Lebesgue measure and the Cantor—Vitali measure on [0, 1] are mutually singular.

9.6 The Banach space of finite signed measures

Proposition 9.13. The set M (X, .A) of finite signed measures on (X, .A) is a real vector
space, and [|v|| = |v| (X) is a norm. Moreover, (M(X,.A),||-||) is a Banach space.

9.7 Exercises

Exercise 9.1. Let v be a finite signed measure on (X,.A). Show that v is bounded, i.e.
sup 4e4 |V(A)| < 0.

Exercise 9.2. Let f € L'(R, \) where X is Lebesgue measure. Show that v(A) = [, fdX
defines a signed measure and compute v, v~ |v| in terms of f. Hint: show that v+ (A) =

[ ftdxand v=(A) = [, f~dA

Exercise 9.3. Show that two positive measures p and v are mutually singular if and only
if il’lfAe_A[,U,(A) + I/(AC)] =0.

Exercise 9.4. Let v be a signed measure and (A,) an increasing sequence in 4. Show
that v({J,, A») = lim,, ¥(A,,) (monotone continuity for signed measures).

Exercise 9.5 (Explicit Hahn decomposition). Let v be the signed measure on (R, B(R))
defined by v(A) = [,(x? — 1)e*" d\(z). Find a Hahn decomposition of R for v and
deduce v*, v™.

Exercise 9.6. Let v be a finite signed measure. Show that for every € > 0, the collection
{Ae A:|v(A)] > e} is finite. Hint: use |v| (X) < 0.
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Chapter 10

Radon-Nikodym Theorem

10.1 Introduction

This chapter establishes one of the most important results in measure theory: the Radon-
Nikodym theorem, which characterizes measures that are absolutely continuous with re-
spect to a given measure. This theorem is fundamental in probability (densities, condi-
tional expectation) and functional analysis.

If v is absolutely continuous with respect to p, it means that v only “sees” what p
sees: sets negligible for u are also negligible for v. The Radon-Nikodym theorem
then asserts that v is obtained by “weighting” u with a density: dv = fdu. This
generalizes the fact that any probability on R with a density can be written as

P(A) = [, f(z)dx.

10.2 Absolute continuity

Definition 10.1 (Absolute continuity). Let p be a positive measure and v a signed
measure on (X, .A). We say that v is absolutely continuous with respect to p, written
v <L p, if:

VAe A, u(A)=0 = v(A4)=0.

Proposition 10.2 (s-0 characterization). If p is a positive measure and v is a finite
signed measure, then v < p if and only if:

Ve>0,30>0,VAc A pld)<d = [v(4)] <e.

Proof. (<) Clear: if u(A) = 0, then pu(A) < d for every 4, giving |v(A)| < € for every ¢,
hence v(A) = 0.

(=) By contradiction. Suppose v < u but the e-d condition fails. There exist £g > 0
and a sequence (A,) with p(A4,) < 27" and |v(A4,)| > €p. Set B, = Uys,, Ax. Then
p(B,) < 217" and B = (), B, satisfies u(B) = 0. By decreasing continuity, |v| (B) =
lim, |v| (B,) > €o > 0, contradicting v < p. N

Example 10.3. 1. If f > 0 is measurable and v(A4) = [, fdu, then v < p.
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2. The Dirac measure dy is not absolutely continuous with respect to Lebesgue measure
A A({0}) = 0 but 6({0}) = 1.

3. f v < pand p < v, we say p and v are equivalent, written p ~ v.

10.3 The Radon-Nikodym theorem

Theorem 10.4 (Radon-Nikodym). Let (X, A, u) be a o-finite measure space and let v be
a o-finite signed measure on (X, A) with v < pu. Then there exists a measurable function
f: X — [—o0,+00|, integrable with respect to p (if v is finite), such that:

:/fdu, VA e A.
A

Moreover, f is unique p-almost everywhere. If v is a positive measure, then f > 0 p-a.e.

