
Machine Learning
Lecture Notes

L3–M1 — 2025–2026

Yaë Ulrich Gaba

“A computer program is said to learn from experience E
with respect to some class of tasks T and performance
measure P, if its performance at tasks in T, as mea-

sured by P, improves with experience E.” — Tom Mitchell

March 25, 2026



2



Contents

Preface 1

1 Introduction to Machine Learning 3
1.1 What is Machine Learning? . . . . . . . . . . . . . . . . . . . . . . . . . . 3
1.2 Types of Learning . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3

1.2.1 Supervised Learning . . . . . . . . . . . . . . . . . . . . . . . . . . 3
1.2.2 Unsupervised Learning . . . . . . . . . . . . . . . . . . . . . . . . . 3
1.2.3 Reinforcement Learning . . . . . . . . . . . . . . . . . . . . . . . . 3

1.3 Mathematical Formalization . . . . . . . . . . . . . . . . . . . . . . . . . . 4
1.3.1 Hypothesis Space . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4
1.3.2 Loss Function and Risk . . . . . . . . . . . . . . . . . . . . . . . . 4

1.4 The Bias-Variance Tradeoff . . . . . . . . . . . . . . . . . . . . . . . . . . 4
1.5 Model Evaluation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5

1.5.1 Data Splitting . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5
1.5.2 Cross-Validation . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5
1.5.3 Metrics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6

1.6 Implementation: First Model with scikit-learn . . . . . . . . . . . . . . . . 6
1.7 Exercises . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7

2 Linear and Polynomial Regression 9
2.1 Simple Linear Regression . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

2.1.1 Ordinary Least Squares Derivation . . . . . . . . . . . . . . . . . . 9
2.1.2 Properties of the OLS Estimators . . . . . . . . . . . . . . . . . . . 10

2.2 Multiple Linear Regression . . . . . . . . . . . . . . . . . . . . . . . . . . . 10
2.2.1 Normal Equations . . . . . . . . . . . . . . . . . . . . . . . . . . . 10
2.2.2 Geometric Interpretation . . . . . . . . . . . . . . . . . . . . . . . . 11

2.3 Polynomial Regression . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11
2.4 Gradient Descent . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12
2.5 Implementation in Python . . . . . . . . . . . . . . . . . . . . . . . . . . . 13

2.5.1 From Scratch . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13
2.5.2 Gradient Descent from Scratch . . . . . . . . . . . . . . . . . . . . 14
2.5.3 Using Scikit-Learn . . . . . . . . . . . . . . . . . . . . . . . . . . . 14

2.6 Regression Diagram . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15
2.7 Assumptions and Diagnostics . . . . . . . . . . . . . . . . . . . . . . . . . 16
2.8 Exercises . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16

i



CONTENTS CONTENTS

3 Classification — Logistic Regression, k-NN, Naive Bayes 19
3.1 Logistic Regression . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19

3.1.1 The Sigmoid Function and Model Formulation . . . . . . . . . . . . 19
3.1.2 Maximum Likelihood Estimation . . . . . . . . . . . . . . . . . . . 20
3.1.3 Gradient and Update Rule . . . . . . . . . . . . . . . . . . . . . . . 20
3.1.4 Softmax Multiclass Extension . . . . . . . . . . . . . . . . . . . . . 21

3.2 k-Nearest Neighbours . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21
3.3 Naive Bayes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22

3.3.1 Gaussian Naive Bayes . . . . . . . . . . . . . . . . . . . . . . . . . 22
3.3.2 Other Naive Bayes Variants . . . . . . . . . . . . . . . . . . . . . . 22

3.4 Decision Boundaries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23
3.5 Evaluation Metrics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23
3.6 Implementation in Python . . . . . . . . . . . . . . . . . . . . . . . . . . . 24

3.6.1 Logistic Regression from Scratch . . . . . . . . . . . . . . . . . . . 24
3.6.2 Scikit-Learn Classifiers . . . . . . . . . . . . . . . . . . . . . . . . . 24

3.7 Exercises . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26

4 Regularization — Ridge, Lasso, Elastic Net 29
4.1 The Overfitting Problem . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29
4.2 Ridge Regression (L2 Penalty) . . . . . . . . . . . . . . . . . . . . . . . . . 30

4.2.1 Bayesian Interpretation . . . . . . . . . . . . . . . . . . . . . . . . 31
4.3 Lasso Regression (L1 Penalty) . . . . . . . . . . . . . . . . . . . . . . . . . 31

4.3.1 Geometric Interpretation . . . . . . . . . . . . . . . . . . . . . . . . 32
4.4 Elastic Net . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32
4.5 Regularization Paths . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33

4.5.1 Cross-Validation for λ . . . . . . . . . . . . . . . . . . . . . . . . . 33
4.6 Implementation in Python . . . . . . . . . . . . . . . . . . . . . . . . . . . 33
4.7 Comparison Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35
4.8 Exercises . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35

5 Support Vector Machines 37
5.1 Maximum Margin Classifier . . . . . . . . . . . . . . . . . . . . . . . . . . 37

5.1.1 Setup and Geometric Motivation . . . . . . . . . . . . . . . . . . . 37
5.2 Hard-Margin SVM . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38
5.3 Soft-Margin SVM . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38
5.4 Dual Formulation and KKT Conditions . . . . . . . . . . . . . . . . . . . . 39

5.4.1 Lagrangian and Dual . . . . . . . . . . . . . . . . . . . . . . . . . . 39
5.4.2 KKT Conditions . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40

5.5 Kernel Trick — Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . 40
5.6 Implementation in Python . . . . . . . . . . . . . . . . . . . . . . . . . . . 41

5.6.1 SVM with scikit-learn . . . . . . . . . . . . . . . . . . . . . . . . . 41
5.6.2 SVM from Scratch (Simplified) . . . . . . . . . . . . . . . . . . . . 42

5.7 Exercises . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44

6 Decision Trees 45
6.1 CART Algorithm . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45
6.2 Splitting Criteria for Classification . . . . . . . . . . . . . . . . . . . . . . 46

6.2.1 Entropy and Information Gain . . . . . . . . . . . . . . . . . . . . 46
6.2.2 Gini Impurity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47

ii



CONTENTS CONTENTS

6.2.3 Comparison of Impurity Measures . . . . . . . . . . . . . . . . . . 47
6.3 Regression Trees . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47
6.4 Pruning . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48
6.5 Advantages and Limitations . . . . . . . . . . . . . . . . . . . . . . . . . . 49
6.6 Tree Diagram . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49
6.7 Implementation in Python . . . . . . . . . . . . . . . . . . . . . . . . . . . 50
6.8 Exercises . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52

7 Ensemble Methods 55
7.1 Bias–Variance Decomposition for Ensembles . . . . . . . . . . . . . . . . . 55
7.2 Bagging (Bootstrap Aggregating) . . . . . . . . . . . . . . . . . . . . . . . 55
7.3 Random Forests . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56

7.3.1 Out-of-Bag Error . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56
7.4 AdaBoost . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56
7.5 Gradient Boosting . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58

7.5.1 XGBoost and LightGBM . . . . . . . . . . . . . . . . . . . . . . . 58
7.6 Bagging vs Boosting: A Visual Comparison . . . . . . . . . . . . . . . . . 59
7.7 Comparison of Ensemble Methods . . . . . . . . . . . . . . . . . . . . . . . 59
7.8 Implementation in Python . . . . . . . . . . . . . . . . . . . . . . . . . . . 59
7.9 Exercises . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61

8 Unsupervised Learning — Clustering 63
8.1 k-Means Clustering . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63

8.1.1 Objective and Algorithm . . . . . . . . . . . . . . . . . . . . . . . . 63
8.1.2 k-Means++ Initialisation . . . . . . . . . . . . . . . . . . . . . . . 64

8.2 Gaussian Mixture Models and EM . . . . . . . . . . . . . . . . . . . . . . 64
8.2.1 The EM Algorithm . . . . . . . . . . . . . . . . . . . . . . . . . . . 65

8.3 DBSCAN . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 66
8.4 Hierarchical Clustering . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 66
8.5 Cluster Validity Indices . . . . . . . . . . . . . . . . . . . . . . . . . . . . 66
8.6 Implementation in Python . . . . . . . . . . . . . . . . . . . . . . . . . . . 67
8.7 Exercises . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68

9 Dimensionality Reduction 71
9.1 The Curse of Dimensionality . . . . . . . . . . . . . . . . . . . . . . . . . . 71
9.2 Principal Component Analysis (PCA) . . . . . . . . . . . . . . . . . . . . 71

9.2.1 Derivation via Variance Maximisation . . . . . . . . . . . . . . . . 71
9.2.2 PCA via Singular Value Decomposition . . . . . . . . . . . . . . . 72
9.2.3 Scree Plots and Choosing d . . . . . . . . . . . . . . . . . . . . . . 72

9.3 Kernel PCA . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 73
9.4 t-SNE . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 73
9.5 UMAP . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 74
9.6 Implementation in Python . . . . . . . . . . . . . . . . . . . . . . . . . . . 74
9.7 Exercises . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 76

10 Bayesian Learning 79
10.1 Bayesian Inference . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 79

10.1.1 MAP vs MLE . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 79
10.2 Conjugate Priors . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 80

iii



CONTENTS CONTENTS

10.3 Bayesian Linear Regression . . . . . . . . . . . . . . . . . . . . . . . . . . 81
10.4 Gaussian Processes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 81

10.4.1 Common Kernels . . . . . . . . . . . . . . . . . . . . . . . . . . . . 81
10.4.2 GP Regression . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 82

10.5 Implementation in Python . . . . . . . . . . . . . . . . . . . . . . . . . . . 82
10.6 Exercises . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 84

11 Model Selection and Learning Theory 85
11.1 Information Criteria . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 85
11.2 Hyperparameter Tuning . . . . . . . . . . . . . . . . . . . . . . . . . . . . 86

11.2.1 Grid Search . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 86
11.2.2 Random Search . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 86
11.2.3 Bayesian Optimisation . . . . . . . . . . . . . . . . . . . . . . . . . 86

11.3 PAC Learning . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 87
11.4 VC Dimension . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 87
11.5 The No Free Lunch Theorem . . . . . . . . . . . . . . . . . . . . . . . . . 88
11.6 Learning Curves . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 88
11.7 Implementation in Python . . . . . . . . . . . . . . . . . . . . . . . . . . . 88
11.8 Exercises . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 91

12 Kernel Methods 93
12.1 Feature Maps and Kernels . . . . . . . . . . . . . . . . . . . . . . . . . . . 93
12.2 Mercer’s Theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 93
12.3 Common Kernels . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 94
12.4 Reproducing Kernel Hilbert Spaces . . . . . . . . . . . . . . . . . . . . . . 94
12.5 The Representer Theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . 95
12.6 Kernel Ridge Regression . . . . . . . . . . . . . . . . . . . . . . . . . . . . 95
12.7 Kernel PCA . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 95
12.8 Connection to Gaussian Processes . . . . . . . . . . . . . . . . . . . . . . . 96
12.9 Implementation in Python . . . . . . . . . . . . . . . . . . . . . . . . . . . 96
12.10Exercises . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 98

iv



Preface

Machine learning is a discipline at the intersection of mathematics, computer science, and
statistics. Its fundamental objective is to design algorithms capable of learning from
data: instead of explicitly programming a decision rule, we let the algorithm discover
this rule from examples.

Course Positioning

This course is at the L3/Master 1 level and assumes prerequisites in:

• Linear algebra: vector spaces, matrices, eigenvalues, singular value decomposition.

• Probability and statistics: random variables, expectation, variance, normal dis-
tribution, estimation, tests.

• Analysis: partial derivatives, gradient, optimization of multivariate functions.

• Python programming: NumPy, Matplotlib; knowledge of scikit-learn is a plus
but not required.

Pedagogical Philosophy

Each chapter follows a three-step progression:

1. Theory: rigorous mathematical derivation of algorithms, with statement and proof
of key results.

2. Practice: implementation in Python with scikit-learn and, when instructive, from
scratch.

3. Analysis: discussion of strengths, weaknesses, assumptions, and use cases of each
method.
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CONTENTS CONTENTS

Course Outline
Ch. 1: Introduction

Ch. 2: Regression

Ch. 3: Classification

Ch. 4: Regularization

Ch. 5: SVM

Ch. 6: Trees

Ch. 7: Ensembles

Ch. 8: Unsupervised

Ch. 9: Dim. Reduction

Ch. 10: Bayesian

Ch. 11: Selection

Ch. 12: Kernels

Chapters 1–6 cover the foundations (linear and nonlinear supervised learning). Chapters
7–9 address ensemble methods and unsupervised learning. Chapters 10–12 treat advanced
topics (Bayesian approach, model selection, kernel methods).

Happy reading and happy learning!
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Chapter 1

Introduction to Machine Learning

1.1 What is Machine Learning?
Definition 1.1 (Machine Learning). Machine learning is the study of algorithms that
automatically improve their performance on a given task through experience (data), with-
out being explicitly programmed for that task [3].

More formally, following Tom Mitchell: a program learns from experience E with
respect to a class of tasks T and a performance measure P , if its performance on T , as
measured by P , improves with experience E.

1.2 Types of Learning

Supervised Unsupervised Reinforcement

Regression
Classification

Clustering
Dim. Reduction

Exploration
Exploitation

1.2.1 Supervised Learning
We have a dataset D = {(xi, yi)}ni=1 where xi ∈ Rd is a feature vector and yi is the label.
The goal is to learn a function f : Rd → Y such that f(x) ≈ y for new data.

• Regression: Y = R (apartment price, temperature).

• Classification: Y = {1, . . . , K} (spam/not-spam, handwritten digits).

1.2.2 Unsupervised Learning
We have only D = {xi}ni=1 without labels. The goal is to discover hidden structure:
clusters, low-dimensional manifolds, distributions.

1.2.3 Reinforcement Learning
An agent interacts with an environment, receives rewards, and learns a policy maximizing
cumulative reward. This paradigm is not covered in this course.

3
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1.3 Mathematical Formalization

1.3.1 Hypothesis Space
Definition 1.2 (Hypothesis space). The hypothesis space H is the set of functions
h : Rd → Y among which the learning algorithm searches for the best one.

Example 1.3 (Linear regression). H = {hw : x 7→ w⊤x+ b | w ∈ Rd, b ∈ R}.

1.3.2 Loss Function and Risk
Definition 1.4 (Loss function). A loss function ℓ : Y × Y → R+ measures the error
between the prediction ŷ = h(x) and the true value y. Common examples:

Squared error: ℓ(y, ŷ) = (y − ŷ)2 (1.1)
0-1 error: ℓ(y, ŷ) = ⊮[y 6= ŷ] (1.2)
Log-loss: ℓ(y, ŷ) = −y log ŷ − (1− y) log(1− ŷ) (1.3)

Definition 1.5 (Risk). The risk (or generalization error) of a hypothesis h is:

R(h) = E(x,y)∼P [ℓ(y, h(x))] (1.4)

where P is the (unknown) joint distribution of the data.

Definition 1.6 (Empirical risk). The empirical risk is the approximation of the risk
on the training data:

R̂n(h) =
1

n

n∑
i=1

ℓ(yi, h(xi)) (1.5)

Empirical Risk Minimization (ERM)

The learning algorithm seeks:

h∗ = arg min
h∈H

R̂n(h) = arg min
h∈H

1

n

n∑
i=1

ℓ(yi, h(xi)) (1.6)

1.4 The Bias-Variance Tradeoff
Theorem 1.7 (Bias-variance decomposition). For the squared loss, the risk decomposes
as:

E[(y − f̂(x))2] = Bias2[f̂(x)]︸ ︷︷ ︸
bias2

+Var[f̂(x)]︸ ︷︷ ︸
variance

+ σ2
ε︸︷︷︸

irreducible noise

(1.7)

where Bias[f̂(x)] = E[f̂(x)]− f(x) and σ2
ε = Var[ε].

4



CHAPTER 1. INTRODUCTION TO MACHINE LEARNING1.5. MODEL EVALUATION

Model complexity

Er
ro

r

Bias2
Variance

Total error
Noise

Interpretation

• A model that is too simple (high bias) fails to capture the data structure:
underfitting.

• A model that is too complex (high variance) fits the noise: overfitting.

• The goal is to find the optimal tradeoff.

1.5 Model Evaluation

1.5.1 Data Splitting

Train / Validation / Test

• Training (60–80 %): to fit the parameters.

• Validation (10–20 %): to choose hyperparameters.

• Test (10–20 %): to estimate final performance. Never used for model selec-
tion.

1.5.2 Cross-Validation
Definition 1.8 (k-fold cross-validation). We partition the data into k subsets (folds).
For each fold i:

1. Train on the remaining k − 1 folds.

2. Evaluate on fold i.

The cross-validation error is the mean of the k errors:

CV(k) =
1

k

k∑
i=1

R̂(i) (1.8)
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1.5.3 Metrics
Common metrics
Regression:

MSE =
1

n

n∑
i=1

(yi − ŷi)
2, RMSE =

√
MSE, R2 = 1−

∑
(yi − ŷi)

2∑
(yi − ȳ)2

(1.9)

Classification:

Precision =
TP

TP + FP
, Recall = TP

TP + FN
, F1 = 2 · Prec.× Recall

Prec. + Recall (1.10)

1.6 Implementation: First Model with scikit-learn
Iris classification with scikit-learn

import numpy as np
from sklearn.datasets import load_iris
from sklearn.model_selection import train_test_split, cross_val_score
from sklearn.neighbors import KNeighborsClassifier
from sklearn.metrics import classification_report

# Load data
X, y = load_iris(return_X_y=True)

# Train/test split
X_train, X_test, y_train, y_test = train_test_split(

X, y, test_size=0.2, random_state=42, stratify=y
)

# k-NN model
model = KNeighborsClassifier(n_neighbors=5)
model.fit(X_train, y_train)

# Evaluation
print(f"Test accuracy: {model.score(X_test, y_test):.4f}")
print(classification_report(y_test, model.predict(X_test)))

# 5-fold cross-validation
scores = cross_val_score(model, X, y, cv=5, scoring="accuracy")
print(f"CV accuracy: {scores.mean():.4f} +/- {scores.std():.4f}")

Output

Test accuracy: 1.0000
precision recall f1-score support

0 1.00 1.00 1.00 10
1 1.00 1.00 1.00 10

6



CHAPTER 1. INTRODUCTION TO MACHINE LEARNING 1.7. EXERCISES

2 1.00 1.00 1.00 10
accuracy 1.00 30

CV accuracy: 0.9667 +/- 0.0211

1.7 Exercises
Exercise 1.1 (Empirical risk). Let D = {(1, 2), (2, 3.5), (3, 6)} and hw(x) = wx.

1. Compute R̂3(hw) with the squared loss for w = 1.5 and w = 2.

2. Find w∗ minimizing R̂3(hw) analytically.

3. Plot R̂3(hw) as a function of w.

Exercise 1.2 (Bias-variance decomposition). 1. Show that E[(y−f̂)2] = Bias2+Var+
σ2, detailing each step.

2. Generate n = 50 points with y = sin(x) + ε, ε ∼ N (0, 0.3). Fit polynomials of
degrees 1, 3, 5, 10, 15 and illustrate the bias-variance tradeoff.

Exercise 1.3 (Cross-validation). 1. Implement k-fold cross-validation from scratch
(without sklearn.model_selection).

2. Compare your implementation’s results with cross_val_score for k-NN on the Iris
dataset.

3. Study the effect of k (number of neighbours) on CV accuracy. Plot the accuracy vs
k curve for k ∈ {1, 3, 5, 7, . . . , 25}.
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Chapter 2

Linear and Polynomial Regression

Chapter Overview

Regression is the cornerstone of supervised learning: given input features x, predict
a continuous target y. This chapter builds the theory from a single variable to arbi-
trary polynomial complexity, derives every estimator in closed form, and introduces
gradient descent as a scalable alternative.

2.1 Simple Linear Regression
Definition 2.1 (Simple Linear Model). Given a dataset {(xi, yi)}ni=1 with xi, yi ∈ R, the
simple linear regression model assumes

yi = β0 + β1xi + εi, εi
iid∼ N (0, σ2).

The parameters β0 (intercept) and β1 (slope) are unknown and must be estimated from
data.

2.1.1 Ordinary Least Squares Derivation
We seek β̂0, β̂1 that minimise the residual sum of squares:

RSS(β0, β1) =
n∑

i=1

(yi − β0 − β1xi)
2.

Theorem 2.2 (OLS Estimators — Simple Case). Setting the partial derivatives to zero
yields

β̂1 =

∑n
i=1(xi − x̄)(yi − ȳ)∑n

i=1(xi − x̄)2
=

Ĉov(X,Y )

V̂ar(X)
, β̂0 = ȳ − β̂1x̄.

