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Preface

Partial differential equations (PDESs) form one of the fundamental pillars of applied math-
ematics and mathematical physics. Since the foundational work of Euler, d’Alembert,
Fourier, and Laplace in the 18th century, they have played a central role in modelling
natural phenomena: heat diffusion, wave propagation, fluid flow, material elasticity, elec-
tromagnetism, and more recently in finance, biology, and image processing.

Course objectives

This course is aimed at third-year undergraduate students (L3 level) in mathematics. It
assumes the following prerequisites:

» Real analysis: Lebesgue integration, LP spaces, modes of convergence.

o Elementary functional analysis: Banach spaces, Hilbert spaces.

Ordinary differential equations (ODEs): Cauchy-Lipschitz theorem.
» Linear algebra: diagonalization, bilinear forms.

The main objective is to provide a rigorous yet accessible introduction to classical and
modern methods for solving PDEs. More precisely, upon completion of this course, the
student will be able to:

1. Classify second-order PDEs (elliptic, parabolic, hyperbolic) and understand the
physical implications of each type.

2. Solve classical PDEs explicitly using the method of characteristics, separation of
variables, and Fourier series.

3. State and prove fundamental qualitative properties: maximum principle, regularity,
asymptotic behaviour.

4. Use the Fourier transform to solve PDEs on R”.

5. Understand the modern functional framework: Sobolev spaces and variational for-
mulations.

Course organization

The course is organized into ten chapters, following a natural pedagogical progression:
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Chapter 1: Introduction and classification. Basic vocabulary (order, linearity, bound-
ary conditions) and classification of second-order PDEs.

Chapter 2: Transport equation. The first PDE studied in detail, introducing the
method of characteristics in a simple setting.

Chapter 3: Separation of variables and Fourier series. Development of the central
tool of separation of variables, supported by the theory of Fourier series.

Chapter 4: Heat equation. Complete study: fundamental solution, maximum princi-
ple, regularity, asymptotic behaviour.

Chapter 5: Wave equation. d’Alembert’s formula, Huygens’ principle, energy and
finite speed of propagation.

Chapter 6: Laplace equation and harmonic functions. Mean value properties,
regularity, Harnack inequality.

Chapter 7: Maximum principle. Weak and strong versions for elliptic and parabolic
operators.

Chapter 8: Fourier transform and applications. The Fourier transform as a tool
for solving PDEs on R".

Chapter 9: Introduction to Sobolev spaces. Weak derivatives, H' and H} spaces,
Sobolev and Poincaré inequalities.

Chapter 10: Variational formulation. Lax-Milgram theorem, elliptic problems, in-
troduction to finite elements.

Conventions and notation

Throughout this course, we use the following notation:

o (2 denotes a bounded open subset of R™ with boundary 0f) sufficiently regular (at
least piecewise C'!, unless otherwise stated).

Ou _ Ou _ Q%u

- oz’ Uge = ox2

n

o Au=53", % is the Laplacian of w.

e Vu= (g—;, cee 8%) is the gradient.
e Du denotes the Jacobian matrix, D?u the Hessian matrix.

o CH(Q), C*(Q2), C=(Q): spaces of C*, smooth, and compactly supported smooth
functions.

o LP(Q): Lebesgue space, 1 < p < 0.
o H*(Q) =W#2(Q): Sobolev space.

e (-,-) denotes the inner product in L? or in a Hilbert space.
p P
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o ||| denotes a norm (context specifies which one).

o lal
o Multi-indices: for a = (ay,...,a,) € N" |a| = a1+ -+ a, and D%u = (%(ffw.
G

How to use this course
Each chapter contains:
e Definitions and theorems with detailed proofs.
o Examples worked out completely to illustrate the methods.
e Intuition boxes to develop geometric and physical understanding.
o Warning boxes to highlight common pitfalls.

o Exercises of increasing difficulty, some with hints.

Proofs marked with an asterisk (*) are beyond the syllabus and are offered for students
wishing to deepen their understanding.

Physical motivation

PDEs arise naturally whenever one models a phenomenon depending on several indepen-
dent variables. Let us consider some fundamental examples.

Heat diffusion. If u(x,t) represents the temperature at point z at time ¢ in a conducting
body, Fourier’s law states that the heat flux is proportional to the temperature gradient:

¢ = —kVu. Combined with energy conservation, one obtains the heat equation:
ou
— = kAu.
ot

Wave propagation. Vibrations of a string, a membrane, or acoustic waves are de-
scribed by the wave equation:

Pu
w =C Au,

where ¢ is the propagation speed.

Electrostatics. The electric potential u in a charge-free region satisfies Laplace’s equa-
tion:

Au = 0.

In the presence of a charge density p, one obtains Poisson’s equation Au = —p/eq.

Fluid mechanics. The Navier-Stokes equations, describing the motion of a viscous
incompressible fluid, form a system of nonlinear PDEs:
ov
ot
The existence and regularity of solutions in three dimensions remains one of the Millen-
nium Prize Problems.

1
(V)T =~ Vp+vAT, VT,
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Quantum mechanics. The Schrodinger equation describes the evolution of a quantum
particle:

) h?
—Z=—— A .
ih Y T v+ Vy

These examples illustrate the richness and universality of PDEs. This course will
provide the mathematical tools needed to understand and solve them.

References

This course draws from several standard references:
o Evans, L.C., Partial Differential Equations, AMS, 2010.
o BREz1s, H., Functional Analysis, Sobolev Spaces and PDEs, Springer, 2011.
o STRAUSS, W., Partial Differential Equations: An Introduction, Wiley, 2008.
o JoHN, F.. Partial Differential Equations, Springer, 1982.
e SALSA, S., Partial Differential Equations in Action, Springer, 2016.

o RENARDY, M. and ROGERS, R.C., An Introduction to Partial Differential FEqua-
tions, Springer, 2004.

Happy reading and good work!

The author



Chapter 1

Introduction to PDEs

Partial differential equations are the language in which nature writes its laws. The heat
equation describes how temperature diffuses through metal. The wave equation governs
a vibrating guitar string, the propagation of sound, and the gravitational waves predicted
by Einstein. Laplace’s equation reigns over electrostatics, Newtonian gravity, and incom-
pressible fluid flow. Schrodinger’s equation determines the evolution of every quantum
system.

These equations, discovered over three centuries by Euler, d’Alembert, Fourier, Laplace,
and many others, share a common characteristic: they relate an unknown function of sev-
eral variables to its partial derivatives. They are richer — and harder — than ordinary
differential equations, because the multiplicity of space and time variables engenders a
variety of behaviors: diffusion, propagation, equilibrium. This first chapter maps out this
territory.

1.1 What is a PDE?

Let us begin with the most general definition, before specializing.

Definition 1.1 (Partial differential equation). A partial differential equation (PDE)
is an equation involving an unknown function u of several independent variables (z1, . .., z,)
and its partial derivatives. The general form is:

F(l"h---,fEn,U,le,---7U:cn,ua:1x1,ua:1x2,---) = 0.

Definition 1.2 (Order of a PDE). The order of a PDE is the highest order of partial
differentiation appearing in the equation.

Example 1.3. Some classical PDEs:
1. Transport equation (order 1): u; + cu, = 0.
2. Heat equation (order 2): u; = k t,.

Wave equation (order 2): uy = ug,.

= W

Laplace equation (order 2): Au = 0.

o

Burgers’ equation (order 1, nonlinear): u; + uu, = 0.

6. Korteweg—de Vries equation (order 3): u; + 6u uy + Uyze = 0.

b}
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1.2 Linearity and homogeneity

Definition 1.4 (Linear PDE). A PDE is linear if the operator L defined by the left-hand
side is linear, i.e.,

L(ou+ pv) = a L(u) + 5 L(v) Va,p €R.
The PDE is homogeneous if Lu = 0, and inhomogeneous if Lu = f with f # 0.

Remark 1.5. The superposition principle applies to linear homogeneous PDEs: if w4
and us are solutions, then awu; + Sus is also a solution for all a, 8 € R. This principle is
fundamental for the method of separation of variables.

Definition 1.6 (Semilinear, quasilinear, fully nonlinear).

o Semilinear: linear in the highest-order derivatives, with coefficients depending only
on z: Au = f(z,u, Vu).

e Quasilinear: linear in the highest-order derivatives, with coefficients depending on

wand Vu: ) a;j(v,u, Vu) Uy, = f2,u, Vu).

o Fully nonlinear: nonlinear in the highest-order derivatives: det(D?u) = f (Monge—
Ampere equation).

1.3 Classification of second-order PDEs

Consider a second-order PDE in two independent variables:
a(®,y) Usw + 20(, Y) tay + (2, Y) Uyy + d(2,y) Uz + e(z,y) uy + f(z,y) u=g(z,y). (1.1)

Definition 1.7 (Classification by discriminant). The discriminant of the PDE (1.1) is
Agise = b*> — ac. The PDE is said to be:

« Elliptic if b*> — ac < 0 at every point of the domain.
« Parabolic if > — ac = 0 at every point of the domain.

o Hyperbolic if b*> — ac > 0 at every point of the domain.

This classification has deep physical meaning;:

« Elliptic PDEs (Laplace type) model equilibrium states: the solution at a
point depends on the solution everywhere around it.

« Parabolic PDEs (heat type) model diffusion processes: information propa-
gates at infinite speed but attenuates.

« Hyperbolic PDEs (wave type) model propagation phenomena: information
travels at finite speed along characteristics.

Example 1.8.
1. Uy + uy, =0 (Laplace): a=1,b=0, c =1, s0 b* —ac = —1 < 0: elliptic.
2. up — Uy, = 0 (heat): a =—1,b=0, c=0, so b* — ac = 0: parabolic.

3. Uy — gy = 0 (wave): a = —c%, b= 0, Ceoet = 1, 50 b* — ac = ¢* > 0: hyperbolic.

6
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1.3.1 Classification in higher dimensions

For a second-order PDE in n variables:

n
E aij () Uy, + lower-order terms = 0,
ij=1

the classification is based on the coefficient matrix A = (a;;), assumed symmetric:

« Elliptic: all eigenvalues of A have the same sign.
 Hyperbolic: one eigenvalue has opposite sign to the others.

o Parabolic: one zero eigenvalue, the rest having the same sign.

Theorem 1.9 (Canonical form — case n = 2). By a suitable change of variables (£,m) =
(&(x,y),n(x,y)), every linear second-order PDE in two variables can be reduced to one of
the following canonical forms:

. Elliptz’c U& + u’rm + = 0

e Parabolic: uge +--- = 0.

e Hyperbolic: uge — Uy, + --- = 0 or equivalently usg + --- = 0 with o = § + 7,
B=E—n.

1.4 Boundary conditions and initial conditions

Definition 1.10 (Boundary value problem). A boundary value problem consists of
a PDE posed on a domain €2 C R" supplemented with conditions on the boundary 0f2.
The main types are:

1. Dirichlet: u = g on 0f2.

2. Neumann: ‘g—:f = g on 0f), where v is the outward unit normal.

3. Robin (mixed): au+ 3% = g on 910

1%

o}

Domain €2 with outward normal v

Definition 1.11 (Well-posed problem in the sense of Hadamard). A problem is said to
be well-posed in the sense of Hadamard if it satisfies the following three conditions:

1. Existence: there exists at least one solution.
2. Uniqueness: there exists at most one solution.

3. Stability: the solution depends continuously on the data.
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Importance of well-posedness

An ill-posed problem is not necessarily without mathematical or physical inter-
est. Hadamard’s classical example shows that the Cauchy problem for Laplace’s
equation is ill-posed, but regularization techniques allow one to address it.