Proof (case p,v finite positive measures). We present Von Neumann’s proof. Set A\ =
4 v, a finite positive measure. For every g € L*(\), the linear functional ¢(g) = [ gdv
is continuous on L?(\), since by Cauchy—Schwarz:

ol [l i< (7 a2

By the Riesz representation theorem for Hilbert spaces, there exists h € L*(\) such that:

/gdu—/ghd)\ Vg € L*()).

Taking g = W4 gives v(A) = [, hd for all A € A. Since 0 < v(A) < A(A), we deduce
0<h<1 Xae.

We can write v(A) = [, hdu+ [, hdv, hence [,(1 —h)dv = [, hdu. Setting Ey =
{h = 1}, one checks pu(Ey) = 0. Define f = h/(1 — h) on E§ and f = 0 on Ey. The
monotone convergence theorem applied to g, = (1 +h + --- + h")¥ 4 yields:

/fdu

Uniqueness of f p-a.e. follows from the fact that if [, fdu = [, gdp for all A, then f =g
[-a.e. 0

Definition 10.5 (Radon-Nikodym derivative). The function f from Theorem 10.4 is
called the Radon-Nikodym derivative of v with respect to p and is denoted:

Proposition 10.6 (Properties of the Radon-Nikodym derivative). Let u, v, A be o-finite
measures.

d dv d
1. Chain rule: if v < p < A, thené—i-ﬁ A-a.e.

J _
2. Inverse: if v < ppand p < v, then d—ﬂ = (—) [1-a.e.
v

d d d
3. Linearity: if 1y, v, < u, then M = aﬂ + ﬁﬂ.
dp du du
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Key Radon-Nikodym formulas

If v < p with f = g—l’:, then for every measurable g > 0 or g € L*(v):

dv
/gdvz/g-fdu=/g-d—dﬂ~
o

d dv d
Chain rule: é = # . ﬁ

10.4 Lebesgue decomposition theorem

Theorem 10.7 (Lebesgue Decomposition). Let (X, A, ) be a o-finite measure space and
let v be a o-finite signed measure. Then there exists a unique pair of signed measures
(Va, Vs) such that:

V=V, + Vs, Vg < Wy Vs L .

Moreover, v,(A) = fAfd,LL for some measurable f (the Radon-Nikodym derivative of v,
with respect to ).

Proof sketch. 1t suffices to treat the case where v is a finite positive measure and u
is finite. For each A > 0, the signed measure v — Au admits a Hahn decomposition:
X = P,UN, with P, positive and N, negative for v — Au. One may choose P, increasing
in A (replacing Py by |J,,, Py if needed). Set A\g = sup{A > 0 : v(N,) > 0} and take a
sequence A, ,* Ag. The set N = N,, satisfies u(N) = 0: indeed, for every n and every
AC P, v(A) < A\u(A), and passing to the limit gives u(N) = 0. Set vy(-) = v(- N N)
and v,(-) = v(-NN°). Since u(N) = 0, we have v; L p. To show v, < p: if u(A) = 0 with
A C N¢, then A C P,, for n large enough, and v(A4) < A\,u(A) = 0. The Radon-Nikodym
theorem applied to v, provides the density f. See RUDIN, Real and Complex Analysis,
Theorem 6.10. O

10.5 Applications to probability

Example 10.8 (Probability density). Let X be a real random variable on (€2, F, P) whose
law Py is absolutely continuous with respect to Lebesgue measure A. Then there exists
fx >0 with [ fx d\ =1 such that:

P(X €A = / fx(z)dx, VA € B(R).

The function fx = ‘%‘ is the density of X.

Example 10.9 (Conditional expectation). Let (2, F,P) be a probability space, G C F
a sub-o-algebra, and Y € L'(P). The signed measure v(A) = [, Y dP for A € G is
absolutely continuous with respect to P|g. By Radon-Nikodym, there exists a unique
(a.s.) G-measurable function Z € L'(P) with:

/ZdP:/YdP, VA EG.
A A

This function Z is the conditional expectation E[Y|G].
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Example 10.10 (Likelihood ratio). Let P and Q be two probability measures on (2, F)
with Q < P. The likelihood ratio is L = %, and for every QQ-integrable random variable
Y:

EolY] = EplY - L].
This is the foundation of change of measure in finance (Girsanov’s theorem) and statistics
(Neyman—Pearson test).