Proof. Taking partial derivatives of RSS:

∂RSS
∂β0

= −2
n∑

i=1

(yi − β0 − β1xi) = 0 =⇒ nβ0 =
∑

yi − β1

∑
xi, (2.1)

∂RSS
∂β1

= −2
n∑

i=1

xi(yi − β0 − β1xi) = 0. (2.2)

9
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Substituting β0 = ȳ − β1x̄ from (2.1) into (2.2) and simplifying gives the stated formula
for β̂1.

2.1.2 Properties of the OLS Estimators
Proposition 2.3 (Unbiasedness). Under the model assumptions, E[β̂0] = β0 and E[β̂1] =
β1.

Proposition 2.4 (Variance of OLS Estimators).

Var(β̂1) =
σ2∑n

i=1(xi − x̄)2
, Var(β̂0) = σ2

(
1

n
+

x̄2∑n
i=1(xi − x̄)2

)
.

An unbiased estimator of σ2 is σ̂2 = RSS
n−2

.

Definition 2.5 (Coefficient of Determination). The coefficient of determination R2 mea-
sures the proportion of variance explained:

R2 = 1− RSS
TSS = 1−

∑n
i=1(yi − ŷi)

2∑n
i=1(yi − ȳ)2

, R2 ∈ [0, 1].

Remark 2.6. In simple regression, R2 = r2xy where rxy is the Pearson correlation coefficient.
Adding more features can only increase R2 (or leave it unchanged), which motivates the
adjusted R2:

R2
adj = 1− n− 1

n− p− 1
(1−R2).

2.2 Multiple Linear Regression
Definition 2.7 (Multiple Linear Model). With p features the model becomes

y = Xβ + ε, X ∈ Rn×(p+1), β ∈ Rp+1, ε ∼ N (0, σ2In),

where the first column of X is the constant 1n (intercept term).

2.2.1 Normal Equations
Theorem 2.8 (OLS in Matrix Form). If X⊤X is invertible, the unique minimiser of
‖y −Xβ‖2 is

β̂ = (X⊤X)−1X⊤y.

Proof. Define f(β) = (y −Xβ)⊤(y −Xβ). Expanding:

f(β) = y⊤y − 2β⊤X⊤y + β⊤X⊤Xβ.

Taking the gradient and setting it to zero:

∇βf = −2X⊤y + 2X⊤Xβ = 0 =⇒ X⊤Xβ = X⊤y.

Since X⊤X is positive definite (hence invertible) when X has full column rank, we obtain
the stated solution. The Hessian 2X⊤X � 0 confirms this is a minimum.

10
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Proposition 2.9 (Gauss–Markov Theorem). Among all linear unbiased estimators of β,
the OLS estimator β̂ has the smallest variance (in the matrix sense). That is, for any
other linear unbiased estimator β̃,

Var(β̃)− Var(β̂) � 0 (positive semi-definite).

Proposition 2.10 (Distribution of OLS Estimator). Under the Gaussian noise assump-
tion:

β̂ ∼ N
(
β, σ2(X⊤X)−1

)
.

This allows construction of confidence intervals and hypothesis tests. A t-test for H0 :
βj = 0 uses the statistic tj = β̂j/se(β̂j) with n− p− 1 degrees of freedom.

2.2.2 Geometric Interpretation
Projection Viewpoint

The fitted values ŷ = Xβ̂ = Hy are the orthogonal projection of y onto the
column space of X, where H = X(X⊤X)−1X⊤ is the hat matrix. The residual
vector e = y − ŷ is orthogonal to every column of X.

Col(X)
ŷ

y

e

2.3 Polynomial Regression
Definition 2.11 (Polynomial Regression of Degree d). Given scalar input x, the degree-d
polynomial model is

y = β0 + β1x+ β2x
2 + · · ·+ βdx

d + ε.

This is a linear model in the extended feature vector ϕ(x) = (1, x, x2, . . . , xd)⊤.

Overfitting Risk

High-degree polynomials can interpolate training data perfectly while generalising
poorly. The bias–variance trade-off governs model selection: low d may underfit
(high bias), high d may overfit (high variance). Cross-validation is essential.

Proposition 2.12 (Bias–Variance Decomposition). For a fixed test point x0 and squared
loss, the expected prediction error decomposes as

E
[
(y0 − f̂(x0))

2
]
= Bias2

(
f̂(x0)

)︸ ︷︷ ︸
systematic error

+ Var
(
f̂(x0)

)︸ ︷︷ ︸
estimation variance

+σ2.

11
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Proof. Let f0 = f(x0) denote the true regression function. Then

E[(y0 − f̂)2] = E[(y0 − f0 + f0 − E[f̂ ] + E[f̂ ]− f̂)2]

= E[(y0 − f0)
2] + (f0 − E[f̂ ])2 + E[(f̂ − E[f̂ ])2]

= σ2 + Bias2(f̂) + Var(f̂),

where cross-terms vanish by independence and the fact that E[f̂ − E[f̂ ]] = 0.

Example 2.13 (Choosing Polynomial Degree). Consider fitting y = sin(2πx)+ε on [0, 1]:

• d = 1 (line): high bias, misses curvature.

• d = 3: reasonable compromise, captures the shape.

• d = 15: oscillates wildly between data points (Runge phenomenon).

Cross-validation typically selects d ∈ {3, 4, 5} for this example.

2.4 Gradient Descent
Definition 2.14 (Gradient Descent Update). For a differentiable loss J(β) and learning
rate η > 0:

β(t+1) = β(t) − η∇J(β(t)).

Batch Gradient Descent for Linear Regression

1. Initialise β(0) (e.g. zeros).

2. At each iteration t, compute

∇J =
2

n
X⊤(Xβ(t) − y).

3. Update: β(t+1) ← β(t) − η∇J .

4. Repeat until ‖∇J‖ < ϵ or maximum iterations reached.

Theorem 2.15 (Convergence of Gradient Descent). If J is L-smooth and convex, gradient
descent with step size η = 1/L satisfies

J(β(t))− J(β∗) ≤
L
∥∥β(0) − β∗

∥∥2

2t
.

For linear regression, the smoothness constant is L = 2
n
λmax(X

⊤X).

Definition 2.16 (Stochastic Gradient Descent). At each iteration, pick a random index
it ∈ {1, . . . , n} and update

β(t+1) = β(t) − ηt∇Jit(β(t)), ∇Ji = 2((x⊤
i β

(t))− yi)xi.

Each step costs O(p) instead of O(np), but introduces variance in the gradient estimate.

12
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Stochastic and Mini-Batch Variants

SGD: Replace the full gradient with a single-sample estimate ∇Ji. Convergence
is noisier but each step costs O(p) instead of O(np). Use a decaying learning rate
ηt = η0/t.
Mini-batch: Use a random subset of size B. A good default is B ∈ {32, 64, 128}.
This balances the speed of SGD with the stability of batch GD.

2.5 Implementation in Python

2.5.1 From Scratch

OLS from Scratch

import numpy as np

def ols_fit(X, y):
"""Ordinary least squares via the normal equations."""
# Add intercept column
ones = np.ones((X.shape[0], 1))
X_aug = np.hstack([ones, X])
# Normal equations: beta = (X^T X)^{-1} X^T y
beta = np.linalg.solve(X_aug.T @ X_aug, X_aug.T @ y)
return beta

def ols_predict(X, beta):
ones = np.ones((X.shape[0], 1))
X_aug = np.hstack([ones, X])
return X_aug @ beta

# Generate synthetic data
np.random.seed(42)
X = 2 * np.random.rand(100, 1)
y = 4 + 3 * X.ravel() + np.random.randn(100)

beta = ols_fit(X, y)
print(f"Intercept: {beta[0]:.3f}, Slope: {beta[1]:.3f}")

Output

Intercept: 4.215, Slope: 2.770

13
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2.5.2 Gradient Descent from Scratch
Gradient Descent Implementation

def gradient_descent(X, y, eta=0.1, n_iter=1000):
ones = np.ones((X.shape[0], 1))
X_aug = np.hstack([ones, X])
n, p = X_aug.shape
beta = np.zeros(p)
losses = []
for t in range(n_iter):

residuals = X_aug @ beta - y
grad = (2 / n) * X_aug.T @ residuals
beta -= eta * grad
losses.append(np.mean(residuals**2))

return beta, losses

beta_gd, loss_history = gradient_descent(X, y, eta=0.05, n_iter=2000)
print(f"GD Intercept: {beta_gd[0]:.3f}, GD Slope: {beta_gd[1]:.3f}")
print(f"Final MSE: {loss_history[-1]:.4f}")

Output

GD Intercept: 4.215, GD Slope: 2.770
Final MSE: 0.9225

2.5.3 Using Scikit-Learn
Linear and Polynomial Regression with scikit-learn

from sklearn.linear_model import LinearRegression
from sklearn.preprocessing import PolynomialFeatures
from sklearn.pipeline import make_pipeline
from sklearn.model_selection import cross_val_score
from sklearn.metrics import mean_squared_error, r2_score

# Simple linear regression
model = LinearRegression()
model.fit(X, y)
print(f"sklearn Intercept: {model.intercept_:.3f}")
print(f"sklearn Slope: {model.coef_[0]:.3f}")
print(f"R^2: {model.score(X, y):.4f}")

# Polynomial regression (degree 3)
poly_model = make_pipeline(

PolynomialFeatures(degree=3, include_bias=False),
LinearRegression()

)
poly_model.fit(X, y)

14
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y_pred = poly_model.predict(X)
print(f"Poly3 MSE: {mean_squared_error(y, y_pred):.4f}")
print(f"Poly3 R^2: {r2_score(y, y_pred):.4f}")

# Cross-validation to select degree
for d in [1, 2, 3, 5, 10]:

pipe = make_pipeline(
PolynomialFeatures(degree=d, include_bias=False),
LinearRegression()

)
cv_mse = -cross_val_score(pipe, X, y,

scoring="neg_mean_squared_error", cv=5)
print(f"Degree {d:2d}: CV MSE = {cv_mse.mean():.4f} "

f"(+/- {cv_mse.std():.4f})")

Output

sklearn Intercept: 4.215
sklearn Slope: 2.770
R^2: 0.8901
Poly3 MSE: 0.9102
Poly3 R^2: 0.8932
Degree 1: CV MSE = 1.0243 (+/- 0.2148)
Degree 2: CV MSE = 1.0067 (+/- 0.2314)
Degree 3: CV MSE = 1.0401 (+/- 0.2589)
Degree 5: CV MSE = 1.2315 (+/- 0.4012)
Degree 10: CV MSE = 5.8934 (+/- 8.1247)

2.6 Regression Diagram

x

y

ŷ = β̂0 + β̂1x

residuals
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2.7 Assumptions and Diagnostics
Definition 2.17 (Assumptions of Linear Regression). The classical linear model relies
on four key assumptions:

1. Linearity: E[y|x] = x⊤β.

2. Independence: the errors εi are mutually independent.

3. Homoscedasticity: Var(εi) = σ2 for all i.

4. Normality: εi ∼ N (0, σ2) (needed for exact inference, not for OLS consistency).

Diagnostic Plots

• Residuals vs. fitted: should show no pattern. A funnel shape indicates
heteroscedasticity.

• Q–Q plot: residuals should lie on the 45° line if normality holds.

• Scale-location:
√
|standardised residuals| vs. fitted values checks for non-

constant variance.

• Leverage plot: identifies influential observations via hat values hii and
Cook’s distance Di.

Definition 2.18 (Cook’s Distance). Cook’s distance for observation i measures its influ-
ence on the fitted values:

Di =
(ŷ − ŷ(i))

⊤(ŷ − ŷ(i))

(p+ 1)σ̂2
=

e2i
(p+ 1)σ̂2

· hii

(1− hii)2
,

where ŷ(i) denotes predictions when observation i is removed. Points with Di > 1 (or
Di > 4/n) deserve closer inspection.

2.8 Exercises
Exercise 2.1 (Derivation). Starting from the RSS for simple linear regression, verify the
second-order conditions: show that the Hessian matrix is positive definite, confirming
that the OLS solution is indeed a minimum.

Exercise 2.2 (Normal Equations Complexity). Show that solving the normal equations
X⊤Xβ = X⊤y via Cholesky decomposition costs O(np2 + p3/3). When is gradient
descent preferable?

Exercise 2.3 (Polynomial Overfitting). Generate n = 30 points from y = sin(2πx) + ε
with x ∼ U(0, 1) and ε ∼ N (0, 0.2).

1. Fit polynomials of degrees d ∈ {1, 3, 5, 10, 20}.

2. Plot training and test MSE as a function of d.

3. Identify the best degree using 5-fold cross-validation.
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Exercise 2.4 (Gradient Descent Convergence). Implement gradient descent for linear
regression. Experiment with learning rates η ∈ {0.001, 0.01, 0.1, 1.0} and plot the loss
curve J(β(t)) versus iteration t. Explain what happens when η is too large.

Exercise 2.5 (Hat Matrix Properties). Prove the following properties of the hat matrix
H = X(X⊤X)−1X⊤:

1. H is symmetric and idempotent (H2 = H).

2. tr(H) = p+ 1.

3. (I −H)X = 0.

4. The eigenvalues of H are either 0 or 1.

Exercise 2.6 (Multi-Feature Regression). Load the diabetes dataset from sklearn.datasets.
Fit a multiple linear regression, report R2 on an 80/20 train/test split, and interpret the
three largest coefficients. Compute the adjusted R2 and compare.

Exercise 2.7 (Comparing Normal Equations and GD). On the diabetes dataset, com-
pare the coefficients obtained via the normal equations (np.linalg.solve) with those
from gradient descent (1000 iterations, η = 0.01). Plot

∥∥∥β(t) − β̂OLS

∥∥∥ vs. t. How many
iterations are needed to achieve < 10−6 error?

Chapter 2 Summary

• Simple OLS: β̂1 =
Ĉov(X,Y )

V̂ar(X)
, β̂0 = ȳ − β̂1x̄

• Multiple OLS: β̂ = (X⊤X)−1X⊤y

• Gradient Descent: β(t+1) = β(t) − 2η
n
X⊤(Xβ(t) − y)

• Polynomial: Linear in ϕ(x) = (1, x, . . . , xd)⊤

• Bias–Variance: E[(y − f̂)2] = Bias2 + Var + σ2

• R2: 1− RSS/TSS, R2
adj = 1− n−1

n−p−1
(1−R2)
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Chapter 3

Classification — Logistic Regression,
k-NN, Naive Bayes

Chapter Overview

Classification assigns discrete labels to inputs. This chapter covers three foun-
dational classifiers—logistic regression (a discriminative probabilistic model), k-
nearest neighbours (a non-parametric method), and Naive Bayes (a generative
model)—together with the evaluation metrics needed to compare them.

3.1 Logistic Regression

3.1.1 The Sigmoid Function and Model Formulation
Definition 3.1 (Logistic / Sigmoid Function). The sigmoid function σ : R → (0, 1) is
defined by

σ(z) =
1

1 + e−z
, σ′(z) = σ(z)(1− σ(z)).

Proposition 3.2 (Symmetry Property). The sigmoid satisfies σ(−z) = 1 − σ(z) for all
z ∈ R. Consequently, the function is symmetric about the point

(
0, 1

2

)
.

Definition 3.3 (Binary Logistic Model). For y ∈ {0, 1} and feature vector x ∈ Rp:

P (Y = 1 | x;β) = σ(β⊤x) =
1

1 + exp(−β⊤x)
,

where x includes a constant 1 for the intercept. Equivalently, the log-odds (logit) are
linear:

log P (Y = 1|x)
P (Y = 0|x)

= β⊤x.

Remark 3.4. Unlike linear regression, logistic regression does not model y directly but the
probability that y = 1. The sigmoid ensures outputs lie in (0, 1). A unit increase in xj

multiplies the odds by eβj .
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3.1.2 Maximum Likelihood Estimation
Theorem 3.5 (Log-Likelihood for Logistic Regression). Given {(xi, yi)}ni=1 with yi ∈
{0, 1}, the log-likelihood is

ℓ(β) =
n∑

i=1

[
yi logσ(β⊤xi) + (1− yi) log(1− σ(β⊤xi))

]
.

This function is concave, so any local maximum is global.

Proof. Since yi ∼ Bernoulli(σ(β⊤xi)), the likelihood is
∏

i σ
yi
i (1−σi)

1−yi . Taking the log-
arithm gives the stated expression. Concavity follows from the Hessian ∇2ℓ = −X⊤WX
where W = diag(σi(1− σi)) � 0, hence ∇2ℓ � 0.

Definition 3.6 (Binary Cross-Entropy Loss). Minimising the negative log-likelihood de-
fines the cross-entropy loss:

J(β) = − 1

n

n∑
i=1

[
yi log p̂i + (1− yi) log(1− p̂i)

]
, p̂i = σ(β⊤xi).

3.1.3 Gradient and Update Rule
Proposition 3.7 (Gradient of the Cross-Entropy).

∇βJ =
1

n

n∑
i=1

(p̂i − yi)xi =
1

n
X⊤(p̂− y).

This has the same form as the linear regression gradient, but with p̂ = σ(Xβ) instead of
Xβ.

Gradient Descent for Logistic Regression

1. Initialise β(0) = 0.

2. At iteration t: compute p̂ = σ(Xβ(t)).

3. Gradient: g = 1
n
X⊤(p̂− y).

4. Update: β(t+1) = β(t) − η g.

5. Repeat until convergence (‖g‖ < ϵ or max iterations).

Remark 3.8. Newton’s method (IRLS) converges faster by using the Hessian:

β(t+1) = β(t) + (X⊤W (t)X)−1X⊤(y − p̂(t)),

where W (t) = diag(p̂(t)i (1 − p̂
(t)
i )). This typically converges in 5–10 iterations but costs

O(p2n+ p3) per step.
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3.1.4 Softmax Multiclass Extension
Definition 3.9 (Softmax Regression). For K classes, define K weight vectors β1, . . . ,βK .
The probability of class k is

P (Y = k | x) = exp(β⊤
k x)∑K

j=1 exp(β⊤
j x)

.

The loss is the multiclass cross-entropy:

J = − 1

n

n∑
i=1

K∑
k=1

⊮{yi = k} logP (Y = k | xi).

Proposition 3.10 (Softmax Gradient). The gradient with respect to weight vector βk is

∇βk
J =

1

n

n∑
i=1

(P (Y = k|xi)− ⊮{yi = k})xi.

3.2 k-Nearest Neighbours
Definition 3.11 (k-NN Classifier). Given a query point x0, let Nk(x0) denote its k
nearest neighbours in the training set (under a chosen distance, typically Euclidean).
The predicted class is

ŷ = arg max
c

∑
i∈Nk(x0)

⊮{yi = c}.

Definition 3.12 (Common Distance Metrics). • Euclidean: d(x,x′) = ‖x− x′‖2 =√∑
j(xj − x′

j)
2.

• Manhattan: d(x,x′) = ‖x− x′‖1 =
∑

j |xj − x′
j|.

• Minkowski: d(x,x′) = ‖x− x′‖p =
(∑

j |xj − x′
j|p

)1/p.
Proposition 3.13 (Asymptotic Optimality). As n→∞ and k/n→ 0 with k →∞, the
k-NN classifier converges to the Bayes-optimal classifier. For k = 1, the asymptotic error
rate is at most twice the Bayes error.

Curse of Dimensionality

In high dimensions, distances concentrate: for x ∼ U([0, 1]p), the ratio of the
distance to the nearest neighbour to the farthest neighbour tends to 1 as p → ∞.
This makes k-NN unreliable without dimensionality reduction. Feature scaling is
critical.

Choosing k

• Small k (e.g. k = 1): low bias, high variance (noisy boundaries).

• Large k: high bias, low variance (smooth boundaries).
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• Use odd k for binary classification to avoid ties.

• Select k via cross-validation, typically k ∈ {3, 5, 7, . . .}.

• k-NN has no training phase (lazy learner), but prediction costs O(np) per
query (or O(p logn) with KD-trees).

3.3 Naive Bayes
Definition 3.14 (Naive Bayes Classifier). Applying Bayes’ theorem with the conditional
independence assumption P (x | y) =

∏p
j=1 P (xj | y):

ŷ = arg max
c

P (Y = c)

p∏
j=1

P (xj | Y = c).

Remark 3.15. The “naive” independence assumption is rarely true, yet Naive Bayes often
performs surprisingly well. This is because classification only requires the correct ranking
of posterior probabilities, not their exact values. Even if P (Y = c|x) is poorly estimated,
the arg max may still be correct.

3.3.1 Gaussian Naive Bayes
Theorem 3.16 (Gaussian NB Decision Rule). Assume Xj | Y = c ∼ N (µjc, σ

2
jc). The

log-posterior (up to a constant) is

logP (Y = c | x) ∝ log πc −
p∑

j=1

[
(xj − µjc)

2

2σ2
jc

+ logσjc

]
,

where πc = P (Y = c) is the class prior. Maximum likelihood estimates are µ̂jc =
1
nc

∑
i:yi=c xij and σ̂2

jc =
1
nc

∑
i:yi=c(xij − µ̂jc)

2.