Example 1.12 (Dirichlet problem for the Laplacian on the disk). Find » harmonic in
the unit disk D = {(x,y) : 22 + y? < 1} with u = g on 9D = {2? + y?> = 1}. In polar
coordinates:

{uw+;ur+7§u99:o, 0<r<l,

u(1,0) = g(0).

This problem is well-posed (existence, uniqueness, stability).

1.5 Evolution problems

Definition 1.13 (Cauchy problem). For an evolution PDE (parabolic or hyperbolic), the
Cauchy problem consists of finding u(z,t) satisfying the PDE for ¢ > 0 together with
initial conditions at ¢t = 0:

 For the heat equation: u(x,0) = ug(z).
 For the wave equation: u(z,0) = ug(z) and u(x,0) = vo(x).

t

U = o U = k Upy U =g

u(z,0) = up(x)
Mixed problem for the heat equation

1.6 Fundamental modelling examples

1.6.1 Derivation of the heat equation

Consider a thin rod of length L. Let u(z,t) be the temperature at point x € [0, L] at time
t. Energy conservation on a segment [a, b] gives:

d b b
a/a pepu(z,t)de = —q(a,t) + q(b,t) —{—/a f(z,t)dx,

where p is the density, ¢, the heat capacity, ¢ the heat flux, and f a source term. Fourier’s
law gives q(z,t) = —k u,(z,t). Differentiating under the integral sign:

b b b
/pcputdx:/ k‘umdx+/ fdx.

8
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Since this holds for all [a, b], we obtain:
pepu =k gy + f,
and setting k = k/(pc,): )
U = K Upe + [ (1.2)

1.6.2 Derivation of the wave equation

Consider a vibrating string of linear density p under tension 7. For small transverse
displacements u(x,t), Newton’s second law applied to an element [z, z + dx] gives:

pdruy =Tsinf(z + dz) — Tsinf(z) ~ T(uy(z + dz) — uy(x)) = T ugy da.
Hence:
Uy = C Upe, c=+/T/p. (1.3)
1.7 Examples of explicit solutions

Example 1.14 (Solutions of Laplace’s equation in 2D). The following harmonic functions
solve Au = 0 in R%:

1. u(x,y) = ax + by + ¢ (affine functions).

2. u(z,y) = x* — y? (check: Uz, +uyy =2 —2=0).

3. u(x,y) = e”cosy (check: uyy + uy, = e*cosy — e* cosy = 0).
4. u(r,0) = r™cos(nd) in polar coordinates, for all n € N.

Example 1.15 (Travelling waves). The function u(x,t) = f(x — ct) solves the wave
equation uy = c?uy, for any C? function f. Indeed:

uy = —cf'(x —ct), uy=cf"(x—ct), uy=f(v—ct), Up=f"(x—ct)

So Uy = *ug,. Similarly, g(z + ct) is a solution (wave propagating to the left).

1.8 Notion of solution

Definition 1.16 (Classical solution). A classical solution of a PDE of order k£ is a
function u € C*(Q) that satisfies the PDE at every point of Q.

Definition 1.17 (Weak solution). A weak solution is a function u belonging to a
suitable function space (e.g., a Sobolev space) that satisfies the PDE in the sense of
distributions, i.e.,

/uL*godx = / fodx Yo e CX(Q),
Q o)
where L* is the formal adjoint of the operator L.

Remark 1.18. The notion of weak solution is essential for the following reasons:

9
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1. Some PDEs do not admit classical solutions (e.g., hyperbolic conservation laws
develop shocks).

2. The weak framework allows the use of functional analysis tools (Lax-Milgram the-
orem, variational methods).

3. Under regularity hypotheses, one can often show that a weak solution is in fact
classical.

1.9 Exercises

Exercise 1.1. Classify the following PDEs (elliptic, parabolic, hyperbolic):
L. Ugy + 2Ugy + Uy = 0.
2. Ugy + 2Ugy + Sy = 0.
3. Uy — AUy + Uyy = 0.
4. Uyy + 2%uy, = 0 (does the type depend on 7).

Exercise 1.2. Show that the superposition v = Zgil cruy of solutions of a linear homo-
geneous PDE is again a solution. Does this result extend to the inhomogeneous case?

Exercise 1.3. Verify that u(z,y) = In(2? 4 y?) is harmonic in R? \ {0}. Compute Vu
and give a physical interpretation of this solution.

Exercise 1.4. Derive the heat equation in dimension n:
u = Kk Au+ f
using energy conservation and Fourier’s law ¢ = —kVu in an arbitrary domain {2 C R"™.

Exercise 1.5 (Hadamard’s example). Consider the Cauchy problem for Laplace’s equa-
tion:

Upy + Uy =0,  u(z,0) =0, wuy(z,0)= Esin(n:t).

Show that the solution is u(z, y) = -5 sin(nz) sinh(ny). Deduce that as n — oo, the initial
data converge to 0 uniformly but the solution does not converge to 0 for y # 0. Conclude
on ill-posedness.

Exercise 1.6. Consider Tricomi’s equation: ug; + yu,, = 0. Determine the regions of
the plane where this PDE is elliptic, parabolic, or hyperbolic. Sketch these regions.

10



Chapter 2

Transport Equation

Picture a river carrying a patch of dye downstream. No mixing, no diffusion—just pure
displacement. The concentration profile glides along unchanged, as if riding an invisible
conveyor belt. This deceptively simple scenario is the subject of the transport equation,
the most elementary PDE one can write, yet one that already reveals the deep structure
underlying all of partial differential equations.

The transport equation was studied as early as the eighteenth century by Euler and
d’Alembert, who recognised that wave propagation and fluid flow both reduce, in their
simplest form, to tracking quantities along characteristic curves. What makes this equa-
tion so instructive is that it can be solved exactly, by a geometric argument rather than
an algebraic trick: one simply follows the flow. This method of characteristics, as we shall
see, is the key that unlocks not only transport but a wide family of first-order PDEs.

2.1 Introduction and physical motivation

The transport equation is the simplest PDE. It models the displacement of a quantity
(concentration, density, pollutant) carried by a velocity field without diffusion or reaction.

Imagine dye injected into a river with a uniform current. The dye is carried along
without mixing: its concentration profile moves rigidly at the current speed. This
is exactly what the transport equation describes.

2.2 Constant-coefficient transport equation

2.2.1 The Cauchy problem

Definition 2.1 (Homogeneous transport equation). The transport equation with con-
stant velocity ¢ € R is:

{ut—i-cux:(), r€eR, t>0, (2.1)

u(z,0) = up(x), zeR.

Theorem 2.2 (Solution of the Cauchy problem). If uy € C*(R), then problem (2.1)
admits a unique solution v € C'(R x [0, +00)) given by:

u(z,t) = uo(z — ct). (2.2)

11
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Proof. Method of characteristics. We seek curves (z(t),t) in the (z,¢)-plane along
which the solution u is constant. If u is a solution, set z(t) = u(z(t),t). Then:

2 (t) = w((t),t) + (1) u (1), 1).

For 2/(t) = 0 (constant along the curve), it suffices to choose 2'(t) = ¢, giving the char-
acteristics:
x(t) =x0+ct, z9€R.

Along each characteristic, u(x(t),t) = u(xo,0) = ug(zo). Expressing zy = x — ct, we
obtain u(x,t) = ug(z — ct).
Verification. If uy € C', then u(x,t) = ug(z — ct) is C* and:

u = —cug(x —ct),  u, =ug(x — ct),

so u + cu, = 0 and u(zx,0) = ug(x).
Uniqueness. If v is another C! solution, then w = u — v satisfies w; + cw, = 0 with

w(z,0) = 0. Along every characteristic, w is constant equal to 0, so w = 0. 0
t
T = xog+ ct
t|---mfe e ‘
: T
Lo o (x¥

Characteristics of u; + cu, =0

Transport equation — key formulas

o Solution: u(x,t) = ug(x — ct) (travelling wave).
o Characteristics: lines « — ¢t = const.

o The solution propagates at speed ¢ without distortion.

2.2.2 Inhomogeneous equation

Theorem 2.3 (Transport with source term). The problem:

{ut—i-cum = f(z,t), z€R, t>0, (2.3)

u(zx,0) = ug(x),

has solution:

u(z,t) = up(z — ct) /fx—ct—s) s)ds. (2.4)
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Proof. Along the characteristic x(s) = x — ¢(t — s), we have:

d
£U($(S), ) =u +cuy = f(x(s),s).

Integrating from s =0 to s = t:

u(z,t) —u(z — ct,0) :/o flx —c(t—s),s)ds.

[
2.3 Method of characteristics — general case
2.3.1 First-order quasilinear PDEs
Consider the general first-order PDE:
a(z,y,u) uy + b(x,y,u) uy, = c(x,y,u). (2.5)

Definition 2.4 (Characteristic equations). The characteristic equations associated
with (2.5) form the ODE system:

dx dy du
a(z,y,u)  blw,y,u) (v, y,u) (26)

Equivalently, parametrizing by s:
dx dy b du

- = a, — U >

ds ds ds
Theorem 2.5 (Local existence). LetT" be an initial curve parametrized by (xo(7), yo(7T), uo(T))
such that:

C.

d(z,y)
8(87 T) s=0

Then there ezists locally a unique solution u(x,y) near I'.

=ayy(r) —bay(r) #0  (transversality condition,).

Transversality condition

If the initial curve is tangent to the characteristics at a point, the method fails:
either there is no solution or infinitely many. This is analogous to the Cauchy
problem for ODEs when the initial condition is posed at a singular point.

Example 2.6 (Linear PDE with variable coefficients). Solve:
Tug +yuy =u, u(z,1)=g(z).

The characteristic equations are:

der  dy du
T Y u’
From df = %, we get £ = (. From % = %‘, we get % = (5. So the general solution is:

for an arbitrary function ®. The initial condition u(x, 1) = g(z) gives ®(x) = g(x), hence:

u(z,y) —yg(§>'

13
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2.3.2 Nonlinear case: Burgers’ equation

Definition 2.7 (Inviscid Burgers’ equation). Burgers’ equation is the nonlinear PDE:
u+uu, =0, u(z,0)=uy(x). (2.7)

Theorem 2.8 (Implicit solution of Burgers’ equation). The characteristics of (2.7) are
the lines:
T = xg+ UQ(ZE()) t.

Along each characteristic, u is constant: u = ug(zo). The solution is defined implicitly

by:
u(z,t) = uo(x — u(x, t)t). (2.8)

Proof. The characteristic equations are:

dx dt du
Cow, T, Yoo
ds " ds T ds
So u is constant along characteristics, and x(t) = x¢ + uo(zo) t. O

2.3.3 Shock formation

Theorem 2.9 (Shock formation time). If ug € C*(R) and uj has a negative minimum,
then the characteristics cross at time:

= _ >0 (2.9)
B mianR UB(ZL’) ‘ .