10.6 Exercises

Exercise 10.1. Let u be Lebesgue measure on [0,1] and v(A) = [, 2zdx. Verify that
v < i, identify Z—Z, and compute f[o . 2% dv.

Exercise 10.2. Show that if v < pand v L p, then v = 0.

Exercise 10.3. Let p and v be positive o-finite measures with v < . Show that
| (A) = fA S_Z dp.

Exercise 10.4 (Chain rule). Let A be Lebesgue measure, 1(A) = [, e Wiy ) (x) dA(z),

and v(A) = [, ze”"W(o o) (x) dA(z). Compute Z—Z and 2. Verify the chain rule.

Exercise 10.5. Let (2, F,P) be a probability space and X a random variable with
E[|X|] < co. Let G = o(Y') where Y is a discrete random variable taking values yi, 9, . . .

Show that: -

k

“A{Y:yk} (w>

Exercise 10.6. Prove the uniqueness of the Lebesgue decomposition: if v = v, + v and

v =V, + v, with v,, v, < pand v, v, L p, then v, = v, and v, = V..
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Chapter 11

Product Measures and Fubini-Tonelli

11.1 Introduction

Computing multiple integrals is one of the most frequent operations in analysis and prob-
ability. The theorems of Fubini and Tonelli provide conditions under which a double
integral can be computed as an iterated integral, in either order.

Computing [[ f(z,y)d(z,y) directly on a product is often difficult. Fubini and
Tonelli allow us to reduce this to successive integrations: first integrate in y for
each fixed x (or vice versa). Tonelli handles the case of nonnegative functions (no
integrability hypothesis), while Fubini applies to integrable functions.

11.2 Product o-algebra

Definition 11.1 (Product o-algebra). Let (X, .A) and (Y, B) be measurable spaces. The
product o-algebra A® B is the o-algebra on X XY generated by the measurable rectangles:

A@B=0c({AxB:Ac A, BeB}).
Definition 11.2 (Sections). For £E C X x Y and z € X, y € Y, the sections are:
E.={yeY :(x,y) € E}, EY={re X :(z,y) € E}.

For a function f: X x Y — R, the sections are: f,(y) = f(x,y) and f¥(z) = f(z,y).
Proposition 11.3 (Measurability of sections). Let £ € A ® B. Then for every = € X,
the section E, € B, and for every y € Y, the section EY € A.

If f: (X xY,A® B) — (R,B(R)) is measurable, then f, is B-measurable and f¥ is
A-measurable.
Proof. The collection C = {F € A® B : E, € Bforall z} is a o-algebra containing
the measurable rectangles (since (A x B), = B if x € A and @ otherwise), hence C =

A® B. O
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11.3 Product measure

Theorem 11.4 (Existence and uniqueness of the product measure). Let (X, A, u) and
(Y, B,v) be o-finite measure spaces. There exists a unique measure p®@v on (X xY, AQB)
such that:

(L@ v)(Ax B)=u(A) - v(B), VA e A VB e B.

Moreover, for every E € A® B:
on)(E) = [ WE)du(o) = | (B dvly).

Sketch of proof. Define p(E) = [, v(E,)du(x). The measurability of = — v(E,) is ver-
ified by a monotone class argument. The o-additivity of p follows from the monotone
convergence theorem. On rectangles, p(A x B) = pu(A)v(B). Uniqueness follows from
the uniqueness of measures on a m-system (measurable rectangles form a 7-system) and
o-finiteness. O

o-finiteness hypothesis

o-finiteness is essential. Without it, the product measure may not be unique, and
the Fubini and Tonelli theorems may fail.