Proof. By Bayes’ theorem, P (Y = c|x) ∝ P (Y = c)
∏

j P (xj|Y = c). Taking logarithms
and substituting the Gaussian density 1√

2πσjc
exp

(
− (xj−µjc)

2

2σ2
jc

)
for each factor, then dropping

terms constant across classes, yields the stated discriminant function.

Proposition 3.17 (Linear vs. Quadratic Boundaries). When all σjc are equal across
classes, the Gaussian NB decision boundary is linear (equivalent to LDA under indepen-
dence). Unequal variances yield quadratic boundaries, analogous to QDA.

3.3.2 Other Naive Bayes Variants
Definition 3.18 (Multinomial and Bernoulli NB). • Multinomial NB: for count

data (e.g. word frequencies in text). Assumes P (x|Y = c) ∝
∏

j θ
xj

jc .

• Bernoulli NB: for binary features. Assumes P (xj|Y = c) = θ
xj

jc (1− θjc)
1−xj .

Laplace smoothing (α = 1) prevents zero probabilities: θ̂jc =
njc+α

nc+αV
where V is the

vocabulary size.
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3.4 Decision Boundaries

x1

x2

Logistic Regression
x1

x2

k-NN (k = 3)

3.5 Evaluation Metrics
Definition 3.19 (Confusion Matrix). For a binary classifier with predictions ŷi and true
labels yi:

ŷ = 1 ŷ = 0

y = 1 TP FN
y = 0 FP TN

Definition 3.20 (Precision, Recall, F1-Score).

Precision =
TP

TP + FP , Recall = TP
TP + FN , F1 =

2 · Prec · Rec
Prec + Rec .

Proposition 3.21 (F-beta Score). The general Fβ score weights recall β times more than
precision:

Fβ = (1 + β2)
Prec · Rec

β2 · Prec + Rec .

F2 emphasises recall (useful when missing positives is costly); F0.5 emphasises precision.

Definition 3.22 (ROC Curve and AUC). The Receiver Operating Characteristic (ROC)
curve plots the True Positive Rate (Recall) against the False Positive Rate FPR = FP

FP+TN
as the classification threshold varies from 0 to 1. The Area Under the Curve (AUC)
summarises discriminative power:

AUC = P (p̂Y=1 > p̂Y=0),

i.e., the probability that a randomly chosen positive is scored higher than a randomly
chosen negative.

Proposition 3.23 (AUC Interpretation). AUC = 0.5 corresponds to a random classifier,
AUC = 1.0 to a perfect classifier. AUC is invariant to the classification threshold and to
class prevalence. For imbalanced datasets, the precision–recall AUC (PR-AUC) is often
more informative.
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Accuracy Is Not Enough

On imbalanced datasets (e.g. 95% negatives), a classifier that always predicts neg-
ative achieves 95% accuracy. Precision, recall, F1, and AUC give a more faithful
picture of performance in such settings.

3.6 Implementation in Python
3.6.1 Logistic Regression from Scratch

Logistic Regression — Gradient Descent

import numpy as np

def sigmoid(z):
return 1 / (1 + np.exp(-np.clip(z, -500, 500)))

def logistic_fit(X, y, eta=0.1, n_iter=1000):
n, p = X.shape
X_aug = np.column_stack([np.ones(n), X])
beta = np.zeros(X_aug.shape[1])
for _ in range(n_iter):

p_hat = sigmoid(X_aug @ beta)
grad = (1 / n) * X_aug.T @ (p_hat - y)
beta -= eta * grad

return beta

def logistic_predict(X, beta, threshold=0.5):
X_aug = np.column_stack([np.ones(X.shape[0]), X])
return (sigmoid(X_aug @ beta) >= threshold).astype(int)

3.6.2 Scikit-Learn Classifiers
Logistic Regression, k-NN, Naive Bayes with scikit-learn

from sklearn.datasets import load_iris
from sklearn.model_selection import train_test_split
from sklearn.preprocessing import StandardScaler
from sklearn.linear_model import LogisticRegression
from sklearn.neighbors import KNeighborsClassifier
from sklearn.naive_bayes import GaussianNB
from sklearn.metrics import (accuracy_score, classification_report,

roc_auc_score, confusion_matrix)

X, y = load_iris(return_X_y=True)
# Binary task: versicolor vs. virginica
mask = y != 0
X, y = X[mask], (y[mask] - 1) # labels 0 and 1
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X_train, X_test, y_train, y_test = train_test_split(
X, y, test_size=0.3, random_state=42)

scaler = StandardScaler().fit(X_train)
X_tr = scaler.transform(X_train)
X_te = scaler.transform(X_test)

models = {
"Logistic": LogisticRegression(max_iter=500),
"k-NN (k=5)": KNeighborsClassifier(n_neighbors=5),
"Gaussian NB": GaussianNB(),

}
for name, clf in models.items():

clf.fit(X_tr, y_train)
y_pred = clf.predict(X_te)
acc = accuracy_score(y_test, y_pred)
print(f"{name:15s} Accuracy: {acc:.3f}")

Output

Logistic Accuracy: 0.967
k-NN (k=5) Accuracy: 0.933
Gaussian NB Accuracy: 0.967

ROC Curve and Confusion Matrix

from sklearn.metrics import RocCurveDisplay, ConfusionMatrixDisplay
import matplotlib.pyplot as plt

fig, axes = plt.subplots(1, 2, figsize=(10, 4))

# ROC curve for logistic regression
lr = models["Logistic"]
RocCurveDisplay.from_estimator(lr, X_te, y_test, ax=axes[0])
axes[0].set_title("ROC Curve -- Logistic Regression")

# Confusion matrix
ConfusionMatrixDisplay.from_estimator(

lr, X_te, y_test, ax=axes[1], cmap="Blues")
axes[1].set_title("Confusion Matrix")

plt.tight_layout()
plt.savefig("roc_cm.pdf")

Cross-Validation for k-NN

from sklearn.model_selection import cross_val_score
import numpy as np
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k_values = [1, 3, 5, 7, 9, 15, 25]
cv_scores = []
for k in k_values:

knn = KNeighborsClassifier(n_neighbors=k)
scores = cross_val_score(knn, X_tr, y_train, cv=5,

scoring="accuracy")
cv_scores.append(scores.mean())
print(f"k={k:2d}: CV accuracy = {scores.mean():.3f} "

f"(+/- {scores.std():.3f})")

best_k = k_values[np.argmax(cv_scores)]
print(f"\nBest k = {best_k}")

Output

k= 1: CV accuracy = 0.914 (+/- 0.049)
k= 3: CV accuracy = 0.929 (+/- 0.048)
k= 5: CV accuracy = 0.943 (+/- 0.040)
k= 7: CV accuracy = 0.943 (+/- 0.040)
k= 9: CV accuracy = 0.929 (+/- 0.048)
k=15: CV accuracy = 0.914 (+/- 0.049)
k=25: CV accuracy = 0.900 (+/- 0.056)

Best k = 5

3.7 Exercises
Exercise 3.1 (Sigmoid Properties). Prove that σ(−z) = 1 − σ(z) and that σ′(z) =
σ(z)(1 − σ(z)). Derive the Hessian of the binary cross-entropy and show it is positive
semi-definite.

Exercise 3.2 (Decision Boundary Geometry). For a binary logistic regression with two
features (x1, x2), show that the decision boundary {x : P (Y = 1|x) = 0.5} is a line in R2.
What determines its slope and intercept?

Exercise 3.3 (k-NN Experiments). Using the make_moons dataset from scikit-learn:

1. Fit k-NN for k ∈ {1, 3, 5, 15, 50} and plot decision boundaries.

2. Report 5-fold cross-validation accuracy for each k.

3. Discuss the bias–variance trade-off as k varies.

Exercise 3.4 (Naive Bayes Independence Assumption). Consider two features X1, X2

with Cov(X1, X2|Y = c) 6= 0. Explain why Gaussian NB may still perform well in
practice despite the violated independence assumption. Under what conditions does it
fail?
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Exercise 3.5 (Multiclass Softmax). Derive the gradient ∇βk
J of the multiclass cross-

entropy for softmax regression. Implement softmax regression from scratch on the Iris
dataset (3 classes) and compare with LogisticRegression(multi_class='multinomial').

Exercise 3.6 (ROC Analysis). On a dataset of your choice, train logistic regression and
Gaussian NB. Plot both ROC curves on the same axes and compare AUC scores. When
does Naive Bayes outperform logistic regression?

Exercise 3.7 (Regularized Logistic Regression). scikit-learn’s LogisticRegression ap-
plies L2 regularization by default (parameter C = inverse strength). Using the breast
cancer dataset, plot test accuracy as a function of C ∈ {10−3, 10−2, . . . , 103}. Which C
gives the best performance? Why is regularization important in logistic regression?

Chapter 3 Summary

• Logistic: P (Y =1|x) = σ(β⊤x), ∇J = 1
n
X⊤(p̂− y)

• Softmax: P (Y =k|x) = exp(β⊤
k x)∑

j exp(β⊤
j x)

• k-NN: ŷ = arg maxc

∑
i∈Nk

⊮{yi = c}

• Gaussian NB: ŷ = arg maxc log πc −
∑

j
(xj−µjc)

2

2σ2
jc

• F1: 2·Prec·Rec
Prec+Rec , AUC: area under ROC curve
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Chapter 4

Regularization — Ridge, Lasso,
Elastic Net

Chapter Overview

When the number of features is large relative to the sample size, or when features
are correlated, OLS overfits and its estimates become unstable. Regularization
adds a penalty to the loss function, shrinking coefficients and improving generalisa-
tion. This chapter derives Ridge, Lasso, and Elastic Net, and provides geometric,
Bayesian, and computational perspectives.

4.1 The Overfitting Problem
Definition 4.1 (Overfitting). A model overfits when it achieves low training error but
high test error. Formally, if f̂ is learned from a training set D, overfitting occurs when

ED
[
Errtest(f̂)

]
� Errtrain(f̂).

Proposition 4.2 (Variance of OLS Estimator). Under the linear model y = Xβ + ε
with Var(ε) = σ2I:

Var(β̂OLS) = σ2(X⊤X)−1.

When X⊤X has small eigenvalues (near-collinearity), the diagonal entries of (X⊤X)−1

become large, inflating variance.
Multicollinearity

If two features are highly correlated, the OLS solution is not unique in the limit.
Even moderate collinearity inflates standard errors, making individual coefficients
unreliable. The Variance Inflation Factor VIFj =

1
1−R2

j
(where R2

j is the R2 from
regressing xj on all other features) quantifies this; VIF > 10 is a common concern
threshold. Regularization stabilises the solution by adding a positive quantity to
the diagonal of X⊤X.

Proposition 4.3 (MSE Decomposition for Estimators). For any estimator β̃ of β:

MSE(β̃) = E[
∥∥∥β̃ − β

∥∥∥2

] = tr(Var(β̃)) +
∥∥∥Bias(β̃)

∥∥∥2

.

A biased estimator can have lower MSE than OLS if it sufficiently reduces variance.
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4.2 Ridge Regression (L2 Penalty)
Definition 4.4 (Ridge Regression). The Ridge estimator minimises the penalised objec-
tive

JRidge(β) = ‖y −Xβ‖2 + λ ‖β‖22 =
n∑

i=1

(yi − x⊤
i β)

2 + λ

p∑
j=1

β2
j ,

where λ ≥ 0 is the regularization strength. Note: the intercept β0 is typically not pe-
nalised; features should be centred and standardised.

Theorem 4.5 (Ridge Closed-Form Solution). The Ridge estimator has the unique closed-
form solution

β̂Ridge = (X⊤X + λIp)
−1X⊤y.

The matrix X⊤X + λIp is always invertible for λ > 0.

Proof. Taking the gradient of JRidge:

∇βJ = −2X⊤y + 2X⊤Xβ + 2λβ = 0 =⇒ (X⊤X + λI)β = X⊤y.

For λ > 0, X⊤X + λI is strictly positive definite (its eigenvalues are d2j + λ > 0), hence
invertible.

Proposition 4.6 (SVD Interpretation of Ridge). Let X = UDV ⊤ be the SVD. Then

ŷRidge = Xβ̂Ridge =

p∑
j=1

uj

d2j
d2j + λ

u⊤
j y.

Ridge shrinks the contribution of principal components with small singular values dj. The
effective degrees of freedom of Ridge regression are df(λ) =

∑
j

d2j
d2j+λ

≤ p.

Theorem 4.7 (Bias–Variance of Ridge). The Ridge estimator has bias Bias(β̂Ridge) =
−λ(X⊤X + λI)−1β and variance

Var(β̂Ridge) = σ2(X⊤X + λI)−1X⊤X(X⊤X + λI)−1.

Increasing λ increases bias but decreases variance. There exists an optimal λ∗ minimising
the total MSE.

Proposition 4.8 (Ridge Shrinkage Factors). For orthonormal design (X⊤X = I), Ridge
applies uniform shrinkage:

β̂Ridge
j =

β̂OLS
j

1 + λ
.

All coefficients are shrunk toward zero by the same factor 1/(1 + λ), but none are set
exactly to zero.
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4.2.1 Bayesian Interpretation
Proposition 4.9 (Ridge as MAP with Gaussian Prior). If we place a Gaussian prior
β ∼ N (0, τ 2I) and assume y|X,β ∼ N (Xβ, σ2I), the MAP estimate equals the Ridge
estimator with λ = σ2/τ 2.
Proof. The posterior is P (β|y) ∝ P (y|β)P (β). Taking − log:

− logP (β|y) = 1

2σ2
‖y −Xβ‖2 + 1

2τ 2
‖β‖2 + C.

Minimising is equivalent to minimising ‖y −Xβ‖2 + σ2

τ2
‖β‖2, which is Ridge with λ =

σ2/τ 2.

Bayesian Perspective

A small prior variance τ 2 encodes strong belief that β is near zero, corresponding
to large λ (heavy regularization). A large τ 2 (vague prior) gives small λ, approach-
ing OLS. The full Bayesian posterior P (β|y) is Gaussian with mean β̂Ridge and
covariance σ2(X⊤X + λI)−1.

4.3 Lasso Regression (L1 Penalty)
Definition 4.10 (Lasso Regression). The Lasso (Least Absolute Shrinkage and Selection
Operator) minimises

JLasso(β) =
1

2n
‖y −Xβ‖2 + λ ‖β‖1 =

1

2n

n∑
i=1

(yi − x⊤
i β)

2 + λ

p∑
j=1

|βj|.

Theorem 4.11 (Sparsity of Lasso Solutions). For sufficiently large λ, the Lasso sets some
coefficients exactly to zero. Specifically, for the orthonormal design X⊤X = I:

β̂Lasso
j = sign(β̂OLS

j )
(
|β̂OLS

j | − λ
)
+
,

which is the soft-thresholding operator Sλ(z) = sign(z)(|z| − λ)+.
Proof. For orthonormal X, the Lasso objective separates into p independent problems:

min
βj

1

2
(β̂OLS

j − βj)
2 + λ|βj|.

The subdifferential condition 0 ∈ −(β̂OLS
j − βj) + λ ∂|βj| yields three cases:

• If β̂OLS
j > λ: β̂j = β̂OLS

j − λ > 0.

• If β̂OLS
j < −λ: β̂j = β̂OLS

j + λ < 0.

• If |β̂OLS
j | ≤ λ: β̂j = 0.

This produces the soft-thresholding formula.
Proposition 4.12 (Bayesian Interpretation of Lasso). The Lasso corresponds to MAP
estimation with a Laplace prior P (βj) = 1

2b
exp(−|βj|/b) with b = σ2/(nλ). The sharp

peak at zero in the Laplace density explains why Lasso produces sparse solutions.
Remark 4.13. Unlike Ridge, the Lasso has no closed-form solution for general X. It is
typically solved via coordinate descent or the LARS (Least Angle Regression) algorithm,
which efficiently computes the entire regularization path.
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4.3.1 Geometric Interpretation

β̂OLS

β̂L1

Lasso (L1)

β1

β2

β̂OLS

β̂L2

Ridge (L2)

β1

β2

Why L1 Produces Sparsity

The L1 constraint region (diamond) has corners on the coordinate axes. Since the
RSS contours are ellipsoidal, their first point of contact with the diamond typically
occurs at a corner, where one or more βj = 0. The L2 ball (circle) has no corners,
so the contact point generically has all βj 6= 0. In p dimensions, the L1 ball has 2p
corners and 2p faces, making sparse intersections increasingly likely as p grows.

4.4 Elastic Net
Definition 4.14 (Elastic Net). The Elastic Net combines L1 and L2 penalties:

JEN(β) =
1

2n
‖y −Xβ‖2 + λ

[
α ‖β‖1 +

1−α
2
‖β‖22

]
,

where α ∈ [0, 1] controls the mix (α = 1: pure Lasso, α = 0: pure Ridge).

Theorem 4.15 (Elastic Net Grouping Effect). If xj ≈ xk (correlated features), the Elastic
Net satisfies

|β̂j − β̂k| ≤
‖y‖

λ(1− α)

√
2(1− rjk),

where rjk is the sample correlation between xj and xk. As rjk → 1, the coefficients are
forced to be similar.

When to Use Elastic Net

• Groups of correlated features: Lasso tends to select one arbitrarily; Elastic
Net selects the group.

• p� n: Lasso selects at most n features; Elastic Net has no such limitation.

• In practice, set α ∈ {0.1, 0.5, 0.9, 0.95, 1.0} and select via CV.
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4.5 Regularization Paths
Definition 4.16 (Regularization Path). The regularization path is the set of solutions
{β̂(λ) : λ ≥ 0} as λ varies from 0 (OLS) to ∞ (all-zero coefficients). For Lasso, the path
is piecewise linear. For Ridge, coefficients shrink smoothly toward zero.

Proposition 4.17 (Maximum λ for Lasso). The smallest λ for which β̂Lasso = 0 is
λmax = 1

n

∥∥X⊤y
∥∥
∞. This provides a natural starting point for the regularization path.

4.5.1 Cross-Validation for λ

K-Fold CV for Regularization Strength

1. Choose a grid λ1 > λ2 > · · · > λm > 0 (typically log-spaced).

2. For each λk and each fold j ∈ {1, . . . , K}:

• Train on D \ Dj, evaluate on Dj.

3. λ̂ = arg minλk

1
K

∑K
j=1 Errj(λk).

4. (Optional) One-SE rule: choose the largest λ within one standard error of
the minimum CV error for a sparser model.

Remark 4.18. The one-standard-error rule, proposed by Breiman et al., selects a simpler
model that is statistically indistinguishable from the best. It often yields better gen-
eralisation because it avoids selecting an overly complex model due to noise in the CV
estimate.