For t < t*, the solution is C'. Fort > t*, a shock (discontinuity) forms.

Proof. Two characteristics starting from zy and x; > ¢ cross if:

Xo + UO(xo)t =+ UO<£L'1) t,

. o _ o -1 . .

ie,t= uO(m”f)l)_zg(zl) = @ @) @iz Taking z1 — xg, the first crossing occurs at

t* = —1/ min uy,. O
t

Shoc¢k

X

Shock formation: crossing characteristics

Example 2.10 (Shock for Burgers’ equation). Let ug(z) =1 —z for x € [0,1], up(z) =1
for z < 0, up(z) = 0 for x > 1. Then minuy = —1 (on (0,1)), so t* = 1. The
characteristics from [0, 1] are x = zg + (1 — x¢)t and they all meet at the point (1,1).

14
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2.4 Transport in higher dimensions

Definition 2.11 (Transport equation in R"). Let b = (by,...,b,) € R™ be a constant
velocity vector. The transport equation reads:

w+b-Vu=0, u(z,0) =u(x), zeR" (2.10)
The solution is u(z,t) = ug(z — bt).

For a variable velocity field b(x, t), the equation u; + b(x, t) - Vu = 0 is still solved by
characteristics, which are solutions of:

i

d

=b(X(t),t), X(0)= .

U

t

2.5 Conservation and first integrals

Proposition 2.12 (Conservation of L” norms). If u solves u; + cu, = 0 with ug € LP(R),
1 <p < oo, then:
e ey = ooy 2 2 0.

Proof. For 1 < p < oo, the change of variable y = x — ¢t gives:

[t do = [ funte =)l de = [ ) ay

The case p = oo is immediate. O

Theorem 2.13 (Conservative form and Rankine-Hugoniot condition). The equation
us + (f(w))e = 0 (conservation law) admits discontinuous weak solutions. Across a dis-
continuity propagating at speed o, the Rankine—Hugoniot condition reads:

o fu] = [f(w)], (2.11)

where [u] = u" —u~ denotes the jump.

2.6 Weak solutions and entropy

Definition 2.14 (Weak solution). A function u € L>*(R x [0,00)) is a weak solution
of uy + (f(u)), = 0 with initial data wq if:

/OOO/R[uSOt-i-f(u)gox} dxdt*’/RUo(iU)gO(:U,O)d:c:O

for all ¢ € C°(R x [0, 00)).

Non-uniqueness of weak solutions

Weak solutions are generally not unique! One must impose an entropy condition

15
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to select the physically admissible solution. Lax’s condition requires:

fw)>o> f(u’).

2.7 Exercises
Exercise 2.1. Solve u; + 3u, = 0, u(z,0) = e, Sketch u(z,t) for t =0,1,2.
Exercise 2.2. Solve u; + 2u, = tsinx, u(z,0) = 0.

Exercise 2.3. Solve by characteristics: yu, — zu, = 0, u(x,0) = 2 for x > 0. Interpret
the characteristics geometrically.

Exercise 2.4. Consider Burgers’ equation u; + uu, = 0 with:

1 if x <0,
w(z)=<¢1—a if0<x<1,
0 if x > 1.

1. Draw the characteristics.
2. Determine the shock formation time t*.

3. Write the solution for 0 < ¢ < t*.

1
1422

Exercise 2.5. Solve the nonlinear transport equation: w; + u?u, = 0, u(z,0) =
Determine the time of formation of the first shock.

Exercise 2.6. Show that if u solves u;+cu, = 0, then E(t) = 3 [, u*(z,t) dz is conserved.

Generalize to uy + c¢(x) u, = 0 with ¢, = 0. What happens if ¢, # 07

Exercise 2.7 (Rarefaction waves). Consider Burgers’ equation with:

@) 0 ifz <0,
U\ ) =
0 1 ifz>0.

1. Show that no classical solution exists for ¢ > 0.
2. Construct a rarefaction wave u(z,t) = v(z/t) that is a continuous weak solution.

3. Verify that a shock solution (with speed o = 1/2) is also a weak solution, but does
not satisfy Lax’s entropy condition.

16



Chapter 3

Separation of Variables and Fourier
Series

In 1807, Joseph Fourier presented to the French Academy of Sciences a bold memoir: any
periodic function, however irregular, can be written as a sum of sines and cosines. The
claim was met with scepticism—Lagrange deemed it impossible—but it would prove to be
one of the most fruitful ideas in all of mathematics. Fourier’s method, born from the study
of heat propagation, offers a remarkable strategy for solving linear PDEs: decompose the
problem into eigenmodes, solve each mode separately, then recombine. This principle of
separation of variables transforms a PDE into a family of ordinary ODEs—a considerable
gain.

3.1 Principle of separation of variables

The method of separation of variables (or Fourier’s method) is one of the most power-
ful techniques for solving linear PDEs on simple domains with homogeneous boundary
conditions.

The idea is to look for the solution as a product of functions, each depending on
only one variable. The PDE then decomposes into several ODEs, which are much
easier to solve.

3.1.1 General method

Consider a PDE of the form L[u] = 0 posed on a domain = (0,L) x (0,7) with
homogeneous boundary conditions.

Step 1: Look for solutions of the form u(x,t) = X (z) T(t).

Step 2: Substitute into the PDE and separate variables to obtain two ODEs coupled
by a separation constant .

Step 3: Solve the Sturm—Liouville problem for X (with boundary conditions), which
determines the eigenvalues \,,.

Step 4: Solve the ODE for T" with each A,.

Step 5: Form the general solution by superposition: v =) ¢, X, (z) T,(1).

Step 6: Determine the coefficients ¢, from the initial condition using Fourier series.

17
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Example 3.1 (Heat equation on a segment). Consider:

Up = K Ugpy, O<ax<L,t>0,
uw(0,t) =u(L,t) =0, t>0,
u(z,0) = up(x), 0<x<L.

Setting u(x,t) = X (x) T(t), the PDE gives X T" =k X" T, i.e.:

TI X//

TS X = —\ (constant).

This yields two ODEs:
X"+ XX =0, X(0)=X(L)=0,

T + kEXT = 0.

The problem for X is a Sturm—Liouville problem whose nontrivial solutions are:

)\n:<n%>2, Xn(m):sin<$>, n > 1.

The ODE for T gives T,,(t) = e **»!. The general solution is:

> nmx 2
— E bn : (_> —k(nm/L) t’
2 S1n I €

where the b,, are the Fourier sine coefficients of wuy.

3.2 Fourier series

3.2.1 Definitions and coefficients

Definition 3.2 (Fourier series). Let f : [-m, 7] — R be an integrable function.

Fourier series of f is:
o
o
~ + E la,, cos(nx) + b, sin(nz)],
n=1

where the Fourier coeflicients are:

/ f(zx) cos(nx) / f(x)sin(nz)

Definition 3.3 (Complex Fourier series). Equivalently, one can write:
+oo

F) e Y e, o= o / (@) e da.

n=—oo

18
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Fourier coefficients on [0, L]
For a function f on [0, L]:

 Sine coefficients: b, = %fOL f(z)sin(22) da.

o Cosine coefficients: a, = 7 fo COS(TI) dx.

3.2.2 Orthogonality

Proposition 3.4 (Orthogonality of trigonometric functions). The system {1, cos(nz), sin(nz) },>1
is orthogonal in L*(—, 7):

™

{cos(mx), cos(nx)) = / cos(mx) cos(nx) dr = 7 S,

(sin(mx), sin(nz)) = / sin(max) sin(nz) dx = T Gy,

—T

(cos(mz),sin(nx)) =0 Vm,n.

3.2.3 Convergence of Fourier series

Theorem 3.5 (Pointwise convergence — Dirichlet). If f is 2mw-periodic, piecewise con-
tinuous, and piecewise C*, then the Fourier series converges at every point:
S f@h) + fa7)

30 z:l a, cos(nx) + b, sin(nx)) = 5

In particular, at points of continuity the series converges to f(x).

Theorem 3.6 (Uniform convergence). If f is 2m-periodic, continuous, and piecewise C*,
then the Fourier series converges uniformly to f.

Theorem 3.7 (Convergence in L? — Parseval). If f € L*(—n, ), the Fourier series
converges to f in L? and Parseval’s identity holds:

%/ |f(2) do = %‘2) + Z;(ai +02). (3.3)

—Tr

Remark 3.8. Parseval’s identity expresses that the trigonometric system forms a Hilbert
basis of L?>(—n, 7). This is a special case of the completeness theorem.

Example 3.9. Let us compute the Fourier series of f(x) = x on [—m,7]. By oddness,
a, = 0 for all n > 0. For the b,:

1 /" (1)
b, = —/ xsin(nz) dr = %

Therefore:
1)n+1
—9 e (—m, ).
T Z " sin(nz), z € (—m, )

2

nanZF'

Parseval’s identity gives > -

19
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3.3 Sturm-—Liouville problems

Definition 3.10 (Sturm-Liouville problem). A regular Sturm-Liouville problem is
an eigenvalue problem of the form:

—(p(z)y) +q(x)y = Aw(z)y, =€ (a,b), (3.4)

with separated boundary conditions, where p > 0, w > 0, and ¢ are continuous on [a, b].

Theorem 3.11 (Properties of Sturm—Liouville problems). Under the above hypotheses:
1. There exists an infinite sequence of real eigenvalues \y < Ay < -+ — +00.

2. The corresponding eigenfunctions ¢, are orthogonal in L2 (a,b): f Om () On(z) w(z) de =
0 for m # n.

3. The eigenfunction ¢, has exactly n — 1 zeros in (a,b).
4. The system {¢,} forms a Hilbert basis of L2 (a,b).
Example 3.12 (Standard problems).

1. X"+ AX =0, X(0) = X(L) =0 (Dirichlet):
A\ = (nm/L)? X, = sin(nrz/L).

2. X"+ XX =0, X'(0) = X'(L) =0 (Neumann):
A, = (nm/L)? for n > 0, Xo = 1, X,, = cos(nmz/L).

3. X"+ AX =0, X(0) =0, X'(L) = 0 (mixed):
A = ((2n —1)7/(20))%, X,, = sin((2n — 1)7z/(2L)).

3.4 Applications to PDEs

3.4.1 Heat equation with Neumann conditions

Example 3.13. Solve:

Up = K Ugyy, O<z<L,t>0,
uz(0,t) = u, (L, t) =0, t>0,
u(z,0) = ug(x).

Separation gives X" + AX = 0 with X’(0) = X’(L) = 0 (Neumann). The eigenvalues are
A = (nw/L)* n >0, and:
= ?O + Z a, cos(mm) e_k(””/L)Zt,

n=1

where a,, = %fOL ug(x) cos(nmx /L) dx.

Ast — oo, u(z,t) — ap/2 = %fOL up(z) dz, the initial mean temperature.

20
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3.4.2 Wave equation
Example 3.14. Solve:

Uy = CPUyy, O<z<L,t>0,
u(0,t) = u(L,t) =0,
u(z,0) = ug(x), u(z,0)=wv(x).