11.4 Tonelli’s theorem

Theorem 11.5 (Tonelli). Let (X, A, 1) and (Y, B,v) be o-finite measure spaces and let
f: X xY —[0,+00] be (A® B)-measurable. Then:

(i) for p-a.e. x, the function y — f(x,y) is B-measurable and x — [, f(x,y)dv(y) is
A-measurable;

(ii) the same holds with the roles of x and y swapped;

(1ii) we have:

[ rawen = [ ([ tep i )de = [ ([ i) ww),

Proof. For f =Wp with F € A® B, the result is Theorem 11.4. By linearity, it extends
to nonnegative simple functions. The general case follows from the monotone convergence
theorem applied to an increasing sequence of simple functions converging to f. O

11.5 Fubini’s theorem

Theorem 11.6 (Fubini). Let (X, A, u) and (Y,B,v) be o-finite measure spaces and let
felY (X xY,p®v). Then:

(i) for p-a.e. z, f, € LY(Y,v);

(i) the function x — [, f(z,y)dv(y) (defined a.e.) is in L'(X, p);
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(1ii) we have:

o A2V /(/f”d” ) /(/fa:ydu ) o).

Proof. Write f = f* — f~. By Tonelli, [ fTd(p®v) and [ f~ d(p ® v) are both finite
(since f € L'). Apply Tonelli to f* and f~ separately to obtain the iterated integrals
for each. In particular, [, f*(z,y) dv(y) < oo and [, f~(z,y) dv(y) < oo for p-a.e. z, so
f € L'(v) a.e. Conclude by taking the difference. ]

Fubini-Tonelli: user guide

1. Tonelli: f > 0 measurable = one may freely swap [ [ (even if = +o0).

2. Fubini: f € L'(y® v) = one may swap.

3. Strategy: to check f € L', first apply Tonelli to |f|.

11.6 Applications

11.6.1 Convolution

Definition 11.7 (Convolution). Let f,g € L*(R™, \) where ) is Lebesgue measure. The
convolution of f and g is:

(fxg)(x) = . flz—y)g(y) dy.

Proposition 11.8. If f,g € L*(R"), then f x g is defined a.e., f * g € L'(R"), and
1 gl < [ f1 g llgllpa-

Proof. By Tonelli, [o, [on [f(x =9)|19(w)] dydaz = || fll;. |9]l,2 < oo (by translation in-
variance). By Fubini, the inner integral is finite for a.e. z, and the result follows. [

11.6.2 Change of variable formula

Theorem 11.9 (Change of variables). Let ¢ : U — V be a C*-diffeomorphism between
open subsets of R™. For every measurable f : V — [0, +o0] (or f € L}(V)):

/f dy—/f )) [det Dp(x)| da.

Example 11.10 (Polar coordinates). For ¢(r,8) = (r cos 8, rsinf), we have |det Dp| = r,

giving:
oo 21
/ f(x,y)d:ndy:/ / f(rcosf,rsind)rddr.
R2 0o Jo

Example 11.11 (Gaussian integral). Using Tonelli and polar coordinates:

0 2 o
(/ e dx) = / e~ @) gy dy = / omre dr = .
oo R2 0

Hence [ e dr = /T
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11.7 Complements: infinite products

Theorem 11.12 (Countable product of probability measures). Let (X,,,.A n, fn)n>1 be a
sequence of probability spaces. There exists a unique probability P on (Hn -1 Xn, ®n21 An)

such that: N
(HA < I Xx ) =[] u(A

n>N

for all N and all choices of A,, € A,,. This is the Ionescu-Tulcea theorem (or Kolmogorov
extension theorem in the product case).
11.8 Exercises

Exercise 11.1. Compute fo fo (x2+y2)2 dx dy and fo fo e
result. Hint: f ¢ L.

+y dy dz. Comment on the

Exercise 11.2. Let f : [0,1] x [0,1] — R be defined by f(z,y) =
f ¢ L'(]0,1)%) and that the iterated integrals give different results.