4.6 Implementation in Python
Ridge, Lasso, Elastic Net with scikit-learn

import numpy as np
from sklearn.datasets import make_regression
from sklearn.model_selection import train_test_split, cross_val_score
from sklearn.linear_model import (Ridge, Lasso, ElasticNet,

RidgeCV, LassoCV, ElasticNetCV)
from sklearn.preprocessing import StandardScaler
from sklearn.metrics import mean_squared_error

# Generate high-dimensional data with few informative features
X, y = make_regression(n_samples=200, n_features=50,

n_informative=10, noise=15, random_state=42)
X_train, X_test, y_train, y_test = train_test_split(

X, y, test_size=0.3, random_state=42)

scaler = StandardScaler().fit(X_train)
X_tr = scaler.transform(X_train)
X_te = scaler.transform(X_test)
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# Ridge with CV
ridge_cv = RidgeCV(alphas=np.logspace(-3, 3, 50), cv=5)
ridge_cv.fit(X_tr, y_train)
print(f"Ridge alpha={ridge_cv.alpha_:.4f} "

f"Test MSE={mean_squared_error(y_test,
ridge_cv.predict(X_te)):.2f}")↪→

# Lasso with CV
lasso_cv = LassoCV(alphas=np.logspace(-3, 1, 50), cv=5, max_iter=10000)
lasso_cv.fit(X_tr, y_train)
n_nonzero = np.sum(lasso_cv.coef_ != 0)
print(f"Lasso alpha={lasso_cv.alpha_:.4f} "

f"Non-zero: {n_nonzero}/50 "
f"Test MSE={mean_squared_error(y_test,

lasso_cv.predict(X_te)):.2f}")↪→

# Elastic Net with CV
en_cv = ElasticNetCV(l1_ratio=[0.1, 0.5, 0.9, 0.95],

alphas=np.logspace(-3, 1, 50),
cv=5, max_iter=10000)

en_cv.fit(X_tr, y_train)
print(f"ElasticNet alpha={en_cv.alpha_:.4f} l1_ratio={en_cv.l1_ratio_}

"↪→

f"Test MSE={mean_squared_error(y_test, en_cv.predict(X_te)):.2f}")

Output

Ridge alpha=1.2328 Test MSE=254.31
Lasso alpha=0.2310 Non-zero: 12/50 Test MSE=218.47
ElasticNet alpha=0.1274 l1_ratio=0.9 Test MSE=215.83

Plotting Regularization Paths

import matplotlib.pyplot as plt
from sklearn.linear_model import lasso_path

alphas, coefs, _ = lasso_path(X_tr, y_train,
alphas=np.logspace(-3, 1, 100))

fig, ax = plt.subplots(figsize=(8, 5))
for i in range(coefs.shape[0]):

ax.plot(np.log10(alphas), coefs[i], linewidth=0.8)
ax.set_xlabel(r"$\log_{10}(\lambda)$")
ax.set_ylabel(r"$\hat{\beta}_j$")
ax.set_title("Lasso Regularization Path")
ax.axvline(np.log10(lasso_cv.alpha_), color="k",

linestyle="--", label=r"$\lambda_{\mathrm{CV}}$")
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ax.legend()
plt.tight_layout()
plt.savefig("lasso_path.pdf")

Ridge from Scratch

def ridge_fit(X, y, lam=1.0):
"""Ridge regression via the normal equations."""
n, p = X.shape
I = np.eye(p)
beta = np.linalg.solve(X.T @ X + lam * I, X.T @ y)
return beta

# Compare with sklearn
beta_scratch = ridge_fit(X_tr, y_train, lam=ridge_cv.alpha_)
beta_sklearn = Ridge(alpha=ridge_cv.alpha_).fit(X_tr, y_train).coef_
print(f"Max difference: {np.max(np.abs(beta_scratch -

beta_sklearn)):.2e}")↪→

Output

Max difference: 7.11e-15

4.7 Comparison Summary

Ridge vs. Lasso vs. Elastic Net

Ridge Lasso Elastic Net

Penalty λ ‖β‖22 λ ‖β‖1 λ[α ‖β‖1 +
1−α
2
‖β‖22]

Sparsity No Yes Yes
Closed-form Yes No No
Correlated features Shared weight One selected Group selected
Bayesian prior Gaussian Laplace Mixture
Max features (p > n) All ≤ n All

4.8 Exercises
Exercise 4.1 (Ridge Derivation). Starting from the Ridge objective, derive the closed-
form solution. Verify that the Hessian is positive definite for any λ > 0, even when X
does not have full column rank.
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Exercise 4.2 (SVD and Ridge Shrinkage). Let X = UDV ⊤ be the SVD of the centred
design matrix. Show that the Ridge fitted values are ŷ =

∑
j

d2j
d2j+λ

uju
⊤
j y. Plot the

shrinkage factors d2j/(d
2
j + λ) for several values of λ.

Exercise 4.3 (Soft Thresholding). Prove the soft-thresholding formula for the Lasso
with orthonormal design. Graph the mapping β̂OLS 7→ β̂Lasso and compare with the Ridge
shrinkage β̂Ridge = β̂OLS/(1 + λ).

Exercise 4.4 (Regularization Path Experiment). Using make_regression with p = 100
features (only 5 informative):

1. Plot Lasso and Ridge coefficient paths as λ varies.

2. Identify the Lasso λ at which only the informative features remain.

3. Use 10-fold CV to select the optimal λ and report test MSE.

Exercise 4.5 (Elastic Net Grouping Effect). Generate n = 100 observations with p = 3
features where X1 = X2 + ϵ (strong correlation) and X3 is independent. Fit Lasso and
Elastic Net. Show that Elastic Net assigns similar weights to X1 and X2 while Lasso
arbitrarily selects one.

Exercise 4.6 (Bayesian Regularization). Derive the MAP estimator under the prior
βj ∼ Laplace(0, b) and likelihood y|X,β ∼ N (Xβ, σ2I). Express the regularization
parameter λ in terms of b and σ2.

Exercise 4.7 (Effective Degrees of Freedom). Show that the effective degrees of freedom
of Ridge regression, df(λ) = tr(Hλ) where Hλ = X(X⊤X + λI)−1X⊤, satisfies df(λ) =∑

j d
2
j/(d

2
j + λ). Verify that df(0) = p and df(λ)→ 0 as λ→∞.
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Chapter 5

Support Vector Machines

Chapter Overview

Support Vector Machines find the hyperplane that separates classes with the largest
margin. This geometric principle leads to a convex optimisation problem with
strong theoretical guarantees. This chapter derives the hard-margin and soft-margin
formulations, introduces the dual problem and KKT conditions, and presents the
kernel trick for nonlinear classification.

5.1 Maximum Margin Classifier
5.1.1 Setup and Geometric Motivation
Definition 5.1 (Linear Classifier). Given training data {(xi, yi)}ni=1 with xi ∈ Rp and
yi ∈ {−1,+1}, a linear classifier predicts

ŷ = sign(w⊤x+ b),

where w ∈ Rp is the weight vector and b ∈ R the bias.

Definition 5.2 (Functional and Geometric Margin). The functional margin of sample
(xi, yi) is γ̂i = yi(w

⊤xi + b). The geometric margin is the signed distance to the hyper-
plane:

γi =
yi(w

⊤xi + b)

‖w‖
.

The margin of the dataset is γ = mini γi. A positive functional margin indicates correct
classification.

Lemma 5.3 (Distance to a Hyperplane). For a hyperplane H = {x : w⊤x+ b = 0}, the
Euclidean distance from any point x0 to H is

d(x0, H) =
|w⊤x0 + b|
‖w‖

.

Proof. Any point on the hyperplane satisfies w⊤x+ b = 0. The projection of x0 onto H

along the normal w/ ‖w‖ gives x0−w⊤x0+b
∥w∥2 w. The distance is

∥∥∥w⊤x0+b
∥w∥2 w

∥∥∥ = |w⊤x0+b|
∥w∥ .

37



CHAPTER 5. SUPPORT VECTOR MACHINESCHAPTER 5. SUPPORT VECTOR MACHINES

2
∥w∥

+

+

+
+

+

+

−

−

−

−

−

−
w

y = +1

y = −1

Support Vectors

5.2 Hard-Margin SVM
Definition 5.4 (Hard-Margin Primal Problem). Assuming the data is linearly separable,
the maximum-margin hyperplane solves

min
w,b

1

2
‖w‖2 s.t. yi(w

⊤xi + b) ≥ 1, i = 1, . . . , n.

Theorem 5.5 (Margin Width). The margin of the optimal hyperplane is γ∗ = 2
∥w∗∥ .

The constraints yi(w
⊤xi + b) ≥ 1 normalise the functional margin to 1, so the geometric

margin equals 1/ ‖w‖ on each side.

Remark 5.6. Maximising 2
∥w∥ is equivalent to minimising 1

2
‖w‖2, which is a convex

quadratic objective with linear constraints — a Quadratic Program (QP). The 1
2

is for
algebraic convenience and does not affect the solution.

Proposition 5.7 (Uniqueness). Since the objective is strictly convex and the constraints
are linear (hence convex), the hard-margin SVM has a unique solution (w∗, b∗) whenever
the feasible set is non-empty (data is linearly separable).

5.3 Soft-Margin SVM
Definition 5.8 (Soft-Margin Primal Problem). When data is not perfectly separable,
introduce slack variables ξi ≥ 0:

min
w,b,ξ

1

2
‖w‖2 + C

n∑
i=1

ξi s.t.
{
yi(w

⊤xi + b) ≥ 1− ξi,

ξi ≥ 0, i = 1, . . . , n.

The parameter C > 0 trades off margin width against training errors.

Proposition 5.9 (Interpretation of ξi). • ξi = 0: point i is correctly classified and
outside the margin.

• 0 < ξi < 1: correctly classified but inside the margin.
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• ξi = 1: on the decision boundary.

• ξi > 1: misclassified.
The sum

∑
i ξi is an upper bound on the number of training errors.

Role of C

C → ∞ recovers the hard-margin SVM (no violations allowed). Small C permits
more margin violations, producing a wider margin but more misclassifications. The
optimal C is typically selected via cross-validation over a logarithmic grid (e.g.
C ∈ {10−3, 10−2, . . . , 103}).

Proposition 5.10 (Hinge Loss Formulation). The soft-margin SVM is equivalent to the
unconstrained problem

min
w,b

1

2
‖w‖2 + C

n∑
i=1

max
(
0, 1− yi(w

⊤xi + b)
)
,

where ℓhinge(z) = max(0, 1− z) is the hinge loss.

5.4 Dual Formulation and KKT Conditions
5.4.1 Lagrangian and Dual
Theorem 5.11 (Dual Problem of the Soft-Margin SVM). The Lagrangian dual of the
soft-margin SVM is

max
α

n∑
i=1

αi −
1

2

∑
i,j

αiαjyiyj〈xi,xj〉 s.t.
{
0 ≤ αi ≤ C, ∀ i,∑n

i=1 αiyi = 0.

Proof. Form the Lagrangian with multipliers αi ≥ 0 (for the margin constraints) and
µi ≥ 0 (for ξi ≥ 0):

L =
1

2
‖w‖2 + C

∑
i

ξi −
∑
i

αi[yi(w
⊤xi + b)− 1 + ξi]−

∑
i

µiξi.

Setting partial derivatives to zero:
∂L
∂w

= w −
∑
i

αiyixi = 0 =⇒ w =
∑
i

αiyixi, (5.1)

∂L
∂b

= −
∑
i

αiyi = 0, (5.2)

∂L
∂ξi

= C − αi − µi = 0 =⇒ αi ≤ C. (5.3)

Substituting (5.1)–(5.3) back into L eliminates w, b, and ξ:

L =
1

2

∑
i,j

αiαjyiyj〈xi,xj〉 −
∑
i,j

αiαjyiyj〈xi,xj〉+
∑
i

αi

=
∑
i

αi −
1

2

∑
i,j

αiαjyiyj〈xi,xj〉,

yielding the dual objective.
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Remark 5.12. The dual problem is a concave QP with box constraints (0 ≤ αi ≤ C) and
one linear equality constraint (

∑
αiyi = 0). The SMO (Sequential Minimal Optimisation)

algorithm by Platt (1998) solves it efficiently by iteratively optimising pairs of αi values.

5.4.2 KKT Conditions
Theorem 5.13 (KKT Conditions for SVM). At optimality, the following conditions hold
for all i:

1. Primal feasibility: yi(w
⊤xi + b) ≥ 1− ξi, ξi ≥ 0.

2. Dual feasibility: 0 ≤ αi ≤ C.

3. Complementary slackness:

αi[yi(w
⊤xi + b)− 1 + ξi] = 0, (C − αi)ξi = 0.

4. Stationarity: w =
∑

i αiyixi and
∑

i αiyi = 0.

Proposition 5.14 (Classification of Training Points via KKT). The KKT conditions
partition training points into three categories:

• αi = 0: non-support vector, lies outside the margin, ξi = 0.

• 0 < αi < C: support vector on the margin, ξi = 0, yi(w⊤xi + b) = 1.

• αi = C: support vector inside or on wrong side of margin, ξi > 0.

Proposition 5.15 (Support Vectors). A training point (xi, yi) is a support vector if and
only if αi > 0. The optimal w depends only on support vectors via w =

∑
i:αi>0 αiyixi.

Proposition 5.16 (Recovery of b). For any support vector with 0 < αi < C (so ξi = 0
by the second complementary slackness condition):

b = yi −w⊤xi = yi −
∑

j:αj>0

αjyj〈xj,xi〉.

In practice, average over all such support vectors for numerical stability.

5.5 Kernel Trick — Introduction
Definition 5.17 (Kernel Function). A function K : Rp ×Rp → R is a (positive definite)
kernel if there exists a feature map ϕ : Rp → H into a Hilbert space such that

K(x,x′) = 〈ϕ(x), ϕ(x′)〉H.

Theorem 5.18 (Kernelised SVM). In the dual, the data appear only via inner prod-
ucts 〈xi,xj〉. Replacing these by K(xi,xj) implicitly maps data to a higher-dimensional
(possibly infinite) space without ever computing ϕ(x). The decision function becomes

f(x) =
n∑

i=1

αiyiK(xi,x) + b.
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Example 5.19 (Common Kernels). • Linear: K(x,x′) = x⊤x′.

• Polynomial: K(x,x′) = (x⊤x′ + c)d, c ≥ 0, d ∈ N.

• RBF (Gaussian): K(x,x′) = exp
(
−γ ‖x− x′‖2

)
, γ = 1

2σ2 > 0.

• Sigmoid: K(x,x′) = tanh(κx⊤x′ + c) (valid only for certain κ, c).

Lemma 5.20 (Mercer’s Condition). A continuous symmetric function K is a valid kernel
if and only if the Gram matrix [K(xi,xj)]i,j is positive semi-definite for any finite set
{x1, . . . ,xn}.

Proposition 5.21 (RBF Feature Space). The RBF kernel corresponds to an infinite-
dimensional feature map. Its Taylor expansion e−γ∥x−x′∥2 = e−γ∥x∥2e−γ∥x′∥2 ∑∞

k=0
(2γ)k

k!
(x⊤x′)k

shows it is a weighted sum of polynomial kernels of all degrees.

Choosing the Kernel

• Start with a linear kernel; it is fast and interpretable.

• Use RBF when the decision boundary is nonlinear; tune γ = 1/(2σ2) and C
via grid search.

• Polynomial kernels are useful when feature interactions of a known degree
matter.

• Always standardise features before training an SVM.

• scikit-learn default for SVC: RBF kernel with γ = 1/(p · Var(X))
(gamma='scale').

5.6 Implementation in Python
5.6.1 SVM with scikit-learn

SVM Classification with scikit-learn

import numpy as np
from sklearn.datasets import make_classification
from sklearn.model_selection import train_test_split, GridSearchCV
from sklearn.preprocessing import StandardScaler
from sklearn.svm import SVC
from sklearn.metrics import accuracy_score, classification_report

X, y = make_classification(n_samples=300, n_features=2,
n_redundant=0, n_clusters_per_class=1,
random_state=42)

X_train, X_test, y_train, y_test = train_test_split(
X, y, test_size=0.3, random_state=42)

scaler = StandardScaler().fit(X_train)
X_tr = scaler.transform(X_train)
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X_te = scaler.transform(X_test)

# Grid search over C and kernel
param_grid = {

"C": [0.1, 1, 10, 100],
"kernel": ["linear", "rbf"],
"gamma": ["scale", "auto"],

}
grid = GridSearchCV(SVC(), param_grid, cv=5, scoring="accuracy")
grid.fit(X_tr, y_train)

print(f"Best params: {grid.best_params_}")
print(f"CV accuracy: {grid.best_score_:.3f}")
print(f"Test accuracy: {accuracy_score(y_test, grid.predict(X_te)):.3f}")

# Number of support vectors
best_svm = grid.best_estimator_
print(f"Support vectors per class: {best_svm.n_support_}")
print(f"Total support vectors: {sum(best_svm.n_support_)} /

{len(y_train)}")↪→

Output

Best params: {'C': 1, 'gamma': 'scale', 'kernel': 'rbf'}
CV accuracy: 0.919
Test accuracy: 0.922
Support vectors per class: [32 35]
Total support vectors: 67 / 210

5.6.2 SVM from Scratch (Simplified)

Soft-Margin SVM via Subgradient Descent

import numpy as np

def svm_sgd(X, y, C=1.0, eta0=0.01, n_iter=1000):
"""Train a linear SVM using subgradient descent on the
primal hinge loss: (1/2)||w||^2 + C * sum max(0, 1-y_i(w.x_i+b))."""
n, p = X.shape
w = np.zeros(p)
b = 0.0
for t in range(1, n_iter + 1):

eta = eta0 / t # decaying learning rate
for i in range(n):

margin = y[i] * (X[i] @ w + b)
if margin < 1:

w -= eta * (w - C * y[i] * X[i])
b += eta * C * y[i]

42



CHAPTER 5. SUPPORT VECTOR MACHINES5.6. IMPLEMENTATION IN PYTHON

else:
w -= eta * w

return w, b

def svm_predict(X, w, b):
return np.sign(X @ w + b)

# Train and evaluate
y_train_svm = 2 * y_train - 1 # convert {0,1} -> {-1,+1}
y_test_svm = 2 * y_test - 1

w, b = svm_sgd(X_tr, y_train_svm, C=1.0, eta0=0.01, n_iter=500)
preds = svm_predict(X_te, w, b)
acc = np.mean(preds == y_test_svm)
print(f"From-scratch SVM accuracy: {acc:.3f}")

Output

From-scratch SVM accuracy: 0.911

Visualising Decision Boundary

import matplotlib.pyplot as plt

def plot_svm_boundary(clf, X, y, ax, title):
h = 0.02
x_min, x_max = X[:, 0].min() - 0.5, X[:, 0].max() + 0.5
y_min, y_max = X[:, 1].min() - 0.5, X[:, 1].max() + 0.5
xx, yy = np.meshgrid(np.arange(x_min, x_max, h),

np.arange(y_min, y_max, h))
Z = clf.predict(np.c_[xx.ravel(), yy.ravel()])
Z = Z.reshape(xx.shape)
ax.contourf(xx, yy, Z, alpha=0.3, cmap="coolwarm")
ax.scatter(X[:, 0], X[:, 1], c=y, cmap="coolwarm",

edgecolors="k", s=20)
ax.set_title(title)

fig, axes = plt.subplots(1, 2, figsize=(10, 4))
for ax, kernel in zip(axes, ["linear", "rbf"]):

clf = SVC(kernel=kernel, C=1).fit(X_tr, y_train)
plot_svm_boundary(clf, X_tr, y_train, ax, f"SVM ({kernel})")

plt.tight_layout()
plt.savefig("svm_boundaries.pdf")
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5.7 Exercises
Exercise 5.1 (Margin Derivation). Show that for a hyperplane w⊤x+b = 0, the distance
from a point x0 to the hyperplane is |w⊤x0+b|

∥w∥ . Use this to prove that the margin width is
2

∥w∥ when the closest points satisfy yi(w
⊤xi + b) = 1.

Exercise 5.2 (Dual Derivation). Starting from the hard-margin Lagrangian L = 1
2
‖w‖2−∑

i αi[yi(w
⊤xi + b)− 1], derive the dual problem step by step. Show that strong duality

holds (Slater’s condition is satisfied when the data is separable).

Exercise 5.3 (KKT Analysis). Consider a trained SVM with n = 5 training points.
Suppose α = (0, 0.8, 0, 1.5, 0) with C = 2. Determine which points are support vectors,
which are on the margin, and which are margin violators. What are the values of ξi for
each point?

Exercise 5.4 (Kernel Computation). Show that the polynomial kernel K(x,x′) = (1 +
x⊤x′)2 in R2 corresponds to the feature map ϕ(x1, x2) = (1,

√
2x1,
√
2x2, x

2
1, x

2
2,
√
2x1x2)

⊤.
Verify by computing both K and 〈ϕ(x), ϕ(x′)〉 for specific vectors.

Exercise 5.5 (RBF Kernel SVM). Using make_moons(noise=0.3):

1. Train SVMs with linear and RBF kernels and plot decision boundaries.

2. Perform a grid search over C ∈ {0.1, 1, 10, 100} and γ ∈ {0.01, 0.1, 1, 10} for the
RBF kernel.

3. Report the best parameters and test accuracy.

4. Discuss the effect of γ: what happens when γ is very large? Very small?

Exercise 5.6 (SVM vs. Logistic Regression). Prove that the SVM hinge loss max(0, 1−
y f(x)) upper bounds the 0-1 loss ⊮{y 6= sign(f(x))}. Compare the hinge loss with the
logistic loss log(1 + e−y f(x)) analytically and numerically. When might one prefer logistic
regression over SVM?

Exercise 5.7 (Number of Support Vectors). On the breast_cancer dataset, train a
linear SVM for C ∈ {10−3, 10−2, . . . , 103}. For each C, record the number of support
vectors and the test accuracy. Plot both quantities. What is the relationship between C,
the number of support vectors, and generalisation?

Chapter 5 Summary

• Primal (soft): min 1
2
‖w‖2 + C

∑
ξi s.t. yi(w⊤xi + b) ≥ 1− ξi

• Hinge loss: min 1
2
‖w‖2 + C

∑
max(0, 1− yif(xi))

• Dual: max
∑

αi − 1
2

∑
i,j αiαjyiyjK(xi,xj) s.t. 0 ≤ αi ≤ C

• Decision: f(x) =
∑

i αiyiK(xi,x) + b

• KKT: αi[yif(xi)− 1 + ξi] = 0, (C − αi)ξi = 0

• Common kernels: Linear, Polynomial (x⊤x′ + c)d, RBF e−γ∥x−x′∥2
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Chapter 6

Decision Trees

Chapter Overview

Decision trees partition the feature space into axis-aligned regions via a sequence
of binary splits. They are interpretable, handle mixed data types, and require no
feature scaling. This chapter derives the splitting criteria (entropy, Gini, variance
reduction), presents the CART algorithm, discusses pruning, and covers regression
trees.