Setting u(x,t) = X (z) T(t) gives:
X"+2X =0, X(0)=X(L)=0 and T"+ )T =0.

The solutions are X,, = sin(nmz/L), w, = cnw/L, and:
= nmx
,0) = i (—) A, wt) + By sin(w,t)],
u(zx,t) ;sm 7 [A,, cos(wyt) + By, sin(wyt)]

with:

2 [* 2 ("
An:z/o uo () sin(?) dx, B,= Lwn/o vo(x) Sjﬂ(n_zx) dx.

3.4.3 Laplace equation on a rectangle

Example 3.15. Solve:

Au =0, 0<zx<a, 0<y<b,
u(0,y) = u(a,y) =0,
u(z,0) =0, wu(z,b) = f(x).
Setting u = X (z) Y (y):
X// Y//
X Y
With X(0) = X(a) = 0: A\, = (nn/a)?, X, = sin(nmz/a). The equation for YV gives
Y” —\Y =0 with Y(0) = 0:

=

Yo(y) = sinh(@> :

a

The solution is:

u(z,y) = ch sin(?) sinh(?) :
n=1

with ¢, = m fy f(x)sin(nma/a) da.

3.5 Separation in polar coordinates

Example 3.16 (Laplace in the disk). Solve Au = 0 in the disk » < R with u(R, 8) = f(0).
In polar coordinates, Au = u,, + %ur + T%u(;g = 0. Setting u = R(r) O(0):
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Periodicity in @ forces A, = n?, n > 0. The solutions are:

u(r, ) = 5+ i (%)n [ay, cos(nb) + by, sin(nd)],

n—

where a,,, b, are the Fourier coefficients of f. This gives the Poisson integral formula:

1 2w R2 _ 7,2
u(r,9) = %/0 R? —2Rrcos(6 — ¢) + 12 f(9)do.

3.6 Exercises

1

Exercise 3.1. Compute the Fourier series of f(z) = |z| on [—, ]. Deduce that > .° TTE =

2

T
Exercise 3.2. Solve the heat equation u; = u,, on (0,7) with u(0,t) = u(r,t) = 0 and
u(z,0) = sin(z) + 3sin(2x).

Exercise 3.3. Solve the wave equation uy = 4u,, on (0,1) with w(0,t) = u(1,t) = 0,
u(z,0) = 2(1 —z), u(x,0) = 0.

Exercise 3.4. Solve the Laplace problem on the rectangle (0,7) x (0,1) with u(0,y) =
u(m,y) =0, u(z,0) =0, u(z, 1) = sin(3z).

Exercise 3.5. Show that the Fourier coefficients of f satisfy a,,b, — 0 as n — oo
(Riemann-Lebesgue lemma).

Exercise 3.6. Solve the Dirichlet problem in the disk r < 1 with u(1,0) = cos®#. Write
the solution in closed form.

Exercise 3.7 (Singular Sturm-Liouville problem). Find the eigenvalues and eigenfunc-
tions of:

d dy A
(=2 ) =2 1 1) = = 0.
dz (xda) ) <z<e y(l)=yle)=0

Hint: set x = e°.
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Chapter 4

Heat Equation

It was to understand the propagation of heat that Joseph Fourier developed the series that
bear his name. His Théorie analytique de la chaleur (1822) is one of the founding texts
of mathematical physics. The heat equation—the simplest parabolic PDE—describes an
irreversible phenomenon: an initial temperature profile smooths over time, peaks flatten,
gradients fade. Unlike the wave equation, information propagates at infinite speed, and
unlike the transport equation, solutions become immediately smooth. These surprising,
counter-intuitive properties make the heat equation the prototype of all diffusion equa-
tions.

4.1 Physical motivation and formulation

The heat equation describes thermal diffusion in a conducting medium. If u(z,t) rep-
resents the temperature, Fourier’s law (¢ = —kVu) combined with energy conservation
gives:

Definition 4.1 (Heat equation). The heat equation in dimension n is:
ur — Kk Au = f(z,t), z€QCR" t>0, (4.1)

where £ > 0 is the thermal diffusivity. The case f = 0 is called homogeneous.

The heat equation smooths out irregularities: even if the initial temperature is
discontinuous, the solution becomes instantaneously C* for ¢ > 0. This is the
smoothing effect of diffusion. However, information propagates at infinite speed
(no wavefront).

4.2 Fundamental solution

Definition 4.2 (Heat kernel). The heat kernel (or fundamental solution) in dimension

n is:
O(z, 1) ! Lo I (4.2)
z,t) = ————=exp| ——— . .
’ (4rrt)/? P\ " ant |
Theorem 4.3 (Properties of the heat kernel). The kernel @ satisfies:
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1. &, =k AP fort >0, x #0.

2. ®(x,t) >0 forallz € R*, t > 0.

8. Jon ®(x,t)dz =1 for all t > 0.

4. ®(-,t) = & in the sense of distributions as t — 07.

Proof. (1) Direct verification in dimension n = 1. We have ®(z,t) = (4wkt)~1/2e="/(4s1),
Computing:

1 x? T x? 1
D=0 (——F-—), B,=—-0 I, = - — o
! ( T 4/-;752) ’ it <4f<;2t2 me)

So q)t =K q)ra: ,
(3) By the substitution y = x/v/4kt: fRn O dy = 7 "/2 fRn e W™ dy = 1. n

O(x,t)

small ¢

medium ¢

large ¢
x

Evolution of the heat kernel

4.3 Cauchy problem on R”

Theorem 4.4 (Solution by convolution). If uy € L>*(R") N C(R™), the solution of the
Cauchy problem:
u = kAu, u(z,0) = ug(x),

is given by convolution:

ua, 1) = (B(-, 1)  up)(x) = / B =y, 1) woly) dy. (4.3)

Moreover, u € C*(R™ x (0, 00)).

Proof sketch. One can differentiate under the integral sign because ® is C* for ¢ > 0
and decays exponentially. The initial condition follows from property (4) of the kernel:
O(-,t) *ug — ug as t — 0. O

Heat equation — key formulas

» Kernel (n =1): ®(z,t) = \/ﬁ e~/ (4nt).

o Cauchy solution: u = ® * uy.
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o With source: u = & %y + f(f O(-,t — s) * f(-,$) ds (Duhamel’s formula).

4.4 Maximum principle for the heat equation

Theorem 4.5 (Weak maximum principle). Let @ C R" be a bounded open set and
Qr =2 x (0,T]. If u e C*(Qr) NC(Qr) satisfies uy — kAu < 0 in Qr, then:

max u = max u, (4.4)
Qr Iy

where Ty = (0 x {0}) U (09 x [0,T)) is the parabolic boundary.

Proof. Suppose by contradiction that the maximum is attained at an interior point
(zo,t0) € Qr with tg > 0. Then Vu(zg,to) = 0, D?*u(zo,ty) < 0 (negative semi-definite),
so Au(zg,tg) < 0. Moreover, us(xg,ty) > 0 (since the maximum is attained at ¢y). There-
fore uy — kAu > 0 at (zo, to), contradicting u; — cAu < 0 (unless equality). One concludes
by perturbation, considering v = u — &t. Il

t =T (not in I'y)

o002 Qr o2

t=20
Parabolic boundary I'z (in red)

Corollary 4.6 (Uniqueness). The Cauchy—Dirichlet problem for the heat equation (on a
bounded domain) admits at most one classical solution.

Proof. If u and v are two solutions, w = u — v satisfies w; = kAw with w = 0 on I'r. By

the maximum principle, w < 0 in Q7. Applying the same argument to —w, we get w > 0,
so w = 0. [

4.5 Regularity and smoothing effect

Theorem 4.7 (Infinite regularity). If u solves u; = kAu in Qp with ug € L*(Q), then
ue C™(Qx (0,77).

Irreversibility

The heat equation is irreversible in time: one cannot, in general, go backward in
time. The problem u; = —xkAwu with final data is ill-posed in the sense of Hadamard.
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4.6 Asymptotic behaviour

Theorem 4.8 (Decay in time). Let u be the solution of u; = kAu on R™ with ug €
LYR™) N L>(R™). Then:

L fu )l < 57z lluoll -

2. |Ju(-,t)|| ;2 is decreasing in t.

8. Janu(z,t)de = [g, uo(z)dx (mass conservation,).
Proof. (2) We compute:

d1
——/ u2d$:/ uutda::/-ﬁ;/ uAudr = —k ]Vu|2 dx < 0.
dtz Rn n n Rn

(3) Integrating the equation and using the divergence theorem: % Judr =k [Audx =0
(provided u decays sufficiently at infinity). O
4.7 Duhamel’s formula

Theorem 4.9 (Duhamel’s principle). The solution of the inhomogeneous problem:

ur — kAu = f(z,t), u(x,0) = up(x),

u(z,t) = /n Oz —y,t)uo(y) dy + /Ot /n O(z —y,t—s) fly,s)dyds. (4.5)

Duhamel’s principle is the PDE analogue of the variation of constants method
for ODEs. The source term f is treated as a continuous superposition of initial
conditions applied at each instant s.

4.8 Heat equation on a bounded interval

Example 4.10. Solve completely:

Up = Ugy, O<z<m t>0,
u(0,t) = u(m, t) =0,
u(z,0) = z(r — x).

By separation of variables (cf. Chapter 3), the eigenmodes are X,, = sin(nx), A\, = n?
and:

u(z,t) = Z by sin(nz) e ™",
n=1
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The Fourier sine coefficients of f(x) = z(m — x) are:

2 [T 8 ifpodd,
bn:—/ x(ﬂ—x)sin(nx)dx:{ pmo
0

nom
0 if n even.

T
Therefore: .
sin((2k + 1)z
u(z,t) = = ; ((2(]{3 - 1)3) ) o (k1)
For large t, u(z,t) = £ sin(x) e~": only the first mode survives.

4.9 Inhomogeneous boundary conditions

To handle u(0,t) = go(t), u(L,t) = g1(t), we set v(x,t) = u(z,t) — w(z,t) where w is a
lifting of the boundary conditions:
x
w(z,t) = go(t) + Z(gl(t) — go(t))-

Then v satisfies the heat equation with homogeneous conditions and a modified source
term.

4.10 Exercises

Exercise 4.1. Verify that ®(z,t) = \/4;? e~ @/(4rt) gatisfies @, = k B, for t > 0.

Exercise 4.2. Solve u; = u,, on R with u(z,0) = e~1#l,

Exercise 4.3. Show that the energy E(t) = 1 OL u?(x,t) dz is decreasing for the heat

equation with homogeneous Dirichlet conditions. What is the rate of decay?

Exercise 4.4. Solve u; = u,, +sin(z) on (0,7) with u(0,t) = u(m,t) = 0 and u(x,0) = 0.
Hint: look for a stationary solution, then use Duhamel.

Exercise 4.5. Let u solve u; = uy, on (0,1) with u(0,¢t) = 0, u(1,t) = 1, u(z,0) = x.
Find the stationary solution and show that u converges to it.

Exercise 4.6 (Self-similarity). Look for a solution of u; = u,, of the form u(x,t) =
t=2 f(€) with ¢ = x/v/t. Determine a and the ODE satisfied by f.