(IT Verlfy that

Exercise 11.3. Using Fubini, show that for f € L'([0,00), \):

/Dooi/oxf(t)dtdx:/Ooof(t)/tooédxdt

and explain why this equality is formal (both sides may diverge).

x__ ,—bx

Exercise 11.4. Show that f -
write MT = fa et dt.

dr =1In(b/a) for 0 < a < b, using Fubini. Hint:

Exercise 11.5 (Convolution and probability). Let X and Y be independent real random
variables with densities fy and fy respectively. Show that 7 = X + Y has density
fz = fx = fy. Apply to the case X, Y ~ N(0,1).

Exercise 11.6. Using polar coordinates in dimension n, compute the volume of the unit
ball B, = {z € R": ||z|| < 1} and show that:

7T.77,/2

MB) = Ty
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Chapter 12

Radon Measures and Riesz
Representation

12.1 Introduction

This chapter lies at the interface of measure theory and topology. We study Radon
measures on locally compact spaces and establish the celebrated Riesz representation
theorem, which identifies positive linear functionals on the space of compactly supported
continuous functions with Radon measures.

Radon measures are measures that “respect” the topology: they are determined
by their values on compact sets and open sets. The Riesz theorem says that every
“reasonable” way of integrating compactly supported continuous functions comes
from such a measure. This is the fundamental bridge between functional analysis
and measure theory.

12.2 Locally compact spaces

Definition 12.1 (Locally compact space). A Hausdorff topological space X is locally
compact if every point has a compact neighborhood, i.e. for every x € X, there exist an
open set U and a compact set K with x € U C K.

Example 12.2. 1. R™ is locally compact.
2. Every compact space is locally compact.
3. Every open subset of a locally compact space is locally compact.

4. An infinite-dimensional Banach space is not locally compact.

Definition 12.3 (Support and compactly supported functions). For a continuous function
f: X — R, the support of f is supp(f) ={z € X : f(z) # 0}. We denote by C.(X) the
space of continuous functions with compact support.

Lemma 12.4 (Urysohn for locally compact spaces). Let X be locally compact Hausdorff,
K compact and U open with K C U. Then there exists f € C.(X) with 0 < f < 1,
Fli = 1. and supp(f) C U.
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Proposition 12.5 (Partition of unity). Let X be locally compact Hausdorff and let K
be a compact set covered by open sets Uy, ..., U,. There exist ¢1,...,p, € C.(X) with
0<¢; <1,supp(y;) CU;,and Y ;=1 on K.

12.3 Radon measures

Definition 12.6 (Regular Borel measure). Let X be a locally compact Hausdorff space.
A positive Borel measure p on X is called:

« outer regular if for every B € B(X): pu(B) = inf{u(U) : U open, B C U};
o inner reqular if for every open set U: u(U) = sup{u(K) : K compact, K C U};
o regular if it is both outer and inner regular.

Definition 12.7 (Radon measure). A Radon measure on a locally compact Hausdorff
space X is a Borel measure p on X that is:

(i) locally finite: for every x € X, there exists an open neighborhood U of = with
u(U) < oo;

(ii) inner reqular on open sets: for every open set U, u(U) = sup{u(K) : K compact, K C
U}

(iii) outer regular: for every Borel set B, u(B) = inf{u(U) : U open, B C U}.
Example 12.8. 1. Lebesgue measure on R" is a Radon measure.
2. Every Dirac measure ¢, is a Radon measure.
3. The counting measure on a discrete space is a Radon measure.
4. The counting measure on R is not a Radon measure (it is not locally finite).

Proposition 12.9. Every finite Radon measure on a locally compact Hausdorff space is
regular (inner regular on all Borel sets, not just open sets).

12.4 Positive linear functionals

Definition 12.10 (Positive linear functional). A linear functional A : C.(X) — R is
called positive if:

f>0 = A(f)>0.
Remark 12.11. Every positive linear functional on C.(X) is automatically continuous for

the topology of uniform convergence on compact sets (by positivity, [A(f)] < A(|| f]l .. ¥ k)
where K contains the support of f).
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12.5 The Riesz representation theorem

Theorem 12.12 (Riesz-Markov-Kakutani). Let X be a locally compact Hausdorff space
and let A : Co(X) — R be a positive linear functional. Then there exists a unique Radon
measure [t on X such that:

A(f) = /X fdu,  VfeCuUX).