6.1 CART Algorithm
Definition 6.1 (Decision Tree). A decision tree is a function T : Rp → Y defined by
a binary tree where each internal node tests a condition xj ≤ t for some feature j and
threshold t, and each leaf assigns a prediction ŷ.

CART (Classification and Regression Trees)

1. Start with the full dataset at the root node.

2. For each node, find the best split (j∗, t∗):

(j∗, t∗) = arg min
j,t

[nL

n
Q(RL) +

nR

n
Q(RR)

]
,

where RL = {i : xij ≤ t}, RR = {i : xij > t}, and Q is an impurity measure.

3. Create two child nodes with the subsets RL and RR.

4. Recurse on each child until a stopping criterion is met (max depth, min sam-
ples, or pure node).

5. Assign to each leaf the majority class (classification) or mean target (regres-
sion).

Remark 6.2. CART uses greedy top-down splitting. Finding the globally optimal tree is
NP-hard, so the greedy heuristic is standard. Each split considers all p features and O(n)
thresholds, giving O(np) cost per node.

Proposition 6.3 (Computational Complexity). Building a full binary tree has depth
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O(logn) to O(n). At each level, all n samples are scanned across p features. Sorting-
based splitting achieves O(np logn) time per level and O(np log2 n) overall for balanced
trees. The space complexity is O(n+ |T |) where |T | is the number of nodes.

6.2 Splitting Criteria for Classification

6.2.1 Entropy and Information Gain
Definition 6.4 (Shannon Entropy). For a node with class proportions p̂k = nk

n
, k =

1, . . . , K, the entropy is

H = −
K∑
k=1

p̂k log2 p̂k,

with the convention 0 log 0 = 0. Entropy is maximised when all classes are equally likely
(H = log2 K) and minimised at H = 0 for a pure node.

Theorem 6.5 (Entropy Bounds). For K classes: 0 ≤ H ≤ log2 K. Equality on the left
holds iff one p̂k = 1; on the right iff p̂k = 1/K for all k.

Proof. Non-negativity follows from p̂k ∈ [0, 1] so −p̂k log2 p̂k ≥ 0. The upper bound
follows from Jensen’s inequality applied to the concave function f(x) = −x log2 x:

H =
∑
k

f(p̂k) ≤ K · f
(

1

K

)
= K · 1

K
log2 K = log2 K.

Alternatively, H ≤ log2 K is equivalent to DKL(p̂ ‖Uniform) ≥ 0.

Definition 6.6 (Information Gain). The information gain from splitting a node S into
subsets SL and SR is

IG(S, j, t) = H(S)− |SL|
|S|

H(SL)−
|SR|
|S|

H(SR).

CART selects the split (j∗, t∗) that maximises IG.

Proposition 6.7 (Non-Negativity of Information Gain). IG(S, j, t) ≥ 0 for all splits,
with equality iff the class distribution is identical in SL and SR. This follows from the
concavity of entropy (Jensen’s inequality).

Example 6.8 (Computing Information Gain). Consider a node with 20 samples: 12
positive, 8 negative. Entropy: H = −12

20
log2

12
20
− 8

20
log2

8
20
≈ 0.971.

A split sends 10 positive and 2 negative to the left (nL = 12), and 2 positive and 6
negative to the right (nR = 8):

H(SL) = −10
12

log2
10
12
− 2

12
log2

2
12
≈ 0.650,

H(SR) = −2
8

log2
2
8
− 6

8
log2

6
8
≈ 0.811,

IG = 0.971− 12
20
(0.650)− 8

20
(0.811) ≈ 0.256.
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6.2.2 Gini Impurity
Definition 6.9 (Gini Impurity).

G =
K∑
k=1

p̂k(1− p̂k) = 1−
K∑
k=1

p̂2k.

Proposition 6.10 (Gini Properties). For K classes: 0 ≤ G ≤ 1−1/K. Gini measures the
probability that two randomly drawn samples from the node belong to different classes.
For binary classification (K = 2), G = 2p̂(1− p̂).

Theorem 6.11 (Relationship Between Entropy and Gini). For binary classification with
p̂1 = p, both H(p) = −p log2 p − (1 − p) log2(1 − p) and G(p) = 2p(1 − p) are concave,
symmetric around p = 0.5, and zero at p ∈ {0, 1}. A second-order Taylor expansion of H
around p = 0.5 gives H ≈ 1− 2

ln 2
(p− 0.5)2, which is close to 1

ln 2
G after rescaling.

Entropy vs. Gini

• In practice, they produce very similar trees (disagreement in < 2% of cases).

• Gini is slightly faster to compute (no logarithm).

• Entropy tends to produce slightly more balanced splits.

• scikit-learn defaults to Gini (criterion="gini").

6.2.3 Comparison of Impurity Measures

p

Impurity

Gini

Entropy
Misclass.

0.5 1

Remark 6.12. The misclassification error 1−maxk p̂k is not differentiable and not strictly
concave, making it unsuitable for greedy splitting (it cannot distinguish between splits
that improve purity at different rates). However, it is a valid metric for evaluating the
final tree.

6.3 Regression Trees
Definition 6.13 (Regression Tree Impurity). For regression, the impurity of a node R is
the variance of the target values:

Q(R) =
1

|R|
∑
i∈R

(yi − ȳR)
2, ȳR =

1

|R|
∑
i∈R

yi.

The prediction at each leaf is ŷ = ȳR, the mean of the training targets in that region.
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Proposition 6.14 (Optimal Constant Prediction). For squared loss, the constant c min-
imising

∑
i∈R(yi − c)2 is c = ȳR. This justifies the use of the mean as the leaf prediction.

Theorem 6.15 (Variance Reduction). The reduction in impurity for a split is

∆Q = Q(R)− |RL|
|R|

Q(RL)−
|RR|
|R|

Q(RR) =
|RL| · |RR|
|R|2

(ȳRL
− ȳRR

)2.

The split maximising ∆Q separates the node into subsets with maximally different means.

Proof. Expand Q(R) = 1
|R|

∑
i y

2
i − ȳ2R and apply the same decomposition to Q(RL) and

Q(RR). Using ȳR = |RL|
|R| ȳRL

+ |RR|
|R| ȳRR

, algebraic simplification yields the stated result.

Remark 6.16. The variance reduction formula shows that regression tree splits are equiv-
alent to finding the split that maximises the between-group sum of squares, analogous to
a one-way ANOVA.

6.4 Pruning
Definition 6.17 (Cost-Complexity Pruning). Define the cost-complexity criterion for a
subtree T of the full tree T0:

Cα(T ) =

|T |∑
m=1

∑
i∈Rm

(yi − ŷRm)
2 + α |T |,

where |T | is the number of leaves and α ≥ 0 controls the trade-off between fit and
complexity. For each α, there is a unique smallest subtree Tα minimising Cα.

Minimal Cost-Complexity Pruning

1. Grow the full tree T0 (no stopping criterion other than pure leaves or minimum
node size).

2. For increasing α, compute the sequence of subtrees T0 ⊇ T1 ⊇ · · · ⊇ {root}
by weakest-link cutting: repeatedly remove the internal node whose removal
increases the training error the least per removed leaf.

3. Select α∗ via K-fold cross-validation.

4. Return Tα∗ .

Proposition 6.18 (Weakest Link Cutting). For an internal node t with subtree Tt, define
the effective α at which pruning t becomes worthwhile:

g(t) =
R(t)−R(Tt)

|Tt| − 1
,

where R(t) is the impurity of node t treated as a leaf and R(Tt) =
∑

m∈leaves(Tt)
R(m). At

each step, prune the node with the smallest g(t).

48



CHAPTER 6. DECISION TREES 6.5. ADVANTAGES AND LIMITATIONS

Overfitting Without Pruning

An unpruned tree can achieve zero training error by creating one leaf per train-
ing sample. This memorises the data and yields poor generalisation. Control-
ling tree depth, minimum samples per leaf, or post-hoc pruning are essential.
Common hyperparameters: max_depth, min_samples_split, min_samples_leaf,
max_leaf_nodes, ccp_alpha.

6.5 Advantages and Limitations

Strengths and Weaknesses of Decision Trees

Strengths:

• Highly interpretable (“white box” model).

• Handle numerical and categorical features without preprocessing.

• Invariant to monotone transformations of features (no need for standardisa-
tion).

• Capture non-linear relationships and interactions automatically.

• Fast training and prediction.

Weaknesses:

• High variance: small changes in data can produce very different trees.

• Axis-aligned splits cannot efficiently represent diagonal boundaries.

• Prone to overfitting without regularization (pruning).

• Greedy construction does not guarantee global optimality.

These weaknesses motivate ensemble methods (bagging, random forests, boosting).

6.6 Tree Diagram

x1 ≤ 3.5?

x2 ≤ 1.2?

Class A
n = 25

Yes

Class B
n = 12

No

Yes

x3 ≤ 0.8?

Class B
n = 18

Yes

Class A
n = 15

No

No
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6.7 Implementation in Python

Decision Tree Classification with scikit-learn

import numpy as np
from sklearn.datasets import load_iris
from sklearn.model_selection import train_test_split, cross_val_score
from sklearn.tree import DecisionTreeClassifier, export_text, plot_tree
from sklearn.metrics import accuracy_score
import matplotlib.pyplot as plt

X, y = load_iris(return_X_y=True)
feature_names = load_iris().feature_names
X_train, X_test, y_train, y_test = train_test_split(

X, y, test_size=0.3, random_state=42)

# Train with default settings (no pruning)
tree_full = DecisionTreeClassifier(random_state=42)
tree_full.fit(X_train, y_train)
print(f"Full tree depth: {tree_full.get_depth()}")
print(f"Full tree leaves: {tree_full.get_n_leaves()}")
print(f"Train acc: {tree_full.score(X_train, y_train):.3f}")
print(f"Test acc: {tree_full.score(X_test, y_test):.3f}")

# Train with pruning constraints
tree_pruned = DecisionTreeClassifier(

max_depth=3, min_samples_leaf=5, random_state=42)
tree_pruned.fit(X_train, y_train)
print(f"\nPruned tree depth: {tree_pruned.get_depth()}")
print(f"Pruned test acc: {tree_pruned.score(X_test, y_test):.3f}")

# Print tree rules
print("\nTree rules:")
print(export_text(tree_pruned, feature_names=feature_names))

Output

Full tree depth: 5
Full tree leaves: 9
Train acc: 1.000
Test acc: 0.956

Pruned tree depth: 3
Pruned test acc: 0.956

Tree rules:
|--- petal length (cm) <= 2.45
| |--- class: 0
|--- petal length (cm) > 2.45
| |--- petal width (cm) <= 1.75
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| | |--- petal length (cm) <= 4.95
| | | |--- class: 1
| | |--- petal length (cm) > 4.95
| | | |--- class: 2
| |--- petal width (cm) > 1.75
| | |--- class: 2

Cost-Complexity Pruning Path

# Find optimal alpha via cost-complexity pruning
path = tree_full.cost_complexity_pruning_path(X_train, y_train)
ccp_alphas = path.ccp_alphas

# Train a tree for each alpha and evaluate via CV
cv_scores = []
for alpha in ccp_alphas:

clf = DecisionTreeClassifier(ccp_alpha=alpha, random_state=42)
scores = cross_val_score(clf, X_train, y_train, cv=5)
cv_scores.append(scores.mean())

best_idx = np.argmax(cv_scores)
best_alpha = ccp_alphas[best_idx]
print(f"Best ccp_alpha: {best_alpha:.5f}")
print(f"Best CV accuracy: {cv_scores[best_idx]:.3f}")

# Final model
tree_ccp = DecisionTreeClassifier(

ccp_alpha=best_alpha, random_state=42)
tree_ccp.fit(X_train, y_train)
print(f"Test accuracy: {tree_ccp.score(X_test, y_test):.3f}")
print(f"Number of leaves: {tree_ccp.get_n_leaves()}")

Visualising the Tree

fig, ax = plt.subplots(figsize=(14, 6))
plot_tree(tree_ccp, feature_names=feature_names,

class_names=load_iris().target_names,
filled=True, rounded=True, ax=ax,
fontsize=9)

ax.set_title("Cost-Complexity Pruned Decision Tree")
plt.tight_layout()
plt.savefig("decision_tree_plot.pdf")

Regression Tree

from sklearn.tree import DecisionTreeRegressor
from sklearn.metrics import mean_squared_error
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# Synthetic 1D regression data
np.random.seed(42)
X_reg = np.sort(5 * np.random.rand(200, 1), axis=0)
y_reg = np.sin(X_reg.ravel()) + np.random.randn(200) * 0.2

# Fit trees of different depths
fig, axes = plt.subplots(1, 3, figsize=(14, 4))
for ax, depth in zip(axes, [2, 5, 15]):

reg = DecisionTreeRegressor(max_depth=depth, random_state=42)
reg.fit(X_reg, y_reg)
X_plot = np.linspace(0, 5, 500).reshape(-1, 1)
ax.scatter(X_reg, y_reg, s=10, alpha=0.5, label="Data")
ax.plot(X_plot, reg.predict(X_plot), "r-", lw=2,

label=f"depth={depth}")
mse = mean_squared_error(y_reg, reg.predict(X_reg))
ax.set_title(f"Depth {depth}, Train MSE={mse:.3f}")
ax.legend()

plt.tight_layout()
plt.savefig("regression_trees.pdf")

Feature Importance

# Feature importance from the pruned tree
importances = tree_ccp.feature_importances_
for name, imp in zip(feature_names, importances):

print(f" {name:25s}: {imp:.4f}")

# Bar plot
fig, ax = plt.subplots(figsize=(6, 3))
ax.barh(feature_names, importances, color="steelblue")
ax.set_xlabel("Feature Importance (Gini)")
ax.set_title("Decision Tree Feature Importances")
plt.tight_layout()
plt.savefig("tree_importances.pdf")

Output

sepal length (cm) : 0.0000
sepal width (cm) : 0.0000
petal length (cm) : 0.4484
petal width (cm) : 0.5516

6.8 Exercises
Exercise 6.1 (Entropy Computation). A node contains 30 samples: 10 from class A, 12
from class B, 8 from class C. Compute the entropy and Gini impurity. A split sends the
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10 A samples and 2 B samples to the left child, and the remaining to the right. Compute
the information gain.

Exercise 6.2 (Gini Derivation). Prove that for binary classification, the split threshold t∗

that minimises the weighted Gini impurity satisfies a condition involving the cumulative
class frequencies. Show that the optimal split can be found in O(n logn) time by sorting
the feature values once and scanning.

Exercise 6.3 (Regression Tree by Hand). Given the dataset {(1, 2.1), (2, 3.8), (3, 4.2), (4, 8.1), (5, 7.9), (6, 9.5)},
build a regression tree of depth 2 by hand. At each node, enumerate all possible splits,
compute the variance reduction, and select the best.

Exercise 6.4 (Pruning Experiment). Using the breast_cancer dataset:

1. Train a full (unpruned) decision tree. Report depth, number of leaves, train/test
accuracy.

2. Plot CV accuracy versus ccp_alpha.

3. Select the optimal α and compare the pruned tree with the full tree.

4. Compare the number of features used by each tree.

Exercise 6.5 (Instability of Trees). Decision trees are known for high variance. Generate
10 bootstrap samples from the Iris dataset. Train a decision tree on each and compare the
selected root split. How often does it change? Discuss how ensemble methods (bagging,
random forests) address this issue.

Exercise 6.6 (Feature Importance). scikit-learn computes feature importance as the total
reduction in impurity brought by each feature. Formally, for feature j:

Imp(j) =
∑

t∈T : j(t)=j

nt

n
∆Q(t),

where the sum is over all nodes t that split on feature j. Train a tree on the Iris dataset,
extract feature_importances_, and verify the formula by computing it manually from
the tree structure using tree_ attributes.

Exercise 6.7 (Comparison with Other Models). On the wine dataset, compare a decision
tree with logistic regression and k-NN:

1. Report 5-fold CV accuracy for each method.

2. For the decision tree, find the optimal max_depth via CV.

3. Discuss the interpretability–performance trade-off.

Chapter 6 Summary

• Entropy: H = −
∑

k p̂k log2 p̂k

• Gini: G = 1−
∑

k p̂
2
k

• Info Gain: IG = H(S)− |SL|
|S| H(SL)− |SR|

|S| H(SR)

53



CHAPTER 6. DECISION TREES CHAPTER 6. DECISION TREES

• Regression impurity: Q(R) = 1
|R|

∑
i∈R(yi − ȳR)

2

• Variance reduction: ∆Q = nLnR

n2 (ȳL − ȳR)
2

• Cost-complexity: Cα(T ) =
∑

m RSSm + α|T |

• CART: Greedy, top-down, binary splits; O(np logn) per level
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Chapter 7

Ensemble Methods

Why Combine Models?

A single decision tree is a high-variance estimator: small perturbations of the train-
ing set can lead to radically different trees. By aggregating many such estimators,
we can dramatically reduce variance while preserving (or even improving) predic-
tive accuracy. This chapter formalises that intuition and develops the two great
families of ensembles: bagging and boosting.

7.1 Bias–Variance Decomposition for Ensembles
Theorem 7.1 (Variance Reduction by Averaging). Let f1, . . . , fB be B estimators, each
with E[fb(x)] = µ(x), Var[fb(x)] = σ2, and pairwise correlation ρ. Define the ensemble
prediction

f̄(x) =
1

B

B∑
b=1

fb(x).

Then
Var[f̄(x)] = ρ σ2 +

1− ρ

B
σ2.

Proof.

Var
[ 1
B

∑
b

fb

]
=

1

B2

[∑
b

Var[fb]+
∑
b ̸=b′

Cov(fb, fb′)
]
=

1

B2

[
Bσ2+B(B−1)ρσ2

]
= ρσ2+

1− ρ

B
σ2.

Remark 7.2. As B → ∞, Var[f̄ ] → ρσ2. The irreducible term ρσ2 vanishes only if the
base learners are uncorrelated (ρ = 0). Bagging and random forests are precisely designed
to reduce ρ.

7.2 Bagging (Bootstrap Aggregating)
Definition 7.3 (Bootstrap Sample). Given a datasetD = {(xi, yi)}ni=1, a bootstrap sample
D∗b is obtained by drawing n observations uniformly with replacement from D.
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Bagging

1. For b = 1, . . . , B:

(a) Draw bootstrap sample D∗b from D.
(b) Fit base learner f̂b on D∗b.

2. Aggregate:

f̂bag(x) =

{
1
B

∑B
b=1 f̂b(x) (regression),

arg maxk

∑B
b=1 ⊮{f̂b(x) = k} (classification).

Proposition 7.4 (Out-of-Bag Probability). The probability that observation i is not
selected in a particular bootstrap sample is(

1− 1

n

)n n→∞−−−→ e−1 ≈ 0.368.

Hence roughly 36.8% of observations are left out of each bootstrap sample.

7.3 Random Forests
Definition 7.5 (Random Forest). A random forest is a bagged ensemble of decision
trees where, at each split, only a random subset of m features (out of p) is considered as
candidates. Typical defaults are m = b√pc (classification) and m = bp/3c (regression).

The feature subsampling further decorrelates the trees, reducing ρ in the variance
formula and hence reducing overall variance.

7.3.1 Out-of-Bag Error
Definition 7.6 (OOB Error). For each observation (xi, yi), the OOB prediction is the
aggregate prediction using only those trees b for which i /∈ D∗b:

f̂OOB(xi) =
1

|{b : i /∈ D∗b}|
∑

b: i/∈D∗b

f̂b(xi).

The OOB error is the average loss over all training observations evaluated via their OOB
predictions. It provides an unbiased estimate of generalisation error without a separate
validation set.

7.4 AdaBoost
Boosting builds the ensemble sequentially: each new learner focuses on the examples that
previous learners misclassified.
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D

D∗1

bootstrap

D∗2

bootstrap

D∗3

bootstrap

D∗4

bootstrap

Majority Vote / Average

Figure 7.1: Schematic of the bagging / random forest procedure.

AdaBoost (Binary Classification)

Input: Training set {(xi, yi)}ni=1, yi ∈ {−1,+1}; number of rounds T .
Initialise weights w

(1)
i = 1/n for all i.

For t = 1, . . . , T :

1. Fit weak learner ht to training data weighted by w(t).

2. Compute weighted error: ϵt =
∑n

i=1 w
(t)
i ⊮{ht(xi) 6= yi}.

3. Compute learner weight: αt =
1
2

ln
(
1−ϵt
ϵt

)
.

4. Update sample weights: w
(t+1)
i =

w
(t)
i exp(−αt yi ht(xi))

Zt
, where Zt is a normalisa-

tion constant.

Output: H(x) = sign
(∑T

t=1 αt ht(x)
)
.