Exercise 4.7. Show that the maximum temperature decreases over time for the heat
equation on a bounded domain with homogeneous Dirichlet conditions. Hint: use the
maximum principle.
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Chapter 5

Wave Equation

Pluck a guitar string. The perturbation travels in both directions, bounces off the end-
points, and produces a sound whose frequency depends on the length, tension, and lin-
ear density of the string. The wave equation, formulated by d’Alembert in 1747 for
the vibrating string, is the first PDE ever written. Unlike the heat equation, it is time-
reversible: waves do not dissipate, they propagate at finite speed and preserve their shape.
D’Alembert’s solution in one dimension shows that every solution is a superposition of
two waves travelling in opposite directions—an observation of remarkable simplicity and
power.

5.1 Physical motivation

The wave equation describes the propagation of perturbations through a medium: vi-
brations of a string or membrane, sound waves, electromagnetic waves. Unlike the heat
equation, propagation occurs at finite speed and without dissipation.

Definition 5.1 (Wave equation). The wave equation in dimension n is:

uy — AAu = f(z,t), x€R", t>0, (5.1)

where ¢ > 0 is the propagation speed.

5.2 Wave equation in dimension 1

5.2.1 d’Alembert’s formula

Theorem 5.2 (d’Alembert’s formula). The solution of the Cauchy problem:

Uy = CPUgy, rEeR, t>0, (5.2)
u(@,0) = g(x), w(z,0)=h(z), '
is given by d’Alembert’s formula:
t —ct 1 z+ct
u(x,t):g(x+c>—gg(x C)+2—/ h(s) ds. (5.3)
CJa—ct
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Proof. We introduce characteristic coordinates £ = x + ct, n = x — ct. The equation
Uy = C*uy, becomes ugn = 0, whose general solution is:

u(§,n) = F(§) + Gn) = Flz+ct) + Gla — ct),
where F' and G are arbitrary functions. The initial conditions give:
F(x)+ G(x) = g(x), cF'(z)—cG(x) = h(z).
Integrating the second equation and solving the system yields d’Alembert’s formula. [

t

To — Ct() To + Ct()

1D wave equation — key formulas

o d’Alembert: u = L[g(z +ct) + glx — ct)] + £ [T h(s
e Characteristics: z & ¢t = const.

+ General solution: v = F(z + ct) + G(x — ct).

5.2.2 Domain of dependence and influence

Definition 5.3 (Domain of dependence). The domain of dependence of the point
(x0,to) is the interval [xg — cty, xo + cto] on the axis ¢ = 0. The solution at (¢, ty) depends
only on the initial data on this interval.

Definition 5.4 (Domain of influence). The domain of influence of the point o on the
axis t = 0 is the cone {(z,t) : |z — zo| < ct, t > 0}.

Theorem 5.5 (Finite speed of propagation). If the initial data g and h are supported in
la,b], then u(z,t) =0 for x ¢ [a — ct,b+ ct]. Information propagates at most at speed c.

5.3 Energy conservation
Theorem 5.6 (Energy conservation). If u solves uy; = c*Au in R™, the energy:
1
E(t) = 5/ (uf + ¢ \Vu|2) dx (5.4)
is conserved: E(t) = E(0) for allt > 0.

30



CHAPTER 5. WAVE EQUATHONVIBRATING STRING WITH FIXED ENDPOINTS

Proof. We compute:
E'(t) = / (ut Uy + Vu - Vut) dx
= / Uy (utt — czAu) dr = 0.

The last equality uses integration by parts ([ Vu - Vu, = — [ uy Au). [

Corollary 5.7 (Uniqueness). The Cauchy problem for the wave equation admits at most
one solution (in a suitable reqularity class).

5.4 Vibrating string with fixed endpoints

Example 5.8. Solve:

Uy = CP gy, O<z<L,t>0,
u(0,t) = u(L,t) =0,
u(z,0) = g(z), ulx,0)=h(z).

By separation of variables:

u(x,t) = i sin(?) [A,, cos(wnt) + By, sin(wyt)]

with w, = “* (natural frequencies). The coefficients are:

2 [ nmwx 2 L nmwx
An -7 . < ) ’ Bn - . ) .
7 /0 g(x)sin 7 dx Tor /0 h(x) sm( 7 dx

The solution is a superposition of normal modes vibrating at frequencies w, =
enm /L. The fundamental frequency is wy = cm/L; the others are harmonics w,, = nwy.

Each normal mode sin(nmz/L) cos(w,t) represents a standing wave: the spatial
shape remains fixed and only the amplitude oscillates. The superposition of modes
produces the complex shapes of a vibrating string.

5.5 Wave equation in higher dimensions

5.5.1 Dimension 3: Kirchhoff’s formula

Theorem 5.9 (Kirchhoff’s formula). The solution of the Cauchy problem in dimension
3:
uy = AAu,  u(x,0) = g(z), w(r,0)=h(x),

o) = g ([ s+ 5 o [ swasw]. 63)

where S(x, ct) is the sphere centred at x with radius ct.

18:
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Theorem 5.10 (Strong Huygens’ principle). In dimension n = 3 (and more generally
for odd n > 3), the strong Huygens’ principle holds: the solution at (x,t) depends
only on the data on the sphere |y — x| = ct, not in the ball. Physically, a point signal
produces a sharp wavefront that passes and vanishes.

5.5.2 Dimension 2: Poisson’s formula

Theorem 5.11 (Poisson’s formula — dimension 2). In dimension 2, the solution is:

1 1
w(a ) = — // h(y) A // 9(y) dy
2mc B(x,ct) \/c2t2 — |y — $‘2 ot | 2mc B(z,ct) \/02t2 — |y — x‘2
(5.6)

No Huygens’ principle in even dimensions

In dimension 2, the solution depends on data in the entire disk B(z,ct), not just
on the circle. This is why waves on water leave a wake behind them (unlike sound
waves in 3D).

5.6 Damped wave equation
The damped wave equation reads:

Uy + 2yuy = Au, v > 0.
The term 2yu; models friction proportional to velocity.

Proposition 5.12 (Energy decay). For the damped equation, the energy decreases:

E'(t) = —27/ ui dr < 0.

5.7 Exercises

Exercise 5.1. Use d’Alembert’s formula to solve uy = uy, with u(z,0) = e~ and

ui(x,0) = 0. Sketch the solution for ¢t =0, 1, 2.

Exercise 5.2. Solve uy = 4y, with u(z,0) = 0 and us(x,0) = 11— 5j(x). Determine the
domain of dependence and sketch the solution.

Exercise 5.3. Vibrating string: solve uy = g, on (0,7) with w(0,t) = u(m,t) = 0,
u(z,0) = sin(z) sin(2z), u¢(x,0) = 0.

Exercise 5.4. Show that energy conservation implies uniqueness for the Cauchy problem.

Exercise 5.5 (Reflection at a fixed boundary). Let u; = c?ug, for x > 0, t > 0 with
u(0,t) = 0 and initial data compactly supported in (0,00). Use the method of images
(odd extension) to construct the solution.
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Exercise 5.6. For the damped wave equation wu; + 2vu; = c*ug,, show that E(t) <
E(0) e,

Exercise 5.7. Verify Kirchhoff’s formula in 3D for the case ¢ = 0, h(z) = 1 (constant
data). Find u(0,t) explicitly.

Exercise 5.8 (Duhamel’s principle for the wave equation). Show that the solution of
Ut — gy = f(,t) with u(z,0) = us(x,0) = 0 is:

z+c(t—s)
u(z,t) / / s)dy ds.
2C x—c(t—s)
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Chapter 6

Laplace Equation and Harmonic
Functions

Laplace’s equation Au = 0 is the queen of elliptic PDEs. Its solutions, harmonic functions,
model equilibrium states: steady-state temperature, electrostatic potential, irrotational
flow. Pierre-Simon Laplace studied it as early as 1782 in the context of Newtonian gravi-
tation, and its properties—maximum principle, infinite regularity, Poisson representation
formula—make it one of the best-understood equations in all of mathematical physics.

6.1 Introduction and motivation

Laplace’s equation Au = 0 models equilibrium states: steady-state temperature, electro-
static potential in the absence of charges, potential flow. Its study reveals remarkable
regularity, mean value, and maximum properties.

Definition 6.1 (Harmonic function). A function v € C*(f2) is harmonic in an open set
Q CR"if:
Au = — =0 in Q. (6.1)

Definition 6.2 (Poisson’s equation). Poisson’s equation is the inhomogeneous equa-
tion:

—Au=f in Q. (6.2)

6.2 Fundamental solution

Theorem 6.3 (Fundamental solution of the Laplacian). The fundamental solution
of Laplace’s equation in dimension n is:

—5 In|z| ifn=2,
I'(z) = (6.3)
L1 ifn>3,

n(n—2)wn \x|"72

where w, = % is the volume of the unit ball in R™. It satisfies —Al' = &g in the

sense of distributions.
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6.3 Mean value property

Theorem 6.4 (Mean value property). If u is harmonic in Q and B(z,r) C ), then:

1
u(x) = Y /83(%7“) u(y)dS(y) (spherical mean), (6.4)
1
u(z) = / u(y)dy  (volume mean). (6.5)
Wnr™ B(x,r)

Proof. Set ¢(r) = yudS. By the substitution y =z +r0, 0 € 0B(0,1):

1
nwprt—1 faB(:v,r

1
o(r) = / u(x +ro)dS(o).
1= e o 7))
Differentiating:
1 1 ou
d(r) = / Vu(x +ro)-ocdS(o :—/ —d&S.
) nWn Jap(0,1) ( ) @) nwWat™ 1 Jop(zr) OV
By the divergence theorem and Au = 0:
, 1
P(r) = ——— Audy = 0.
nwy " B(z,r)

So ¢(r) = ¢(0") = u(x) by continuity. The volume formula follows by integrating in
T. 0

The value of a harmonic function at a point equals the average of its values on any
sphere centred at that point. This is the continuous analogue of the fact that at
thermal equilibrium, the temperature at a point is the average of the surrounding
temperatures.

Theorem 6.5 (Converse of the mean value property). If u € C(2) satisfies the mean
value property (6.4) for every ball B(z,r) C 2, then u is harmonic in Q (and in particular

).
6.4 Maximum principle

Theorem 6.6 (Strong maximum principle for harmonic functions). Let Q C R"™ be a
bounded connected open set and u € C*(Q) N C(Q) be harmonic in Q. Then:

1. maxgu = maxgpq u (maximum principle).

2. If the mazximum is attained at an interior point, then w is constant in € (strong
maximum principle).

The same holds for the minimum.
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Proof. Suppose u attains its maximum M at zo € Q. Let r > 0 be such that B(zg,r) C Q.
By the mean value property:

1
- / u(y) dy.
WpT B(zo,r)

Since u(y) < M everywhere and u(xy) = M, the mean can equal M only if u = M in
B(zg,7). The set {x : u(xz) = M} is therefore open (and closed in € by continuity). By
connectedness, u = M in (). O

M = u(zy) =

Corollary 6.7 (Uniqueness of the Dirichlet problem). The Dirichlet problem Au =0 in
Q, u= g on 02, admits at most one solution.