Sketch of proof. The proof proceeds in several steps:
Step 1. Define p on open sets. For U open, set:

p(U) = sup{A(f): f € Ce(X), 0 < f <1, supp(f) C U}

Step 2. Extend to Borel sets by outer regularity:
wu(B) = inf{u(U) : U open, B C U}.

Step 3. Verify that p is a measure. Use Urysohn’s lemma and partitions of unity to
verify o-additivity.

Step 4. Verify that A(f) = [ fdu. Approximate f by simple functions and use the
regularity of .

Step 5. Uniqueness. If i/ is another Radon measure with A(f) = [ fdy/, then p and
1 agree on open sets (by Urysohn’s lemma), hence on all Borel sets (by regularity). [

Conditions of the theorem

The space X must be locally compact and Hausdorff. The functional must be
defined on C.(X) (compactly supported functions), not Cy(X) (bounded functions).
For more general spaces, different versions of the theorem are needed.

12.6 Support of a measure

Definition 12.13 (Support of a measure). Let u be a Radon measure on a locally compact
Hausdorff space X. The support of p is the smallest closed set F' such that u(X \ F') = 0:

supp(p) = X \ [ {U open : p(U) = 0}.
Proposition 12.14. Let x be a Radon measure on X. Then:
1. = € supp(p) if and only if p(U) > 0 for every open neighborhood U of x.
2. supp(p) = @ if and only if u = 0.
3. If f € C.(X) and supp(f) Nsupp(p) = @, then [ fdu = 0.

Proof. (1) x ¢ supp(p) means x belongs to an open set U with u(U) = 0, i.e. some open
neighborhood of x has measure zero.

(2) supp(p) = @ means p(X) = 0 by inner regularity (every compact K is contained
in X \ supp(), a union of open sets of measure zero).

(3) supp(f) is compact and contained in the open set X \ supp(u), which has measure
ZEero. U
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Example 12.15. 1. supp(d,) = {a}.
2. supp(Aljo,17) = [0, 1] where X is Lebesgue measure.

3. The Cantor measure has the Cantor set as its support.

12.7 Riesz theorem for signed measures

Theorem 12.16. Let X be locally compact Hausdorff. Every continuous linear functional
A Co(X) = R (where Co(X) is the space of continuous functions vanishing at infinity,
with the uniform norm) can be uniquely written as:

A(f) = /deu

where p is a regular signed Radon measure with |A]| = |u] (X).

Riesz correspondence

(Co(X ))i +— {positive Radon measures on X}

(Co(X ))* +— {regular signed Radon measures on X}

12.8 Exercises

Exercise 12.1. Show that Lebesgue measure on R is a Radon measure. Hint: verify the
three conditions in Definition 12.7.

Exercise 12.2. Let X =R and A(f) = f(0) for f € C.(R). Identify the Radon measure
p such that A(f) = [ fdu.

Exercise 12.3. Let p be a Radon measure on R™ and K a compact set with p(K) = 0.
Show that for every € > 0, there exists an open set U D K with u(U) < e.

Exercise 12.4. Let X be locally compact Hausdorff and p a finite Radon measure. Show
that for every B € B(X) and every ¢ > 0, there exist a compact set K C B and an open
set U D B with (U \ K) < e.

Exercise 12.5 (Support and density). Let f : R — [0, +00) be continuous and u(A) =
[ [dX. Show that supp(u) = {z € R: f(z) > 0}.

Exercise 12.6. Let X be locally compact Hausdorff and let i, v be two Radon measures
such that [ fdu = [ fdv for every f € C.(X). Show that = v. Is this statement true
if C.(X) is replaced by a proper subspace?
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