Theorem 7.7 (AdaBoost Training Error Bound). The training error of the final classifier
satisfies

1

n

n∑
i=1

⊮{H(xi) 6= yi} ≤
T∏
t=1

Zt =
T∏
t=1

2
√

ϵt(1− ϵt).

Proof. For any misclassified example, yiH(xi) < 0, so ⊮{H(xi) 6= yi} ≤ exp(−yi
∑

t αtht(xi)).
Averaging over i and unrolling the weight updates gives

1

n

∑
i

exp
(
−yi

∑
t

αtht(xi)
)
=

T∏
t=1

Zt.

Each normalisation constant equals Zt = 2
√

ϵt(1− ϵt), which follows by direct computa-
tion of the partition function using the definition of αt.

Remark 7.8. The choice αt =
1
2

ln 1−ϵt
ϵt

is exactly the value that minimises Zt (and hence
the training error upper bound) at each round. This is derived by differentiating Zt with
respect to αt and setting the derivative to zero.
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7.5 Gradient Boosting

Definition 7.9 (Gradient Boosting). Gradient boosting builds an additive model FT (x) =∑T
t=1 γtht(x) by performing functional gradient descent in the space of functions. At round

t, the pseudo-residuals are

r
(t)
i = −∂L(yi, F (xi))

∂F (xi)

∣∣∣∣
F=Ft−1

,

and the next base learner ht is fitted to (xi, r
(t)
i )ni=1.

For squared loss L(y, F ) = 1
2
(y − F )2, the pseudo-residuals are simply r

(t)
i = yi −

Ft−1(xi), i.e. the actual residuals.

7.5.1 XGBoost and LightGBM

XGBoost Objective

At round t, XGBoost minimises a second-order approximation of the regularised
objective:

L̃(t) =
n∑

i=1

[
gi ht(xi) +

1
2
hi ht(xi)

2
]
+ Ω(ht),

where gi = ∂FL(yi, Ft−1(xi)), hi = ∂2
FL(yi, Ft−1(xi)), and Ω(h) = γ Tleaves +

λ
2

∑
j w

2
j is a regularisation term penalising tree complexity.

The optimal leaf weight for leaf j is:

w∗
j = −

∑
i∈Ij gi∑

i∈Ij hi + λ
,

and the corresponding gain for a candidate split is:

Gain =
1

2

[
(
∑

i∈IL gi)
2∑

i∈IL hi + λ
+

(
∑

i∈IR gi)
2∑

i∈IR hi + λ
−

(
∑

i∈Ij gi)
2∑

i∈Ij hi + λ

]
− γ.

XGBoost vs LightGBM

• XGBoost: level-wise tree growth; exact or approximate split finding via
quantile sketch.

• LightGBM: leaf-wise growth (best-first); Gradient-based One-Side Sampling
(GOSS) and Exclusive Feature Bundling (EFB) for speed on large datasets.

• Both support GPU training, early stopping, and built-in cross-validation.
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Bagging

Tree 1

Tree 2

Tree 3
...

Average
Parallel, in-
dependent

Boosting

h1

h2

h3...
Weighted Sum

residuals

residuals

Sequential,
adaptive

Figure 7.2: Bagging (parallel, reduces variance) vs Boosting (sequential, reduces bias).

Table 7.1: Summary of ensemble methods.
Method Strategy Main effect Base learner Risk
Bagging Parallel ↓ Variance Any (often trees) Low overfitting
Random Forest Parallel ↓↓ Variance Decorrelated trees Low overfitting
AdaBoost Sequential ↓ Bias Weak (stumps) Sensitive to noise
Gradient Boost Sequential ↓ Bias Regression trees Can overfit
XGBoost Sequential ↓ Bias Regularised trees Robust

7.6 Bagging vs Boosting: A Visual Comparison

7.7 Comparison of Ensemble Methods

7.8 Implementation in Python

Random Forest, AdaBoost, and Gradient Boosting with scikit-learn

import numpy as np
from sklearn.datasets import make_classification
from sklearn.model_selection import cross_val_score
from sklearn.ensemble import (

BaggingClassifier,
RandomForestClassifier,
AdaBoostClassifier,
GradientBoostingClassifier,

)
from sklearn.tree import DecisionTreeClassifier

# Generate synthetic data
X, y = make_classification(

n_samples=1000, n_features=20,
n_informative=10, random_state=42
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)

models = {
"Bagging (Trees)": BaggingClassifier(

estimator=DecisionTreeClassifier(),
n_estimators=100, random_state=42

),
"Random Forest": RandomForestClassifier(

n_estimators=100, max_features="sqrt", random_state=42
),
"AdaBoost": AdaBoostClassifier(

n_estimators=100, learning_rate=0.5, random_state=42
),
"Gradient Boosting": GradientBoostingClassifier(

n_estimators=200, learning_rate=0.1,
max_depth=3, random_state=42

),
}

for name, model in models.items():
scores = cross_val_score(model, X, y, cv=5, scoring="accuracy")
print(f"{name:25s} accuracy = {scores.mean():.4f} +/-

{scores.std():.4f}")↪→

Output

Bagging (Trees) accuracy = 0.9190 +/- 0.0222
Random Forest accuracy = 0.9320 +/- 0.0198
AdaBoost accuracy = 0.9090 +/- 0.0265
Gradient Boosting accuracy = 0.9410 +/- 0.0177

OOB Error and Feature Importance

# OOB error estimation (no separate validation set needed)
rf = RandomForestClassifier(

n_estimators=300, oob_score=True, random_state=42
)
rf.fit(X, y)
print(f"OOB accuracy: {rf.oob_score_:.4f}")

# Feature importances (mean decrease in impurity)
importances = rf.feature_importances_
indices = np.argsort(importances)[::-1]
print("\nTop 5 features:")
for rank, idx in enumerate(indices[:5], 1):

print(f" {rank}. Feature {idx}: importance =
{importances[idx]:.4f}")↪→
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XGBoost with Early Stopping

from sklearn.model_selection import train_test_split
from xgboost import XGBClassifier

X_train, X_test, y_train, y_test = train_test_split(
X, y, test_size=0.2, random_state=42

)

xgb = XGBClassifier(
n_estimators=500, learning_rate=0.05,
max_depth=4, reg_lambda=1.0, subsample=0.8,
colsample_bytree=0.8, early_stopping_rounds=20,
eval_metric="logloss", random_state=42

)
xgb.fit(

X_train, y_train,
eval_set=[(X_test, y_test)], verbose=False

)
print(f"Best iteration: {xgb.best_iteration}")
print(f"Test accuracy: {xgb.score(X_test, y_test):.4f}")

7.9 Exercises
Exercise 7.1 (Variance of Bagged Estimator). Let f1, . . . , fB be i.i.d. with variance
σ2. Show that the variance of their average is σ2/B. Now suppose they share pairwise
correlation ρ > 0; prove the formula Var[f̄ ] = ρσ2 + (1− ρ)σ2/B and interpret the limit
as B →∞.

Exercise 7.2 (AdaBoost Weight Update). Show that the choice αt =
1
2

ln 1−ϵt
ϵt

minimises
the normalisation constant Zt =

∑
i w

(t)
i exp(−αtyiht(xi)). Hint: Split the sum into

correctly and incorrectly classified subsets.

Exercise 7.3 (Random Forest vs Bagging). Using the make_classification dataset
above with p = 50 features, compare the 5-fold CV accuracy of BaggingClassifier (full
trees) and RandomForestClassifier for B ∈ {10, 50, 100, 200, 500}. Plot both curves.
At what B does each method plateau?

Exercise 7.4 (Gradient Boosting from Scratch). Implement gradient boosting for regres-
sion (squared loss) using DecisionTreeRegressor(max_depth=3) as the base learner.
Use a learning rate η = 0.1 and T = 100 rounds. Compare your implementation with
GradientBoostingRegressor on the Boston-style housing dataset.

Exercise 7.5 (Hyperparameter Tuning for XGBoost). Use RandomizedSearchCV to tune
the following XGBoost hyperparameters on a dataset of your choice: max_depth ∈ {3, . . . , 10},
learning_rate ∈ [0.01, 0.3], subsample ∈ [0.6, 1.0], colsample_bytree ∈ [0.6, 1.0],
n_estimators ∈ {100, . . . , 1000}. Report the best parameters and test set performance.
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Chapter 8

Unsupervised Learning — Clustering

Learning Without Labels

In unsupervised learning we are given only inputs {x1, . . . ,xn} ⊂ Rp with no target
variable. Clustering seeks to partition the data into groups of “similar” points. The
challenge is to formalise similarity and to determine the number of clusters without
ground-truth labels.

8.1 k-Means Clustering
8.1.1 Objective and Algorithm
Definition 8.1 (k-Means Objective). Given data {x1, . . . ,xn} ⊂ Rp and a number of
clusters k, the k-means objective is

J(C,µ) =
k∑

j=1

∑
i∈Cj

‖xi − µj‖2 ,

where C1, . . . , Ck is a partition of {1, . . . , n} and µj is the centroid of cluster Cj.

Lloyd’s Algorithm (k-Means)

1. Initialise centroids µ
(0)
1 , . . . ,µ

(0)
k (e.g. random selection from data).

2. Repeat until convergence:

(a) Assignment: C
(t)
j =

{
i : j = arg minℓ

∥∥∥xi − µ
(t−1)
ℓ

∥∥∥2}
.

(b) Update: µ
(t)
j = 1

|C(t)
j |

∑
i∈C(t)

j
xi.

Theorem 8.2 (Convergence of k-Means). Lloyd’s algorithm monotonically decreases the
objective J :

J (t+1) ≤ J (t),

with equality if and only if the algorithm has converged. Since there are finitely many
partitions, the algorithm terminates in a finite number of steps.
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Proof. The assignment step minimises J over partitions for fixed centroids (each point is
assigned to its nearest centroid). The update step minimises J over centroids for a fixed
partition (the mean minimises the sum of squared distances). Hence J is non-increasing
at each half-step. Since J ≥ 0 and the number of distinct partitions is finite, the algorithm
must converge.

Local Minima
The k-means objective is non-convex; Lloyd’s algorithm converges to a local mini-
mum that depends on the initialisation. In practice, the algorithm is run multiple
times with different random seeds, and the best solution (lowest J) is retained.

8.1.2 k-Means++ Initialisation
k-Means++

1. Choose µ1 uniformly at random from {x1, . . . ,xn}.

2. For j = 2, . . . , k: choose µj = xi with probability proportional to
minℓ<j ‖xi − µℓ‖2.

3. Run standard k-means with these initial centroids.

Theorem 8.3 (k-Means++ Guarantee). The k-means++ initialisation produces an ini-
tial clustering whose expected objective satisfies

E[Jinit] ≤ 8(ln k + 2) J∗,

where J∗ is the globally optimal k-means objective.

Iteration 1

µ1

µ2

Iteration 2

µ1

µ2

Converged

×
×

Figure 8.1: Illustration of k-means iterations with k = 2.

8.2 Gaussian Mixture Models and EM
Definition 8.4 (Gaussian Mixture Model). A Gaussian Mixture Model (GMM) assumes
the data is generated from a mixture of k Gaussian distributions:

p(x | θ) =
k∑

j=1

πj N (x | µj,Σj),

where πj ≥ 0,
∑

j πj = 1 are mixing coefficients, and θ = {(πj,µj,Σj)}kj=1.
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8.2.1 The EM Algorithm
The log-likelihood of the observed data is

ℓ(θ) =
n∑

i=1

ln
[

k∑
j=1

πj N (xi | µj,Σj)

]
,

which is intractable to maximise directly due to the logarithm of a sum.

Definition 8.5 (Responsibilities). The responsibility of component j for observation xi

is

γij =
πj N (xi | µj,Σj)∑k
ℓ=1 πℓN (xi | µℓ,Σℓ)

.

EM Algorithm for GMM

Initialise parameters θ(0). Repeat until convergence:
E-step: Compute responsibilities using current parameters:

γ
(t)
ij =

π
(t)
j N (xi | µ(t)

j ,Σ
(t)
j )∑k

ℓ=1 π
(t)
ℓ N (xi | µ(t)

ℓ ,Σ
(t)
ℓ )

.

M-step: Update parameters using responsibilities. Let Nj =
∑n

i=1 γ
(t)
ij :

µ
(t+1)
j =

1

Nj

n∑
i=1

γ
(t)
ij xi, (8.1)

Σ
(t+1)
j =

1

Nj

n∑
i=1

γ
(t)
ij (xi − µ

(t+1)
j )(xi − µ

(t+1)
j )⊤, (8.2)

π
(t+1)
j =

Nj

n
. (8.3)

Theorem 8.6 (EM Monotonicity). The EM algorithm monotonically increases the log-
likelihood:

ℓ(θ(t+1)) ≥ ℓ(θ(t)).

Proof. Define the complete-data log-likelihood ℓc(θ) =
∑

i

∑
j zij[ln πj+lnN (xi | µj,Σj)]

where zij are latent indicators. By Jensen’s inequality applied to the ELBO (Evidence
Lower Bound):

ℓ(θ) ≥
∑
i

∑
j

q(zij)
[
ln πj + lnN (xi | µj,Σj)− ln q(zij)

]
=: F(q, θ),

for any distribution q. The E-step sets q(zij) = γij, making the bound tight at θ(t). The
M-step maximises F over θ, so F(q(t),θ(t+1)) ≥ F(q(t),θ(t)) = ℓ(θ(t)). Since the ELBO is
a lower bound, ℓ(θ(t+1)) ≥ F(q(t),θ(t+1)) ≥ ℓ(θ(t)).
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8.3 DBSCAN
Definition 8.7 (DBSCAN). Given parameters ϵ > 0 and MinPts ∈ N:

• A point x is a core point if |Nϵ(x)| ≥ MinPts, where Nϵ(x) = {xi : ‖xi − x‖ ≤ ϵ}.

• A point x is density-reachable from x′ if there exists a chain of core points x =
p1,p2, . . . ,pm = x′ with pi+1 ∈ Nϵ(pi).

• A cluster is a maximal set of density-connected points. Points not reachable from
any core point are labelled as noise.

Choosing DBSCAN Parameters

• MinPts: a common heuristic is MinPts ≥ p+ 1 where p is the dimension.

• ϵ: plot the sorted k-nearest-neighbour distances (with k = MinPts) and look
for an “elbow”.

8.4 Hierarchical Clustering
Definition 8.8 (Agglomerative Clustering). Agglomerative (bottom-up) hierarchical clus-
tering starts with n singleton clusters and iteratively merges the two closest clusters until
a single cluster remains. The result is a dendrogram. Common linkage criteria include:

dsingle(A,B) = min
a∈A, b∈B

‖a− b‖ , (8.4)

dcomplete(A,B) = max
a∈A, b∈B

‖a− b‖ , (8.5)

daverage(A,B) =
1

|A||B|
∑
a∈A

∑
b∈B

‖a− b‖ , (8.6)

dWard(A,B) =
|A| |B|
|A|+ |B|

∥∥ā− b̄
∥∥2

. (8.7)

8.5 Cluster Validity Indices
Definition 8.9 (Silhouette Score). For observation i in cluster Ck, define:

• a(i) = 1
|Ck|−1

∑
j∈Ck, j ̸=i ‖xi − xj‖ (mean intra-cluster distance),

• b(i) = minℓ ̸=k
1

|C`|
∑

j∈C`
‖xi − xj‖ (mean nearest-cluster distance).

The silhouette coefficient is s(i) = b(i)−a(i)
max{a(i),b(i)} ∈ [−1, 1].

Cluster Validity Indices

• Silhouette: s̄ = 1
n

∑
i s(i). Higher is better (max 1).

• Calinski–Harabasz: ratio of between-cluster to within-cluster dispersion.
Higher is better.
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• Davies–Bouldin: average similarity between each cluster and its most sim-
ilar one. Lower is better.

• Adjusted Rand Index (ARI): measures agreement with ground truth (if
available), corrected for chance. Range [−1, 1], with 1 indicating perfect agree-
ment.

8.6 Implementation in Python
k-Means, GMM, DBSCAN, and Hierarchical Clustering

import numpy as np
import matplotlib.pyplot as plt
from sklearn.datasets import make_blobs
from sklearn.cluster import KMeans, DBSCAN, AgglomerativeClustering
from sklearn.mixture import GaussianMixture
from sklearn.metrics import silhouette_score, adjusted_rand_score
from sklearn.preprocessing import StandardScaler

# Generate synthetic data
X, y_true = make_blobs(

n_samples=500, centers=4,
cluster_std=[1.0, 1.5, 0.5, 1.2], random_state=42

)
X = StandardScaler().fit_transform(X)

# --- k-Means ---
km = KMeans(n_clusters=4, init="k-means++", n_init=10, random_state=42)
y_km = km.fit_predict(X)
print(f"k-Means: silhouette = {silhouette_score(X, y_km):.3f}, "

f"ARI = {adjusted_rand_score(y_true, y_km):.3f}")

# --- GMM ---
gmm = GaussianMixture(n_components=4, covariance_type="full",

random_state=42)↪→

y_gmm = gmm.fit_predict(X)
print(f"GMM: silhouette = {silhouette_score(X, y_gmm):.3f}, "

f"ARI = {adjusted_rand_score(y_true, y_gmm):.3f}")

# --- DBSCAN ---
db = DBSCAN(eps=0.5, min_samples=5)
y_db = db.fit_predict(X)
n_clusters_db = len(set(y_db) - {-1})
print(f"DBSCAN: {n_clusters_db} clusters found, "

f"noise points = {(y_db == -1).sum()}")

# --- Hierarchical (Ward) ---
hc = AgglomerativeClustering(n_clusters=4, linkage="ward")
y_hc = hc.fit_predict(X)
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print(f"Hierarchical: silhouette = {silhouette_score(X, y_hc):.3f}, "
f"ARI = {adjusted_rand_score(y_true, y_hc):.3f}")

Output

k-Means: silhouette = 0.527, ARI = 0.876
GMM: silhouette = 0.518, ARI = 0.891
DBSCAN: 4 clusters found, noise points = 23
Hierarchical: silhouette = 0.521, ARI = 0.864

Elbow Method and Silhouette Analysis

inertias, sil_scores = [], []
K_range = range(2, 10)

for k in K_range:
km = KMeans(n_clusters=k, n_init=10, random_state=42)
km.fit(X)
inertias.append(km.inertia_)
sil_scores.append(silhouette_score(X, km.labels_))

fig, (ax1, ax2) = plt.subplots(1, 2, figsize=(10, 4))
ax1.plot(K_range, inertias, "bo-")
ax1.set_xlabel("k"); ax1.set_ylabel("Inertia")
ax1.set_title("Elbow Method")
ax2.plot(K_range, sil_scores, "rs-")
ax2.set_xlabel("k"); ax2.set_ylabel("Silhouette Score")
ax2.set_title("Silhouette Analysis")
plt.tight_layout()
plt.savefig("figures/ch08_elbow_silhouette.pdf")

8.7 Exercises
Exercise 8.1 (k-Means Convergence). Prove that the k-means objective J decreases (or
stays constant) at every iteration of Lloyd’s algorithm. Argue carefully that both the
assignment and the update steps are optimal for their respective sub-problems.

Exercise 8.2 (EM Derivation). Derive the M-step update equations (8.1)–(8.3) by dif-
ferentiating the expected complete-data log-likelihood EZ|X,θ(t) [ℓc(θ)] with respect to µj,
Σj, and πj (using a Lagrange multiplier for the constraint

∑
j πj = 1).

Exercise 8.3 (DBSCAN Sensitivity). Generate a dataset with two half-moon shapes
(make_moons). Apply k-means with k = 2 and DBSCAN with various (ϵ,MinPts) settings.
Explain why k-means fails and DBSCAN succeeds. Visualise the results.

Exercise 8.4 (Model Selection for GMM). Fit GMMs with k ∈ {1, . . . , 8} components
to the make_blobs dataset above. Plot the BIC = −2ℓ(θ̂) + d lnn as a function of k,
where d is the number of free parameters. Verify that the BIC selects the correct k = 4.
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Exercise 8.5 (Hierarchical Clustering Dendrogram). Using scipy.cluster.hierarchy,
compute the linkage matrix for the Iris dataset with Ward linkage. Plot the dendrogram
and cut it at a height that yields 3 clusters. Compute the ARI with respect to the true
species labels.
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Chapter 9

Dimensionality Reduction

The Blessing of Low-Dimensional Structure

Real-world data in Rp often lies near a much lower-dimensional manifold. Dimen-
sionality reduction discovers this structure, enabling visualisation, noise removal,
and faster downstream learning. We study linear methods (PCA) and nonlinear
methods (kernel PCA, t-SNE, UMAP).

9.1 The Curse of Dimensionality
Proposition 9.1 (Volume of a Hypersphere). The fraction of the volume of a p-dimensional
unit hypercube [0, 1]p captured by an inscribed hypersphere of radius 1

2
is

Vp(
1
2
)

1
=

πp/2

2p Γ(p
2
+ 1)

p→∞−−−→ 0.