Corollary 6.8 (Stability). If u and v are harmonic with u = g;, v = go on 02, then:

—l < — 0ol .
mgx|u v|_n$%x|gl 92|

6.5 Regularity of harmonic functions

Theorem 6.9 (C* regularity). Every harmonic function is C*. More precisely, if u is
harmonic in §2, then uw € C*(Q2) and all its partial derivatives are harmonic.

Theorem 6.10 (Analyticity). Every harmonic function is real-analytic: it equals its
Taylor series at every point of its domain.

Theorem 6.11 (Gradient estimates). If u is harmonic in B(xg, R), then:
max_|ul. (6.6)
More generally, for every multi-index o:

C1n|o¢\
D%u(zg)| < —= max |ul.
| D%u(xo)| < il aB(mng)! |

6.6 Harnack’s inequality

Theorem 6.12 (Harnack’s inequality). Letu be harmonic and nonnegative in B(xo, R) C
R™. For any x € B(x, R) with |v — x9| =1 < R:

R} (R —7)

R"(R+r)

e u(zo). (6.7)

u(zg) < u(z) <
In particular, on any compact K € €0, there exists C = C(K, Q) such that:
max v < C' minu.

K K

Remark 6.13. Harnack’s inequality asserts that nonnegative harmonic functions cannot
vary too rapidly. It is fundamental in regularity theory.
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6.7 Green’s representation formula

Definition 6.14 (Green’s function). The Green’s function of the domain Q is G(z,y) =
I'(z —y) — h¥(x), where hY is harmonic in 2 with hY = I'(- — y) on 0.

Theorem 6.15 (Representation formula). If u € C%(Q) is harmonic in Q, then for every
x € Q:

ww:—/ o) Gl 9) 4S(0). (69

For Poisson’s equation —Au =

/ny ty= [ u(o) 5w aS ). (6.9)

Example 6.16 (Green’s function for the disk). For the disk B(0, R) C R?, the Green’s

function is:
o)
T

1
Glo.9) = g e =]+ 5 5

The representation formula recovers the Poisson kernel.

6.8 Liouville’s theorem

Theorem 6.17 (Liouville’s theorem). Every bounded harmonic function on R™ is con-
stant.

Proof. Let u be bounded harmonic on R™, |u| < M. For any xy € R” and R > 0, the
gradient estimate gives:

n
|Vu(zg)| < = M.

Letting R — oo, we obtain Vu(zg) = 0 for all xq, so u is constant. O

6.9 Exercises

Exercise 6.1. Show that if « is harmonic in B(0, R) \ {0} C R? and bounded, then the
singularity at 0 is removable (removable singularity theorem).

Exercise 6.2. Use the Poisson formula to solve the Dirichlet problem in the disk B(0, 1)
with u(1,60) = cos(26) + 3sin(0).

Exercise 6.3. Show that if u is harmonic and nonnegative in R", then u is constant
(consequence of Harnack).

Exercise 6.4. Compute the Green’s function of the half-space {z,, > 0} by the method
of images.

Exercise 6.5. Show that the mean value of a harmonic function on a sphere equals its
value at the centre. What happens for subharmonic functions (Au > 0)?

Exercise 6.6. Let u be harmonic in Q = B(0,1)\ B(0,1/2) C R?, withu =0on |z| = 1/2
and u =1 on |z| = 1. Find u in the form u(r) =a+b/r.

Exercise 6.7 (Schwarz reflection principle). Let w be harmonic in the half-disk {r <

1,0 < 0 < 7} with u = 0 on the diameter [—1,1]. Show that u extends to a harmonic
function on the full disk by odd reflection.
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Chapter 7

Maximum Principle

7.1 Introduction

Imagine a metal plate whose edges are heated. Where is the hottest point inside? Phys-
ical intuition is unequivocal: in the absence of an internal heat source, the temperature
maximum must be attained on the boundary. This observation, elevated to the status of a
mathematical principle by Eberhard Hopf in the 1920s-1930s, has become one of the most
powerful tools in PDE theory. The maximum principle requires no explicit knowledge of
the solution: it provides a priori bounds, uniqueness results, and comparison theorems
through the sheer force of the equation itself. Hopf’s lemma, which refines the principle
by showing that the normal derivative is strictly negative at the maximum point, is a gem
of analysis whose applications irrigate the entire elliptic and parabolic theory.

Physically, the maximum principle expresses the fact that in the absence of an inter-
nal heat source, the maximum temperature in a body is attained on the boundary.
More generally, an equilibrium state cannot create a new extremum in the interior.

7.2 Maximum principle for elliptic operators

7.2.1 General elliptic operators
Definition 7.1 (Elliptic operator). A second-order differential operator:
Lu=— " ay(@) e, + ¥ bi(1) g, + c(z) u (7.1)
i,j=1 i=1

is called elliptic in € if the matrix (a;;(z)) is positive definite for all x € €, i.e., there
exists ¢ > 0 such that:

D ai(2)&& =016 Vo eQ, VEER™

ij
7.2.2 Weak maximum principle

Theorem 7.2 (Weak maximum principle — case ¢ = 0). Let Q CR" be a bounded open
set and L an elliptic operator with ¢ = 0. If u € C*(Q) N C(Q) satisfies Lu < 0 in Q,

39



CHAPTER 7. MAXIMUM PRINCIPLE CHAPTER 7. MAXIMUM PRINCIPLE

then:

max u = Mmax u. (7.2)
Q o0

Proof. Case Lu < 0. Suppose u attains its maximum at zg € Q. Then Vu(zy) = 0 and
D?u(zg) < 0 (negative semi-definite Hessian). Therefore:

Lu(xg) ZG’J T0) Uz, (To) > 0,

since Y a;;6& > 0 for all & implies tr(A - D*u) < 0, hence —tr(A - D?u) > 0. This
contradicts Lu < 0.

Case Lu < 0. Consider v.(z) = u(z)+ee** for « large enough (so that L(e®') < 0).
Then Lv, < 0 and the previous case applies. Conclude by letting ¢ — 0. Il

Theorem 7.3 (Weak maximum principle — case ¢ > 0). If ¢ > 0 and Lu < 0 in 2, then:

max u < max u’, (7.3)
0

where v = max(u, 0).

7.2.3 Strong maximum principle

Theorem 7.4 (Strong maximum principle — Ho_pf). Let Q be a bounded connected open
set and L elliptic with c = 0. If u € C*(Q) N C(Q) satisfies Lu < 0 in Q and attains its
mazimum at an interior point xo € 2, then u is constant in €.

Theorem 7.5 (Hopf’s lemma). Under the hypotheses of the previous theorem, if the
mazimum M is attained at a point xg € 0 (and not in the interior), and if Q satisfies
the interior sphere condition at xq, then:

%(zo) >0, (7.4)

where v is the outward normal.

Proof sketch of Hopf’s lemma. One constructs a barrier w(z) = e—ale=yl® _ c—aR? i) the

annulus B(y, R) \ B(y,p), where B(y, R) is the interior sphere tangent at z,. For «

large enough, Lw < 0. The comparison principle gives u — M < —ew, whence a“(:co) >

e (10) >0 O
o :

7.3 Applications of the maximum principle

7.3.1 Uniqueness

Corollary 7.6 (Uniqueness for the Dirichlet problem). The problem Lu = f in Q, u =g
on O (with ¢ > 0 and L elliptic) admits at most one classical solution.

7.3.2 A priori estimates

Theorem 7.7 (A priori estimate). Let u € C*(Q) N C(Q) solve Lu = f in Q, u =g on
002, with L elliptic and ¢ = 0. Then:

max |u| < max |g| + C max|f]|, (7.5)
Q o0 Q
where C depends on (), the coefficients of L, and 6.
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7.3.3 Comparison principle

Theorem 7.8 (Comparison principle). If Lu < Lv in Q and u < v on 0Q (with ¢ > 0),

then u < v in Q.

Proof. Set w = u —wv. Then Lw < 0 and w < 0 on J92. The maximum principle gives
w < 0in . O

7.4 Maximum principle for parabolic equations

Definition 7.9 (Parabolic operator). The operator Lu = u; — Lu where L is elliptic is
called parabolic.

Theorem 7.10 (Weak parabolic maximum principle). Let Qp = Q x (0,7] and I'r the
parabolic boundary. If u € C*'(Qr) N C(Qr) satisfies Lu < 0 in Qp (with ¢ =0), then:

max u = max u. (7.6)
Qr Iy

Theorem 7.11 (Strong parabolic maximum principle). Under the above hypotheses, if u
attains its mazimum at a point (xg,ty) € Qp with ty > 0, then u is constant in  x [0, to).

Remark 7.12. The fundamental difference from the elliptic case is that the parabolic
maximum can only be attained on the parabolic boundary I'r (which does not include
t =T). Time plays an asymmetric role: information propagates only into the future.

7.5 Sub- and supersolution method

Definition 7.13 (Subsolution, supersolution). A function u € C?(Q) N C(Q) is a sub-
solution of Lu = f if Lu < fin  and u < g on 0f). A supersolution wu satisfies the
reversed inequalities.

Theorem 7.14 (Enclosure_ by sub/supersolutions). If u is a subsolution and @ a superso-
lution, then u < u <@ in ). If existence is established, the solution u is trapped between
u and .

7.6 Maximum principle for nonlinear equations

Theorem 7.15 (Comparison principle for —Au = f(u)). Let f : R — R be locally
Lipschitz. If —Au < f(u) and —Av > f(v) in Q, and u < v on 0, then u < v in Q,
provided f is decreasing (or one has an a priori L* estimate).

7.7 Exercises

Exercise 7.1. Let u be harmonic in B(0,1) C R? with u = z? on 9B(0,1). Show that
lu(z)| <1 in B(0,1). Determine u.

Exercise 7.2. Let Lu = —Au+u (¢ =1 > 0). Show that if Lu < 0 and u < 0 on 02,
then u < 0 in .
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Exercise 7.3. Use the maximum principle to show that the solution of —Au = 1 in
B(0, R) with u = 0 on OB satisfies 0 < u < R?/(2n).

Exercise 7.4 (Hopf’s lemma). Let u be harmonic in B(0,1) with v < 1 in B(0,1) and
u(er) = 1 where e; = (1,0,...,0). Show that 2%(e;) > 0.

Exercise 7.5. Let u solve u; = u,, +u on (0,7) x (0,7") with u(0,t) = u(w,t) = 0. Does
the maximum principle apply directly? How can it be adapted? Hint: set v = e tu.

Exercise 7.6. Show by the comparison principle that the solution of u; = g, u(0,t) =
u(1,t) = 0, u(z,0) = sin(rz) satisfies 0 < u(z,t) < e ™ for all t > 0.

Exercise 7.7. Prove Liouville’s theorem for harmonic functions using the maximum
principle (without the gradient estimate). Hint: consider vz(z) = u(z)—u(0)—e(R2—|z[*).