In high dimensions, almost all the volume concentrates in the corners.
Proposition 9.2 (Concentration of Distances). For n points drawn uniformly in [0, 1]p,
the ratio of the maximum to minimum pairwise distances converges to 1:

dmax − dmin

dmin

p→∞−−−→ 0 in probability.

Distance-based methods (e.g. k-NN, k-means) lose discriminative power.
Practical Consequences

• Sample complexity grows exponentially with p for non-parametric methods.

• Nearest-neighbour distances become nearly indistinguishable.

• Overfitting risk increases: many spurious correlations in high dimensions.

9.2 Principal Component Analysis (PCA)
9.2.1 Derivation via Variance Maximisation
Definition 9.3 (PCA). Let X ∈ Rn×p be the centred data matrix (x̄ = 0). PCA seeks
the orthogonal directions of maximum variance. The first principal component direction
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is
w1 = arg max

∥w∥=1

Var[Xw] = arg max
∥w∥=1

w⊤Sw,

where S = 1
n−1

X⊤X is the sample covariance matrix.

Theorem 9.4 (PCA via Eigendecomposition). The solution to the PCA problem is given
by the eigenvectors of S. If S = WΛW⊤ with eigenvalues λ1 ≥ λ2 ≥ · · · ≥ λp ≥ 0, then:

1. The k-th principal component direction is wk (the k-th eigenvector).

2. The variance captured by wk is λk.

3. The proportion of total variance explained by the first d components is
∑d

k=1 λk/
∑p

k=1 λk.

Proof. By the method of Lagrange multipliers with constraint ‖w‖ = 1:

∇w

[
w⊤Sw − λ(w⊤w − 1)

]
= 0 =⇒ Sw = λw.

So w must be an eigenvector of S, and the objective value is w⊤Sw = λ. The maximum
is achieved at the eigenvector with the largest eigenvalue. The subsequent components are
obtained by restricting to the orthogonal complement of the previously selected directions;
by the spectral theorem, these are precisely the remaining eigenvectors in decreasing
eigenvalue order.

9.2.2 PCA via Singular Value Decomposition
Theorem 9.5 (SVD Formulation of PCA). Let X = UDV ⊤ be the (thin) SVD, where
U ∈ Rn×p, D = diag(σ1, . . . , σp), V ∈ Rp×p orthogonal. Then:

1. The principal component directions are the columns of V .

2. The eigenvalues of S are λk = σ2
k/(n− 1).

3. The principal component scores are Z = XV = UD.

The SVD is numerically more stable than explicitly forming S = X⊤X/(n− 1).

Proposition 9.6 (PCA as Optimal Low-Rank Approximation). The rank-d truncation
Xd = UdDdV

⊤
d (retaining the top d singular values) solves

min
rank(M)≤d

‖X −M‖2F ,

by the Eckart–Young–Mirsky theorem. The reconstruction error is
∑p

k=d+1 σ
2
k.

9.2.3 Scree Plots and Choosing d

Selecting the Number of Components

• Scree plot: plot λk vs k; look for an “elbow”.

• Cumulative variance: choose d such that
∑d

k=1 λk/
∑p

k=1 λk ≥ τ (e.g. τ =
0.95).
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• Kaiser’s rule: retain components with λk > 1 (on standardised data).

PCA Projection

x1

x2

PC1PC2

Figure 9.1: PCA finds the directions of maximum variance. The first principal component
(red) captures the most variance; the second (blue) is orthogonal to it.

9.3 Kernel PCA
Definition 9.7 (Kernel PCA). Kernel PCA performs PCA in a feature space H induced
by a kernel κ. Given the kernel matrix K ∈ Rn×n with Kij = κ(xi,xj), the centred kernel
matrix is

K̃ = K − 1nK −K1n + 1nK1n,

where 1n = 1
n
11⊤. The principal components in feature space are obtained from the

eigendecomposition K̃ = UΛU⊤, and the projections are Z = UΛ1/2.

9.4 t-SNE
Definition 9.8 (t-SNE). t-distributed Stochastic Neighbour Embedding (t-SNE) maps
high-dimensional data to a low-dimensional space (typically d = 2) by matching pairwise
similarity distributions.

In high-dimensional space, define symmetric similarities:

pij =
pj|i + pi|j

2n
, pj|i =

exp(−‖xi − xj‖2 /2σ2
i )∑

k ̸=i exp(−‖xi − xk‖2 /2σ2
i )
.

In low-dimensional space, use a Student t-distribution with one degree of freedom:

qij =
(1 + ‖yi − yj‖2)−1∑
k ̸=ℓ(1 + ‖yk − yℓ‖2)−1

.

The embedding {yi} is found by minimising the KL divergence:

L = KL(P‖Q) =
∑
i ̸=j

pij ln pij
qij

.
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Remark 9.9. The bandwidth σi for each point is set so that the conditional distribution p·|i
has a specified perplexity, defined as Perp(Pi) = 2H(Pi) where H is the Shannon entropy.
Typical values are 5–50.

t-SNE Caveats

• Cluster sizes and inter-cluster distances in the plot are not meaningful.

• Results depend on perplexity and random initialisation; always try several
settings.

• t-SNE is primarily a visualisation tool; do not use the embeddings for down-
stream tasks.

9.5 UMAP
Definition 9.10 (UMAP). Uniform Manifold Approximation and Projection (UMAP)
models the data as lying on a Riemannian manifold. It constructs a weighted k-nearest-
neighbour graph in high dimensions and optimises a low-dimensional layout to match the
topological structure via cross-entropy minimisation:

LUMAP =
∑
(i,j)

[
wij ln wij

vij
+ (1− wij) ln 1− wij

1− vij

]
,

where wij and vij are edge weights in the high- and low-dimensional graphs respectively.

t-SNE vs UMAP

• UMAP is generally faster (approximate nearest-neighbour search).

• UMAP better preserves global structure.

• UMAP embeddings can be used for downstream tasks (unlike t-SNE).

• Key UMAP hyperparameters: n_neighbors (local vs global), min_dist
(tightness).

9.6 Implementation in Python
PCA from Scratch

import numpy as np

def pca_from_scratch(X, n_components):
"""PCA via eigendecomposition of the covariance matrix."""
# Centre the data
X_centered = X - X.mean(axis=0)
# Covariance matrix
n = X_centered.shape[0]
S = X_centered.T @ X_centered / (n - 1)
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# Eigendecomposition
eigenvalues, eigenvectors = np.linalg.eigh(S)
# Sort in descending order
idx = np.argsort(eigenvalues)[::-1]
eigenvalues = eigenvalues[idx]
eigenvectors = eigenvectors[:, idx]
# Project
W = eigenvectors[:, :n_components]
Z = X_centered @ W
explained_var_ratio = eigenvalues[:n_components] / eigenvalues.sum()
return Z, eigenvalues, explained_var_ratio

# Test on Iris
from sklearn.datasets import load_iris
X_iris = load_iris().data
Z, eigenvals, ratios = pca_from_scratch(X_iris, 2)
print(f"Explained variance ratios: {ratios}")
print(f"Total: {ratios.sum():.4f}")

Output

Explained variance ratios: [0.92461872 0.05306648]
Total: 0.9777

PCA, Kernel PCA, t-SNE, and UMAP with scikit-learn

import numpy as np
import matplotlib.pyplot as plt
from sklearn.datasets import load_digits
from sklearn.preprocessing import StandardScaler
from sklearn.decomposition import PCA, KernelPCA
from sklearn.manifold import TSNE

X, y = load_digits(return_X_y=True)
X = StandardScaler().fit_transform(X)

# PCA
pca = PCA(n_components=2)
X_pca = pca.fit_transform(X)
print(f"PCA explained variance:

{pca.explained_variance_ratio_.sum():.3f}")↪→

# Scree plot
pca_full = PCA().fit(X)
fig, (ax1, ax2) = plt.subplots(1, 2, figsize=(10, 4))
ax1.plot(np.cumsum(pca_full.explained_variance_ratio_), "b-o",

markersize=3)↪→

ax1.axhline(0.95, color="r", linestyle="--", label="95% threshold")

75



CHAPTER 9. DIMENSIONALITY REDUCTIONCHAPTER 9. DIMENSIONALITY REDUCTION

ax1.set_xlabel("Number of components"); ax1.set_ylabel("Cumulative
variance")↪→

ax1.set_title("Scree Plot"); ax1.legend()

# Kernel PCA (RBF)
kpca = KernelPCA(n_components=2, kernel="rbf", gamma=0.01)
X_kpca = kpca.fit_transform(X)

# t-SNE
tsne = TSNE(n_components=2, perplexity=30, random_state=42)
X_tsne = tsne.fit_transform(X)

# Plot all
methods = {"PCA": X_pca, "Kernel PCA": X_kpca, "t-SNE": X_tsne}
fig, axes = plt.subplots(1, 3, figsize=(15, 4))
for ax, (name, Z) in zip(axes, methods.items()):

scatter = ax.scatter(Z[:, 0], Z[:, 1], c=y, cmap="tab10", s=5,
alpha=0.7)↪→

ax.set_title(name); ax.set_xticks([]); ax.set_yticks([])
plt.tight_layout()
plt.savefig("figures/ch09_dim_reduction.pdf")

UMAP (requires umap-learn package)

import umap

reducer = umap.UMAP(n_components=2, n_neighbors=15, min_dist=0.1,
random_state=42)

X_umap = reducer.fit_transform(X)

fig, (ax1, ax2) = plt.subplots(1, 2, figsize=(10, 4))
ax1.scatter(X_tsne[:, 0], X_tsne[:, 1], c=y, cmap="tab10", s=5)
ax1.set_title("t-SNE")
ax2.scatter(X_umap[:, 0], X_umap[:, 1], c=y, cmap="tab10", s=5)
ax2.set_title("UMAP")
plt.tight_layout()
plt.savefig("figures/ch09_tsne_vs_umap.pdf")

9.7 Exercises
Exercise 9.1 (PCA Eigendecomposition). Let X ∈ Rn×2 with sample covariance S =(
4 2
2 3

)
. Compute the eigenvalues and eigenvectors of S. What proportion of variance is

explained by the first principal component?

Exercise 9.2 (SVD and PCA). Show that for centred data X = UDV ⊤, the eigenvalues
of S = X⊤X/(n − 1) are σ2

k/(n − 1), where σk are the singular values. Verify this
numerically on the Iris dataset.
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Exercise 9.3 (Reconstruction Error). Implement PCA on the digits dataset (p = 64).
Plot the reconstruction error ‖X −Xd‖2F / ‖X‖2F as a function of d for d = 1, . . . , 64. At
what d does the error drop below 5%?

Exercise 9.4 (t-SNE Perplexity). Run t-SNE on the digits dataset with perplexity values
in {5, 15, 30, 50, 100}. For each, visualise the 2D embedding coloured by digit label. How
does perplexity affect cluster separation and overall layout?

Exercise 9.5 (Kernel PCA for Non-Linear Data). Generate concentric circles using
make_circles(n_samples=500, factor=0.3, noise=0.05). Show that standard PCA
fails to separate the two circles, but kernel PCA with an RBF kernel succeeds. Experiment
with the γ parameter.
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Chapter 10

Bayesian Learning

Parameters as Random Variables

In the frequentist paradigm, model parameters θ are fixed but unknown quantities.
The Bayesian paradigm treats θ as a random variable endowed with a prior distri-
bution p(θ). Observing data D updates this belief to a posterior p(θ | D) via Bayes’
theorem. The payoff: principled uncertainty quantification, automatic complexity
control, and coherent model comparison.

10.1 Bayesian Inference
Theorem 10.1 (Bayes’ Theorem).

p(θ | D) = p(D | θ) p(θ)
p(D)

=
p(D | θ) p(θ)∫
p(D | θ′) p(θ′) dθ′

,

where p(D | θ) is the likelihood, p(θ) the prior, p(θ | D) the posterior, and p(D) the
marginal likelihood (evidence).

10.1.1 MAP vs MLE
Definition 10.2 (Maximum Likelihood Estimator).

θ̂MLE = arg max
θ

p(D | θ) = arg max
θ

n∑
i=1

ln p(xi | θ).

Definition 10.3 (Maximum A Posteriori Estimator).

θ̂MAP = arg max
θ

p(θ | D) = arg max
θ

[
ln p(D | θ) + ln p(θ)

]
.

Remark 10.4. MAP estimation with a Gaussian prior p(θ) ∝ exp(−λ
2
‖θ‖2) is equivalent

to L2-regularised MLE (ridge regression). With a Laplace prior, it corresponds to L1

regularisation (lasso).

79



CHAPTER 10. BAYESIAN LEARNING CHAPTER 10. BAYESIAN LEARNING

MLE vs MAP vs Full Bayesian

• MLE: point estimate; ignores prior; can overfit.

• MAP: point estimate; incorporates prior as regulariser; still ignores posterior
uncertainty.

• Full Bayesian: uses entire posterior; predictions via p(x∗ | D) =
∫
p(x∗ |

θ) p(θ | D) dθ; automatically penalises complexity via marginal likelihood.

10.2 Conjugate Priors
Definition 10.5 (Conjugate Prior). A prior p(θ) is conjugate to a likelihood p(D | θ) if
the posterior p(θ | D) belongs to the same parametric family as the prior.

Table 10.1: Common conjugate pairs.
Likelihood Prior Posterior Posterior parameters
Bern(θ) Beta(α, β) Beta(α′, β′) α′ = α +

∑
xi, β

′ = β + n−
∑

xi

Poisson(λ) Gamma(a, b) Gamma(a′, b′) a′ = a+
∑

xi, b
′ = b+ n

N (µ, σ2
0) N (µ0, τ

2
0 ) N (µn, τ

2
n) see below

Example 10.6 (Gaussian–Gaussian Conjugacy). Let x1, . . . , xn
iid∼ N (µ, σ2) with σ2

known, and prior µ ∼ N (µ0, τ
2
0 ). The posterior is µ | D ∼ N (µn, τ

2
n) with

τ 2n =
( 1

τ 20
+

n

σ2

)−1

, µn = τ 2n

(µ0

τ 20
+

nx̄

σ2

)
.

As n→∞, µn → x̄ and τ 2n → 0: the posterior concentrates on the MLE.
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Figure 10.1: Bayesian updating: the posterior (green) is a compromise between the prior
(blue) and the likelihood (red, dashed). With more data, the posterior shifts towards the
MLE.
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10.3 Bayesian Linear Regression
Consider the model y = w⊤x+ ϵ, ϵ ∼ N (0, σ2), with prior w ∼ N (0, τ 2I).

Theorem 10.7 (Bayesian Linear Regression Posterior). Given data X ∈ Rn×p and y ∈
Rn, the posterior of w is Gaussian:

p(w |X,y) = N (w |mn,Sn),

with

Sn =
(
σ−2X⊤X + τ−2I

)−1
, (10.1)

mn = σ−2SnX
⊤y. (10.2)

Proof. The log-posterior is (up to a constant):

ln p(w |X,y) = − 1

2σ2
‖y −Xw‖2 − 1

2τ 2
‖w‖2 + const (10.3)

= −1

2
w⊤(σ−2X⊤X + τ−2I

)
w +w⊤σ−2X⊤y + const. (10.4)

Completing the square in w gives the stated Gaussian form.

Definition 10.8 (Predictive Distribution). For a new input x∗, the predictive distribution
is

p(y∗ | x∗,D) = N
(
m⊤

nx∗, σ
2 + x⊤

∗ Snx∗
)
.

The predictive variance has two components: observation noise σ2 and epistemic uncer-
tainty x⊤

∗ Snx∗ (which shrinks as data grows).

10.4 Gaussian Processes
Definition 10.9 (Gaussian Process). A Gaussian process (GP) is a collection of random
variables, any finite subset of which has a joint Gaussian distribution. A GP is fully
specified by its mean function m(x) and covariance (kernel) function κ(x,x′):

f ∼ GP
(
m(x), κ(x,x′)

)
.

10.4.1 Common Kernels
GP Kernel Functions

• Squared Exponential (RBF): κ(x,x′) = σ2
f exp

(
−∥x−x′∥2

2ℓ2

)
• Matérn ν = 5/2: κ(x,x′) = σ2

f

(
1 +

√
5 r
ℓ

+ 5r2

3ℓ2

)
exp

(
−

√
5 r
ℓ

)
, r = ‖x− x′‖

• Rational Quadratic: κ(x,x′) = σ2
f

(
1 + ∥x−x′∥2

2αℓ2

)−α

• Periodic: κ(x,x′) = σ2
f exp

(
−2 sin2(π∥x−x′∥/T )

ℓ2

)
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10.4.2 GP Regression
Theorem 10.10 (GP Posterior). Given training data (X,y) with noise model y = f(x)+
ϵ, ϵ ∼ N (0, σ2

n), the posterior over function values f∗ at test inputs X∗ is

f∗ |X∗,X,y ∼ N (f̄∗, cov(f∗)),

where

f̄∗ = K∗
(
K + σ2

nI
)−1

y, (10.5)
cov(f∗) = K∗∗ −K∗

(
K + σ2

nI
)−1

K⊤
∗ , (10.6)

with K = κ(X,X), K∗ = κ(X∗,X), K∗∗ = κ(X∗,X∗).

Remark 10.11. GP regression is equivalent to Bayesian linear regression in the (possibly
infinite-dimensional) feature space induced by the kernel κ.

−6 −5 −4 −3 −2 −1 0 1 2 3 4 5 6

−2

0

2

x

f
(x
)

Posterior mean f̄∗
±2σ band

Training data

Figure 10.2: GP regression: the posterior mean interpolates the training points (red dots),
and the uncertainty band widens away from observed data.

10.5 Implementation in Python
Bayesian Linear Regression

import numpy as np
import matplotlib.pyplot as plt

np.random.seed(42)

# Generate data
n, sigma = 30, 0.5
X = np.sort(np.random.uniform(-3, 3, n))
y = 1.5 * X - 0.8 + sigma * np.random.randn(n)

# Design matrix (with intercept)
Phi = np.column_stack([np.ones(n), X])
p = Phi.shape[1]
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# Prior: w ~ N(0, tau^2 I)
tau = 2.0
S0_inv = np.eye(p) / tau**2

# Posterior
Sn_inv = S0_inv + Phi.T @ Phi / sigma**2
Sn = np.linalg.inv(Sn_inv)
mn = Sn @ (Phi.T @ y / sigma**2)

print(f"Posterior mean: w0 = {mn[0]:.3f}, w1 = {mn[1]:.3f}")
print(f"Posterior std: w0 = {np.sqrt(Sn[0,0]):.3f}, "

f"w1 = {np.sqrt(Sn[1,1]):.3f}")

# Predictive distribution
X_test = np.linspace(-4, 4, 200)
Phi_test = np.column_stack([np.ones_like(X_test), X_test])
y_pred = Phi_test @ mn
y_var = sigma**2 + np.sum(Phi_test @ Sn * Phi_test, axis=1)

plt.figure(figsize=(8, 5))
plt.scatter(X, y, c="red", s=20, label="Data")
plt.plot(X_test, y_pred, "b-", label="Posterior mean")
plt.fill_between(X_test, y_pred - 2*np.sqrt(y_var),

y_pred + 2*np.sqrt(y_var),
alpha=0.2, color="blue", label=r"$\pm 2\sigma$")

plt.legend(); plt.xlabel("x"); plt.ylabel("y")
plt.title("Bayesian Linear Regression")
plt.savefig("figures/ch10_bayesian_linreg.pdf")

Gaussian Process Regression with scikit-learn

from sklearn.gaussian_process import GaussianProcessRegressor
from sklearn.gaussian_process.kernels import RBF, WhiteKernel

# Kernel: RBF + noise
kernel = 1.0 * RBF(length_scale=1.0) + WhiteKernel(noise_level=0.25)

gp = GaussianProcessRegressor(kernel=kernel, n_restarts_optimizer=10,
random_state=42)

gp.fit(X.reshape(-1, 1), y)

X_star = np.linspace(-4, 4, 200).reshape(-1, 1)
y_mean, y_std = gp.predict(X_star, return_std=True)

print(f"Optimised kernel: {gp.kernel_}")
print(f"Log-marginal-likelihood:

{gp.log_marginal_likelihood_value_:.2f}")↪→

plt.figure(figsize=(8, 5))
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plt.scatter(X, y, c="red", s=20, zorder=5, label="Data")
plt.plot(X_star, y_mean, "b-", label="GP mean")
plt.fill_between(X_star.ravel(),

y_mean - 2*y_std, y_mean + 2*y_std,
alpha=0.2, color="blue", label=r"$\pm 2\sigma$")

plt.legend(); plt.xlabel("x"); plt.ylabel("y")
plt.title("GP Regression")
plt.savefig("figures/ch10_gp_regression.pdf")

10.6 Exercises
Exercise 10.1 (Beta–Binomial Conjugacy). You flip a coin n = 20 times and observe
k = 13 heads. Using a Beta(1, 1) (uniform) prior on the bias θ, compute the posterior
distribution, the posterior mean, the MAP estimate, and a 95% credible interval. Compare
with the MLE.