Exercise 7.8. Let Q be a bounded open subset of R” and u € C?(Q) N C(Q) satisfying
—Au+c(x)u= f withe >0, f <0, and u = 0 on 9. Show that u <0 in (.
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Fourier Transform and PDEs

In 1807, Joseph Fourier claimed that every function can be written as a sum of sinu-
soids. Lagrange was sceptical, Poisson doubtful, but the idea was too powerful to be
ignored. The Fourier transform, the continuous generalization of Fourier series, converts
a function of the spatial variable into a function of frequency. For PDEs with constant
coefficients, this transformation is miraculous: derivatives become multiplications, partial
differential equations become algebraic equations. The heat equation, the wave equation,
the Schrodinger equation — all are solved elegantly by Fourier analysis on R™. This chap-
ter develops the Fourier transform on L' and L?, establishes the inversion formula and
Plancherel’s theorem, then systematically applies them to classical PDEs.

8.1 Fourier transform on L!'(R")

Definition 8.1 (Fourier transform). Let f € L'(R™). The Fourier transform of f is the
function f : R™ — C defined by:

f&) = FIAIE) = - fz) e ™8 dy,

Remark 8.2. There are several conventions for the Fourier transform. We use the sym-
metric convention with 27 in the exponential, which eliminates factors of (27)™? from
the inversion formula.

Proposition 8.3 (Basic properties). Let f,g € L'(R"):

1. Linearity: aﬁ—\ﬂg = af + 84

—

2. Translation: f(- — a)(£) = e 270 f(¢),
3. Modulation: emf(f) = f(&—a).

4. Dilation: f(\)(§) = = f(£/A) for A # 0.

~

5. Convolution: m =f-g.

Theorem 8.4 (Riemann-Lebesgue lemma). If f € LY(R"), then f € Co(R") (continuous
and vanishing at infinity): f(£) — 0 as || — oo.
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Proof. For f the indicator of a rectangle, the result is a direct computation. By density
of step functions in L' and continuity of F (since ‘ f (f)’ < || fll;1), the result extends to
all fe L. O

Theorem 8.5 (Transform of derivatives). If f and 0*f are in L'(R"), then:

— ~

9°f(€) = (2mi§)" f(£),
where o is a multi-index and (2mi&)* = [[_, (2mi&;)*.

The Fourier transform converts derivatives into multiplication by polynomials. This
is the fundamental reason for its effectiveness in solving linear PDEs with constant
coefficients: a PDE becomes an algebraic equation in Fourier space.

8.2 Fourier transform on L*(R")

Theorem 8.6 (Plancherel). The Fourier transform extends to an isometric isomorphism
of L*(R™):
|, =0 v e 2@,

More generally, (f,§)r2 = (f,g)r2 (Parseval’s identity).

Proof sketch. One first proves the result for f € L' N L? (a dense subset of L?) by com-

~|2 I
puting [ ‘ f‘ via the convolution f * f(—-). The result then extends by density and
continuity. [

Theorem 8.7 (Inversion formula). If f, f € LY(R"), then:

fx)= [ f&)em9de ae.

Rn

8.3 Tempered distributions

Definition 8.8 (Schwartz space). The Schwartz space S(R™) is the space of functions
@ € C*(R™) whose derivatives all decay faster than any polynomial:

sup ‘xaaﬁw(:cﬂ <oo VYa,pBeN".
zeR?

Definition 8.9 (Tempered distribution). The space S'(R") of tempered distributions is
the topological dual of S(R™). The Fourier transform extends to &’ by duality:

(T p)=(T,¢) VI'e€S, peS.

~

Example 8.10 (Fourier transform of the Dirac mass). 6 = 1, since (5,¢) = (5,$) =
p(0) = [ o(§) d€ = (1, ¢).

Example 8.11 (Fourier transform of the Gaussian). For f(z) = ¢ ™" we have f(¢) =
e~™¢*. The Gaussian is a fixed point of the Fourier transform.
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8.4 Solving the heat equation
Consider the Cauchy problem for the heat equation:
uw=rAu, ze€R" t>0, u(z,0) = ug(x). (8.1)

Theorem 8.12 (Solution via Fourier transform). The solution of (8.1) is given by:

n

ua 1) = (G % ug)(z) = / Gl — ) uoly) dy,

where Gy is the heat kernel:

1 ||
G =—— —— .
t(a) (4mrt)n/2 P < 4/{t>
Proof. Applying the Fourier transform in x:
at(&, t) = —4n’k |£|2 ﬁ’(&? t)

This is an ODE in ¢, with solution @(&,t) = o (€) e~4m*rIE"t - Recognizing e~ Rt —
G(§), we obtain u = Gy % uy by the convolution property. ]

Instantaneous propagation

The heat kernel satisfies G¢(z) > 0 for all x and all ¢ > 0. Thus, even if uy has
compact support, u(x,t) > 0 for all = as soon as t > 0: heat propagates at infinite
speed.

8.5 Solving the wave equation

Theorem 8.13 (Solution of the wave equation in dimension n). The Cauchy problem:
uy = AAu,  u(x,0) =up(z), w(x,0)=vy(z),

has the solution (in Fourier space):

sin(2mc €| t)

(&, t) = o(&) cos(2me €] t) + Do (&) omc ]

Proof. The Fourier transform in x gives iy = —(2mc)?|¢[*4. For each fixed &, this
is a harmonic oscillator equation with frequency w = 2wc|£|. The general solution is
(&, t) = A(E) cos(wt) + B(€) sin(wt). Initial conditions give A = 4y and B = 9g/w. O

Example 8.14 (d’Alembert’s formula (n = 1)). In dimension 1, inverting gives:

wla. 1) = uo(z + ct) + uo(x — ct) N 1 /Wt

5 w vo(s) ds.

—ct
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8.6 Fundamental solutions

Definition 8.15 (Fundamental solution). The fundamental solution (or Green’s function)
of a linear operator L is the distribution E such that LE = J.

Example 8.16 (Laplacian in dimension n > 3). The fundamental solution of —A in R”
(n > 3) is:
1 1

n(n — 2)wy |z|" >’

E(x) =

njz _
where w,, = 2 is the area of S~

[(n/2)
Fundamental solutions of classical PDEs
Heat: Gi(z) = ;e_M‘Z/(%t) t>0
- (4mrt)™/? ’
Laplacian (n = 3); B(z) = —
ian (n = 3): =
aplacian (n )= 7
. 1
Laplacian (n =2): E(z) = —— In|z|
2m
ezkz|x|
Helmholtz (n = 3): E(x) = yr

8.7 Exercises
Exercise 8.1. Compute the Fourier transform of f(z) = e~%*! for @ > 0 and = € R.

Exercise 8.2. Prove the convolution property: if f,g € L'(R"), then f/ﬂZJ = f-q.

Exercise 8.3. Verify that the heat kernel G, satisfies: (a) [g, G¢(z)dx = 1 for all t > 0;
(b) (0y — KA)Gy =0 for t > 0; (c) G — § in the sense of distributions as t — 0%,

Exercise 8.4. Use the Fourier transform to solve the free Schrodinger equation: thy; =

— I A, (2, 0) = Yo(x).

Exercise 8.5. Let f € S(R™). Show that if f has compact support, then f extends to
an entire function on C" (Paley-Wiener theorem).

Exercise 8.6. Solve the heat equation on R with initial data ug(x) = W q(x) (indicator
function). Express the solution using the error function erf.

Exercise 8.7. Show that the fundamental solution of the Laplacian in R™ (n > 3)
satisfies —AE = ¢§ in the sense of distributions, by computing AE for x # 0 and using
the divergence theorem.
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Chapter 9

Sobolev Spaces

Classical partial differential equations demand that solutions be smooth enough for deriva-
tives to make pointwise sense. But many physical problems — vibrating membranes with
corners, turbulent flows, composite materials — produce solutions that are not differ-
entiable in the classical sense. Sergei Sobolev, in the 1930s, resolved this dilemma by
introducing weak derivatives: a notion of differentiation that does not require pointwise
regularity but only that the “integration by parts formula” hold in the distributional sense.
The Sobolev spaces W*P(Q), equipped with natural norms, are the function spaces where
weak solutions of PDEs live. Today, all of modern PDE theory — variational methods,
finite elements, regularity theory — rests on this framework.

9.1 Weak derivatives

Definition 9.1 (Weak derivative). Let Q C R"™ be an open set and u € L{, (). We say
that v € LL () is the weak derivative 9*u (for a multi-index «) if:

/vgodx:(—l)a|/u8°‘g0d:c Ve Cr(Q).
Q

Q

The weak derivative generalizes the classical derivative to functions that are not
necessarily differentiable in the usual sense. The formula is based on integration
by parts: if u is C*, the weak derivative coincides with the classical one. The key
point is that a weak derivative can exist even if u has singularities.

Example 9.2 (Absolute value). The function u(z) = |z| on R has weak derivative u/(z) =
sgn(z) (the sign function). Indeed, for all ¢ € C°(R):

el dr == [ sente) ote) o

Example 9.3 (Heaviside function). The Heaviside function H(x) = ¥ «)(z) does not
have a weak derivative in L (R): its distributional derivative is the Dirac mass &, which

loc
is not a function.
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9.2 Sobolev spaces WH?

Definition 9.4 (Sobolev space W*?(Q)). Let Q2 C R™ be open, k € Nand 1 < p < cc.
The Sobolev space W*P(Q) is:

WEP(Q) = {u € LP(Q) : 0%u € LP(Q), ¥ |a| < k},
equipped with the norm:

1/p

lallyrn = { D I0%ul7 (1<p<o0).

laf<k
For p = 2, we write H*(Q2) = W*2(Q).

Theorem 9.5 (Completeness). The space W*P(Q) is a Banach space. Forp =2, H*(Q)
is a Hilbert space with inner product:

U, v = 9% - 0vv dz.
o =3 |

|| <k
Definition 9.6 (Space W ?(Q)). The space Wi?(Q) is the closure of C2(€) in WH?(€).
Functions in W are those that “vanish on the boundary” in the sense of traces. We
write HE(Q) = W2 ().
9.3 Density of smooth functions

Theorem 9.7 (Meyers-Serrin). The space C*®(Q) N WHFP(Q) is dense in W*P(Q) for
1 <p<oo.

Proof sketch. One uses a partition of unity {p;} and convolution regularizations (p;u)*1.,
with mollifiers 7.. By choosing e; small enough for each j, one approximates u in W*?. [

Theorem 9.8 (Density of C>(Q)). If Q is a bounded open set with C* boundary, then
C>=(Q) is dense in WFP(Q) for 1 < p < oco.
9.4 Sobolev embedding theorems

Theorem 9.9 (Sobolev embedding). Let Q@ C R™ be a bounded open set with Lipschitz
boundary, k € N* and 1 < p < 0.

1. If kp < n: WEP(Q) < LP (Q) with p* =

2 (Sobolev exponent).

2. If kp =n: WFP(Q) — LUQ) for all q € [p,0).

8. If kp >n: WEP(Q) < C%(Q) withy =k —n/p if k—n/p < 1.
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The critical exponent

The embedding WP <5 LP" is continuous but not compact. The Rellich-
Kondrachov theorem gives compactness for exponents strictly less than p*.

Theorem 9.10 (Rellich-Kondrachov). Let €2 be a bounded open set with Lipschitz bound-
ary.

1. If kp < n: WkP(Q) < LY(Q) for all ¢ < p* (compact embedding).
2. If kp > n: WFP(Q) < C(Q) (compact embedding).

Example 9.11 (Case n = 1). In dimension 1, for p=2and k =1: kp =2 >n =1, so
H'(Q) — C(Q). Every H' function in dimension 1 is continuous (after modification on
a null set).

Example 9.12 (Casen =3, k=1,p=2). kp=2<n =3, s0 p* = 33—2 = 6. We have

=2
H'(Q) = L%(Q) (continuous) and H'(Q) < L(Q) for ¢ < 6 (compact).

9.5 Trace theorem

Theorem 9.13 (Trace). Let Q be a bounded open set with C' boundary. The restriction

operator g : C®(Q) — C=(IN), vo0(u) = ulaq, extends to a continuous surjective linear

operator:
Yo : WHP(Q) — WI=PP(9Q), 1< p < 0.

Moreover, ker vy = Wy (Q).

Remark 9.14. This theorem justifies the Dirichlet condition u = g on 92 in the Sobolev
framework: one requires 7o(u) = ¢ in the trace sense, even if u is not continuous.

9.6 Poincaré inequality

Theorem 9.15 (Poincaré inequality). Let Q@ C R™ be a bounded open set and 1 < p < co.
There ezists a constant C = C(Q,p,n) > 0 such that:

||u||LP(Q) <C ||Vu||LP(Q) Vu e W()lm(Q)'

Proof. By contradiction. Suppose there exists a sequence (uy,) in W, * () with |Jug|,, = 1
and ||Vug||;, — 0. By Rellich-Kondrachov, (u) has a subsequence converging in L”. The
limit u satisfies Vu = 0 a.e., so u is constant. Since u € VVO1 P we have u = 0, contradicting
lull, = 1. O

Corollary 9.16. On W, *(Q) with  bounded, the seminorm ||Vul|, is equivalent to the
full norm ||u| -

Theorem 9.17 (Poincaré-Wirtinger inequality). Let Q be a bounded connected open set
with Lipschitz boundary. For 1 < p < oo:

Ju — EHLP(Q) <C ||quLp(Q) Vu e Wh(Q),

L

where 4 = il fQuda: is the mean of u.
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Summary of Sobolev embeddings (k = 1)

Condition Embedding Type
p<n Whp —y e/ (n=p) continuous
p<n WP eses [9 g < +L  compact
p=n WPy [4 Yg < 0o  continuous
p>n Whp y CO1-n/p continuous
p>n WP —— C(Q) compact

9.7 Exercises

Exercise 9.1. Show that u(z) = |z|™* belongs to W'?(B(0,1)) (unit ball in R") if and
only if (o + 1)p < n.

Exercise 9.2. Let Q = (0,1) and u(x) = 2° for 8 > 0. Determine for which values of /3
and k we have u € H*((Q).

Exercise 9.3. Prove the Sobolev inequality in dimension 1: for u € WH(R), [jul|;- <
A
2 L

Exercise 9.4. Show that H'(R") does not embed into L>*(R") for n > 2. Hint: construct
a logarithmic counterexample.

Exercise 9.5. Let 2 be a bounded open subset of R™ with smooth boundary. Show that
diam ()

the Poincaré constant Cp satisfies Cp < —=— when p = 2.

Exercise 9.6. Show that if u € H}(Q) and f € L*(Q) satisfy —Au = f in the weak
sense, then [|u|;n < C'[|f]| 2 with a constant depending only on €.
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Chapter 10

Variational Methods

10.1 Weak formulation of elliptic problems

Definition 10.1 (Associated bilinear form). Consider the Dirichlet problem for a second-
order elliptic PDE:

— > 0i(ay(@)0u) + c(x)u = f(z) nQ  u=0 ondQ (10.1)
ij=1
The weak formulation consists of finding v € Hj () such that:
a(u,v) = £(v) Yov e Hy(Q),
where the bilinear form a and the linear form ¢ are defined by:
a(u,v) = / <Z a;;0;u 0jv + cuv) dx,

l(v) = /vac]lx.

The weak formulation is obtained by multiplying the PDE by a test function
v € H}(Q) and integrating by parts. The advantage is twofold: the order of dif-
ferentiation required on wu is reduced (from 2 to 1), and one obtains a functional
framework where theorems of functional analysis apply directly.

Definition 10.2 (Coercivity and continuity). Let V' be a Hilbert space. A bilinear form
a:V xV —=Ris:

 continuous if there exists M > 0 such that |a(u,v)| < M ||ully [|v]:

« coercive if there exists v > 0 such that a(u,u) > a ||ulf3.

10.2 The Lax-Milgram theorem

Theorem 10.3 (Lax-Milgram). Let V' be a Hilbert space, a : V x V. — R a continuous
and coercive bilinear form, and ¢ : V — R a continuous linear form. Then there exists a
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unique u € V' such that:
a(u,v) =4L(v) YvelV.

Moreover, ||ull;, < €]

Proof. Step 1: Riesz representation. By the Riesz representation theorem, for each
fixed u € V, there exists a unique Au € V such that a(u,v) = (Au,v)y for all v. The
map A : V — V is linear and continuous with ||A]| < M.

Similarly, there exists F' € V such that {(v) = (F,v)y.

The problem reduces to: find u such that Au = F.

Step 2: A is invertible. Coercivity gives (Au,u) = a(u,u) > alul]?, so A is
injective and ||Au|| > «a||u||. The image Im(A) is closed (since A is bounded below). If
w L Im(A), then (Aw,w) = 0, hence w = 0 by coercivity. Thus Im(A) = V and A is
bijective. The unique solution is u = A™'F with [Jul| < L [|F| = L ||¢]].. O

Symmetry not required

The Lax-Milgram theorem does not require a to be symmetric. This is an advantage
over the Riesz theorem, which would require symmetry.

10.3 Application to the Dirichlet problem

Theorem 10.4 (Existence and uniqueness for the Dirichlet problem). Let 2 C R™ be a
bounded open set, f € L*(Q), and suppose the coefficients a;; € L>®(Y) satisfy the uniform
ellipticity condition:

Y ay(@)6E; = AP VEER", ae z e,
i,J

and c¢(x) > 0 a.e. Then problem (10.1) has a unique weak solution u € H} ().

Proof. We verify the hypotheses of Lax-Milgram with V' = Hj(Q).
Continuity of a: [a(u, v)| < llay| e IVl 2 V[l 2t ell o [ull 2 ([0l 2 < M lull g [0l g1
Coercivity: a(u,u) > \||Vul7, > H% |[ul|?;1 by the Poincaré inequality (where Cp
P
is the Poincaré constant).
Continuity of £: [((v)| = | [ fo| < [|fll2 1]l 2 < [ fllz2 [0l
By Lax-Milgram, there exists a unique solution u € H}(€2). O

Example 10.5 (Laplacian with source). For —Au = f in Q, u = 0 on 0Q: a(u,v) =
Jo Vu - Vudz and €(v) = [, fvdz. The hypotheses are satisfied with A =1 and ¢ = 0.

10.4 The Ritz-Galerkin method

Definition 10.6 (Galerkin approximation). Let V,, C V be a finite-dimensional subspace.
The Galerkin approximation of u is the unique u;, € Vj, such that:

a(uh,vh) = f(vh) Yo, € V.
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Theorem 10.7 (Céa’s lemma). If a is continuous (constant M) and coercive (constant
«), then:

M
lu = unlly < — inf flu—wlly.

Proof. By coercivity and the Galerkin equation (orthogonality of the error):

allu—upl]* < alu — up, v — up)
= a(u — up, u — vp) + a(u — up, vy, — up)
=a(u — up,u —wvy) (since a(u — up, wy) = 0 for wy, € V},)
< M flu = up| [u = va] -

Dividing by ||u — uy|| and taking the infimum over v, gives the result. O

Remark 10.8. Céa’s lemma shows that the Galerkin approximation is quasi-optimal: the
error is at most M/« times the best possible approximation in V,.

10.5 Variational principle (symmetric case)

Theorem 10.9 (Variational equivalence). If a is symmetric, continuous and coercive,
then u solves a(u,v) = £(v) for allv € V if and only if w minimizes the energy functional:

1
J(v) = éa(v,v) —{(v).
Proof. For any v € V: J(v) = J(u) + 3a(v — u,v — u) + a(u,v — u) — £(v —u). If uis
a solution, the last two terms cancel, giving J(v) = J(u) + 3a(v — u,v — u) > J(u) by

coercivity. Conversely, if v minimizes .J, then £.J(u+tv)|;—o = 0 gives a(u,v) = {(v). O

Example 10.10 (Dirichlet principle). For the problem —Au = f with v € H}(Q), the

energy functional is:
/|Vv| dx—/fvdw.

Minimizing J is equivalent to solving —Au =

10.6 Regularity of weak solutions

Theorem 10.11 (H? regularity). Let  be a bounded open set with C* boundary and
u € HY(Q) the weak solution of —Au = f with f € L*(Q). Then u € H*(Q) and:

||UHH2(Q) <C ||f||L2(Q)

Theorem 10.12 (C* regularity). If f E_Coo(ﬁ) and 0S) is C*°, then the weak solution
u € HY Q) of —Au = f satisfies u € C®(Q).

Remark 10.13. Regularity depends on the smoothness of the boundary and the right-hand
side. If 92 is not smooth enough (e.g., a domain with corners), H? regularity may fail.
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Summary of the variational method

1. Write the weak formulation: a(u,v) = £(v), Vv € V.

2. Verify continuity of a and /.
3. Verify coercivity of a (often via Poincaré).
4. Apply Lax-Milgram = existence and uniqueness.

5. Study regularity: v € H?? u € C*°?

10.7 Exercises

Exercise 10.1. Write the weak formulation of the problem: —div(A(xz)Vu) 4+ u = f in
Q, u =0 on 02, where A(x) is a uniformly positive definite symmetric matrix. Verify the
hypotheses of Lax-Milgram.

Exercise 10.2. Show that for the Neumann problem: —Au = f in , % = 0 on 012, the
compatibility condition fQ fdx = 0 is necessary. Formulate the weak problem in H'(2)
and apply Lax-Milgram in the quotient H'/R.

Exercise 10.3. Consider the Robin problem: —Au 4+ u = f in €2, % + au = 0 on 0f2
with a > 0. Write the weak formulation in H'(2) and prove existence and uniqueness.

Exercise 10.4 (Céa’s lemma in practice). Let Q@ = (0, 1), —u” = f with u(0) = u(1) = 0.
Take V}, to be the space of piecewise linear functions on a uniform mesh of size h. Show
that [u —usl[g < Chllull .

Exercise 10.5. Show that if a is symmetric, the Galerkin approximation wu; minimizes
J(v) = 3a(v,v) — £(v) over V}. Deduce that the energy error satisfies a(u — up, u —up) <
a(u — vy, u — vy) for all v, € V.

Exercise 10.6. Let Q be an L-shaped domain in R?. Give an example of data f € L?(f2)
for which the solution of —Au = f is not in H?(Q2). Explain the role of the corner
singularity.
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