Exercise 10.2 (Bayesian Linear Regression Posterior). Derive the posterior p(w |X,y)
for Bayesian linear regression by completing the square in the log-posterior. Verify that
the posterior mean mn equals the ridge regression solution with λ = σ2/τ 2.

Exercise 10.3 (GP Kernel Design). Using scikit-learn, fit GP regression models to
f(x) = sin(2πx) with n = 20 noisy observations. Compare the following kernels: (a)
RBF, (b) Matérn ν = 3/2, (c) RBF + Periodic. Plot the posterior mean and 95% bands
for each. Which kernel best captures the periodicity?

Exercise 10.4 (Effect of Prior Strength). In Bayesian linear regression, fix σ2 = 1 and
vary τ 2 ∈ {0.01, 0.1, 1, 10, 100}. For each, plot the posterior mean function and the 95%
predictive band. Describe how the prior strength affects the fit and the uncertainty.

Exercise 10.5 (GP Marginal Likelihood). For GP regression, the log-marginal-likelihood
is

ln p(y |X,θ) = −1
2
y⊤(K + σ2

nI)
−1y − 1

2
ln |K + σ2

nI| − n
2

ln 2π.

Implement this from scratch. Optimise the length-scale ℓ and signal variance σ2
f by

gradient ascent. Compare with scikit-learn’s automatic optimisation.
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Chapter 11

Model Selection and Learning
Theory

Choosing the Right Model

A model that is too simple underfits; one that is too complex overfits. Model
selection provides principled tools—information criteria, cross-validation, hyperpa-
rameter search, and theoretical bounds—for navigating this trade-off. Learning
theory tells us why generalisation is possible and how much data we need.

11.1 Information Criteria
Definition 11.1 (Akaike Information Criterion). For a model with d parameters and
maximised log-likelihood ℓ̂:

AIC = −2ℓ̂+ 2d.

AIC estimates the expected KL divergence between the fitted model and the true distri-
bution, up to a constant. Lower is better.

Definition 11.2 (Bayesian Information Criterion).

BIC = −2ℓ̂+ d lnn.

BIC approximates the log of the marginal likelihood p(D | M) (Laplace approximation).
It penalises complexity more heavily than AIC for n ≥ 8.

Proposition 11.3 (BIC Derivation). Starting from the Laplace approximation to the
marginal likelihood:

p(D | M) ≈ p(D | θ̂) p(θ̂) (2π)d/2 |H|−1/2,

where H = −∇2 ln p(D | θ)
∣∣
θ̂

is the observed Fisher information. Taking logarithms and
noting that H = O(n) element-wise, we get

ln p(D | M) ≈ ℓ̂− d

2
lnn+O(1),

whence BIC ≈ −2 ln p(D | M) up to constants independent of the model.

85



CHAPTER 11. MODEL SELECTION AND LEARNING THEORYCHAPTER 11. MODEL SELECTION AND LEARNING THEORY

AIC vs BIC in Practice

• AIC: asymptotically optimal for prediction; tends to select larger models.

• BIC: consistent for model identification (selects the true model as n → ∞);
tends to select smaller models.

• When in doubt, use cross-validation, which makes no distributional assump-
tions.

11.2 Hyperparameter Tuning
Definition 11.4 (Hyperparameter Optimisation). Given a model Mλ parameterised by
hyperparameters λ ∈ Λ, we seek

λ∗ = arg min
λ∈Λ

R̂CV(λ),

where R̂CV is the cross-validated risk estimate.

11.2.1 Grid Search
Grid Search

Define a grid Λgrid = Λ1×Λ2×· · ·×Λm over m hyperparameters. Evaluate R̂CV(λ)
for every λ ∈ Λgrid and return the minimiser.
Complexity: |Λgrid| =

∏m
j=1 |Λj|. The cost grows exponentially in m.

11.2.2 Random Search
Theorem 11.5 (Efficiency of Random Search (Bergstra & Bengio, 2012)). If only deff out
of m hyperparameters significantly affect performance, random search finds a near-optimal
configuration with probability 1− δ in

N = d(1/ϵ)deff ln(1/δ)e

trials, independently of the remaining m − deff irrelevant dimensions. Grid search, by
contrast, wastes budget evaluating many redundant combinations.

11.2.3 Bayesian Optimisation
Bayesian Hyperparameter Optimisation

1. Place a GP prior on the objective f(λ) = R̂CV(λ).

2. Repeat:

(a) Fit the GP to all observed {(λi, f(λi))}.
(b) Choose the next λt+1 by maximising an acquisition function (e.g. Ex-
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pected Improvement):

EI(λ) = E
[
max(0, f ∗ − f(λ))

]
,

where f ∗ is the best observed value so far.
(c) Evaluate f(λt+1).

11.3 PAC Learning
Definition 11.6 (PAC Learnability). A concept class C is PAC learnable if there exists
an algorithm A and a polynomial poly(·) such that, for every ϵ > 0, δ > 0, and every
distribution D on the input space, given

n ≥ poly
(
1/ϵ, 1/δ, size(c)

)
i.i.d. samples from D, algorithm A outputs a hypothesis h satisfying

Pr
[
R(h)−R(c∗) ≤ ϵ

]
≥ 1− δ,

where c∗ ∈ C is the target concept and R(h) = Pr(x,y)∼D[h(x) 6= y].
Theorem 11.7 (Finite Hypothesis Class Bound). If |H| < ∞ and the algorithm selects
ĥ = arg minh∈H R̂(h) (empirical risk minimiser), then with probability at least 1− δ:

R(ĥ) ≤ R̂(ĥ) +

√
ln |H|+ ln(1/δ)

2n
.

Proof. By Hoeffding’s inequality and the union bound: for any single h, Pr[|R(h)−R̂(h)| >
ϵ] ≤ 2e−2nϵ2 . Taking a union over all h ∈ H: Pr[∃h : |R(h) − R̂(h)| > ϵ] ≤ 2|H|e−2nϵ2 .
Setting this to δ and solving for ϵ gives the result.

11.4 VC Dimension
Definition 11.8 (Shattering). A hypothesis class H shatters a set S = {x1, . . . ,xm} if,
for every labelling (y1, . . . , ym) ∈ {0, 1}m, there exists h ∈ H such that h(xi) = yi for all
i. That is, H can realise all 2m dichotomies on S.
Definition 11.9 (VC Dimension). The Vapnik–Chervonenkis (VC) dimension of H, de-
noted VC(H), is the largest m such that there exists a set of m points shattered by H. If
H shatters arbitrarily large sets, VC(H) =∞.
Example 11.10 (VC Dimension of Linear Classifiers). In Rp, the class of linear classifiers
(hyperplanes) has VC dimension p+1. In particular, three non-collinear points in R2 can
be shattered by lines, but no set of four points can be.

Theorem 11.11 (VC Generalisation Bound). For a hypothesis class H with VC(H) =
d <∞, with probability at least 1− δ over an i.i.d. sample of size n:

R(ĥ) ≤ R̂(ĥ) +

√
d
(
ln(2n/d) + 1

)
+ ln(4/δ)

n
.

Remark 11.12. The bound shows that generalisation is controlled by the ratio d/n. For
reliable learning, we need n� d, i.e. far more samples than the VC dimension.
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3 points in R2: all 23 = 8 dichotomies

Figure 11.1: A linear classifier in R2 can shatter 3 non-collinear points (all 8 labellings
are realisable), so VC(H) ≥ 3. One can show that no 4 points can be shattered, hence
VC = 3 = 2 + 1.

11.5 The No Free Lunch Theorem
Theorem 11.13 (No Free Lunch (Wolpert, 1996)). Averaged over all possible target
functions f : X → Y (uniformly), every learning algorithm has the same expected gener-
alisation error. Formally, for any two algorithms A1,A2:∑

f

ED∼f

[
R(A1(D))

]
=

∑
f

ED∼f

[
R(A2(D))

]
.

Remark 11.14. The practical implication is that no algorithm is universally best. Domain
knowledge and structural assumptions (inductive bias) are essential for good performance
on any particular problem.

11.6 Learning Curves
Definition 11.15 (Learning Curve). A learning curve plots the training and validation
errors as functions of the training set size n. Characteristic patterns:

• High bias (underfitting): both curves plateau at a high error; adding more data
does not help.

• High variance (overfitting): large gap between training and validation error; more
data helps.

11.7 Implementation in Python
AIC/BIC for Polynomial Regression

import numpy as np
import matplotlib.pyplot as plt

np.random.seed(42)
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n = 50
X = np.sort(np.random.uniform(-3, 3, n))
y = np.sin(X) + 0.3 * np.random.randn(n)

aic_scores, bic_scores = [], []
degrees = range(1, 16)

for deg in degrees:
# Fit polynomial
Phi = np.vander(X, deg + 1, increasing=True)
w = np.linalg.lstsq(Phi, y, rcond=None)[0]
y_hat = Phi @ w
residuals = y - y_hat
sigma2 = np.sum(residuals**2) / n
d = deg + 1 # number of parameters

# Log-likelihood (Gaussian)
log_lik = -n/2 * np.log(2*np.pi*sigma2) - n/2

aic_scores.append(-2*log_lik + 2*d)
bic_scores.append(-2*log_lik + d*np.log(n))

fig, ax = plt.subplots(figsize=(8, 5))
ax.plot(degrees, aic_scores, "bo-", label="AIC")
ax.plot(degrees, bic_scores, "rs-", label="BIC")
ax.set_xlabel("Polynomial Degree")
ax.set_ylabel("Information Criterion")
ax.legend(); ax.set_title("Model Selection via AIC and BIC")
plt.savefig("figures/ch11_aic_bic.pdf")
print(f"Best degree (AIC): {degrees[np.argmin(aic_scores)]}")
print(f"Best degree (BIC): {degrees[np.argmin(bic_scores)]}")

Output

Best degree (AIC): 4
Best degree (BIC): 3

Grid Search, Random Search, and Learning Curves

from sklearn.datasets import load_digits
from sklearn.svm import SVC
from sklearn.model_selection import (

GridSearchCV, RandomizedSearchCV, learning_curve
)
from scipy.stats import loguniform, randint
import matplotlib.pyplot as plt
import numpy as np

X, y = load_digits(return_X_y=True)
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# Grid Search
param_grid = {"C": [0.1, 1, 10, 100], "gamma": [1e-3, 1e-4]}
gs = GridSearchCV(SVC(), param_grid, cv=5, scoring="accuracy")
gs.fit(X, y)
print(f"Grid search best: {gs.best_params_}, acc={gs.best_score_:.4f}")

# Random Search
param_dist = {"C": loguniform(0.01, 100), "gamma": loguniform(1e-5,

1e-1)}↪→

rs = RandomizedSearchCV(SVC(), param_dist, n_iter=30, cv=5,
scoring="accuracy", random_state=42)

rs.fit(X, y)
print(f"Random search best: C={rs.best_params_['C']:.4f}, "

f"gamma={rs.best_params_['gamma']:.6f}, acc={rs.best_score_:.4f}")

# Learning Curve
train_sizes, train_scores, val_scores = learning_curve(

SVC(**rs.best_params_), X, y, cv=5,
train_sizes=np.linspace(0.1, 1.0, 10), scoring="accuracy"

)

fig, ax = plt.subplots(figsize=(8, 5))
ax.plot(train_sizes, train_scores.mean(axis=1), "o-", label="Train")
ax.plot(train_sizes, val_scores.mean(axis=1), "s-", label="Validation")
ax.set_xlabel("Training Set Size"); ax.set_ylabel("Accuracy")
ax.legend(); ax.set_title("Learning Curve")
plt.savefig("figures/ch11_learning_curve.pdf")

Bayesian Optimisation with Optuna

import optuna
from sklearn.model_selection import cross_val_score
from sklearn.ensemble import GradientBoostingClassifier

optuna.logging.set_verbosity(optuna.logging.WARNING)

def objective(trial):
params = {

"n_estimators": trial.suggest_int("n_estimators", 50, 500),
"max_depth": trial.suggest_int("max_depth", 2, 8),
"learning_rate": trial.suggest_float("learning_rate", 0.01, 0.3,

log=True),
"subsample": trial.suggest_float("subsample", 0.6, 1.0),

}
clf = GradientBoostingClassifier(**params, random_state=42)
return cross_val_score(clf, X, y, cv=5, scoring="accuracy").mean()

study = optuna.create_study(direction="maximize")
study.optimize(objective, n_trials=50)
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print(f"Best accuracy: {study.best_value:.4f}")
print(f"Best params: {study.best_params}")

11.8 Exercises
Exercise 11.1 (AIC vs BIC). Generate n = 100 samples from y = sin(x) + ϵ, ϵ ∼
N (0, 0.32). Fit polynomial models of degrees 1–20. Plot AIC and BIC as a function of
degree. Which criterion selects a more parsimonious model? Repeat for n = 500 and
discuss.

Exercise 11.2 (VC Dimension Computation). Prove that the VC dimension of the class
of intervals ha,b(x) = ⊮{a ≤ x ≤ b} on R is exactly 2. Hint: show that two points can be
shattered, then show that no three points can.

Exercise 11.3 (PAC Bound Application). A hypothesis class has |H| = 106. How many
samples n are needed to guarantee that R(ĥ) ≤ R̂(ĥ)+0.05 with probability at least 0.95?

Exercise 11.4 (Learning Curves Diagnosis). Train a decision tree (no max depth) and a
logistic regression on the digits dataset. Plot the learning curves for both. Identify which
suffers from high bias and which from high variance. How could you improve each?

Exercise 11.5 (Bayesian Optimisation). Use Optuna (or scikit-optimize) to tune a
random forest on the digits dataset over n_estimators∈ [50, 500], max_depth∈ [3, 20],
max_features∈ {sqrt, log2}, and min_samples_split∈ [2, 20]. Compare the wall-clock
time and best accuracy with grid search (coarse grid) and random search (N = 50 itera-
tions).

Exercise 11.6 (No Free Lunch Interpretation). Explain, in your own words, why the No
Free Lunch theorem does not prevent practical machine learning from being useful. What
role does inductive bias play?
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Chapter 12

Kernel Methods

The Kernel Trick

Many linear algorithms—ridge regression, PCA, SVMs—can be “kernelised”: refor-
mulated so that data enters only through inner products 〈xi,xj〉. Replacing these
inner products with a kernel function κ(xi,xj) = 〈ϕ(xi), ϕ(xj)〉H implicitly lifts
the data into a high- (even infinite-) dimensional feature space, enabling nonlinear
modelling without ever computing ϕ explicitly.

12.1 Feature Maps and Kernels
Definition 12.1 (Feature Map). A feature map is a function ϕ : X → H mapping inputs
to a (possibly infinite-dimensional) Hilbert space H.

Definition 12.2 (Kernel Function). A function κ : X ×X → R is a kernel if there exists
a feature map ϕ : X → H such that

κ(x,x′) = 〈ϕ(x), ϕ(x′)〉H.

Example 12.3 (Polynomial Kernel Feature Map). For x = (x1, x2)
⊤ ∈ R2 and κ(x,x′) =

(〈x,x′〉+ 1)2, the implicit feature map is

ϕ(x) = (1,
√
2 x1,

√
2 x2, x

2
1, x

2
2,
√
2 x1x2)

⊤ ∈ R6.

One can verify κ(x,x′) = 〈ϕ(x), ϕ(x′)〉 by direct expansion.

12.2 Mercer’s Theorem
Theorem 12.4 (Mercer’s Theorem). Let κ : X × X → R be a continuous, symmetric
function on a compact set X . Then κ is a valid kernel (i.e. corresponds to some feature
map) if and only if the kernel matrix K ∈ Rn×n defined by Kij = κ(xi,xj) is positive
semi-definite for all finite subsets {x1, . . . ,xn} ⊂ X and all n ≥ 1.

Remark 12.5. Mercer’s theorem tells us: to check that κ is a valid kernel, we only need
to verify that K � 0 for arbitrary data. We never need to find ϕ explicitly.

Proposition 12.6 (Closure Properties of Kernels). If κ1, κ2 are valid kernels, then so
are:
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Input space X = R2

x1

x2

ϕ

Feature space H

ϕ1

ϕ2

Figure 12.1: The feature map ϕ lifts data into a higher-dimensional space where a linear
separator (green line) exists. The kernel trick computes inner products in H without
explicitly computing ϕ.

1. κ(x,x′) = ακ1(x,x
′) for α > 0.

2. κ(x,x′) = κ1(x,x
′) + κ2(x,x

′).

3. κ(x,x′) = κ1(x,x
′) · κ2(x,x

′).

4. κ(x,x′) = f(x)κ1(x,x
′) f(x′) for any function f .

5. κ(x,x′) = exp(κ1(x,x
′)).

12.3 Common Kernels
Standard Kernel Functions

• Linear: κ(x,x′) = 〈x,x′〉

• Polynomial: κ(x,x′) = (〈x,x′〉+ c)d, c ≥ 0, d ∈ N

• RBF (Gaussian): κ(x,x′) = exp
(
−∥x−x′∥2

2σ2

)
• Laplacian: κ(x,x′) = exp

(
−∥x−x′∥1

σ

)
• Sigmoid: κ(x,x′) = tanh(α〈x,x′〉+ c) (valid only for certain α, c)

Remark 12.7. The RBF kernel has an infinite-dimensional feature space. To see this,
note that exp(−‖x− x′‖2 /2σ2) = exp(−‖x‖2 /2σ2) exp(〈x,x′〉/σ2) exp(−‖x′‖2 /2σ2),
and the Taylor expansion of the middle exponential yields an infinite polynomial series.

12.4 Reproducing Kernel Hilbert Spaces
Definition 12.8 (RKHS). A Reproducing Kernel Hilbert Space (RKHS) Hκ associated
with kernel κ is a Hilbert space of functions f : X → R satisfying:

1. For all x ∈ X , κ(·,x) ∈ Hκ.

2. Reproducing property: for all f ∈ Hκ and x ∈ X ,

f(x) = 〈f, κ(·,x)〉Hκ .
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Remark 12.9. The reproducing property gives: κ(x,x′) = 〈κ(·,x), κ(·,x′)〉Hκ , confirming
that ϕ(x) = κ(·,x) is the canonical feature map.

12.5 The Representer Theorem
Theorem 12.10 (Representer Theorem). Consider the regularised optimisation problem

min
f∈Hκ

1

n

n∑
i=1

L(yi, f(xi)) + λ ‖f‖2Hκ
,

where L is any loss function and λ > 0. Then the minimiser admits a finite representation:

f ∗(x) =
n∑

i=1

αi κ(xi,x).

Proof sketch. Decompose f = f∥ + f⊥ where f∥ ∈ span{κ(·,x1), . . . , κ(·,xn)} and f⊥
is orthogonal. By the reproducing property, f(xi) = 〈f, κ(·,xi)〉 = 〈f∥, κ(·,xi)〉, so f⊥

does not affect the loss term. But ‖f‖2 =
∥∥f∥∥∥2

+ ‖f⊥‖2 ≥
∥∥f∥∥∥2, so the regulariser is

minimised by setting f⊥ = 0.

Remark 12.11. The representer theorem reduces an infinite-dimensional optimisation over
Hκ to a finite-dimensional one over α ∈ Rn. This is the mathematical foundation of all
kernel methods.

12.6 Kernel Ridge Regression
Definition 12.12 (Kernel Ridge Regression). Applying the representer theorem to ridge
regression with kernel κ:

min
α∈Rn

‖y −Kα‖2 + λα⊤Kα,

where Kij = κ(xi,xj). The solution is

α∗ = (K + λI)−1y.

Predictions: ŷ(x∗) =
∑n

i=1 α
∗
i κ(xi,x∗) = k⊤

∗ (K + λI)−1y, where (k∗)i = κ(xi,x∗).
Proposition 12.13 (Equivalence with Bayesian Prediction). The kernel ridge regression
predictor is identical to the GP posterior mean (Equation 10.5 of Chapter 10) with σ2

n = λ
and kernel κ. This reveals the deep connection between kernel methods and Gaussian
processes.

12.7 Kernel PCA
Definition 12.14 (Kernel PCA). Kernel PCA finds principal components in the RKHS
Hκ. Given the centred kernel matrix K̃ (see Chapter 9), the k-th kernel principal com-
ponent of a new point x∗ is

zk(x∗) =
n∑

i=1

α
(k)
i κ(xi,x∗),

where α(k) is the k-th eigenvector of K̃ (normalised so that λk(α
(k))⊤α(k) = 1).
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12.8 Connection to Gaussian Processes
Proposition 12.15 (GP as Kernel Method). A GP with kernel κ defines a prior over
functions in the RKHS Hκ. Specifically:

1. GP posterior mean = kernel ridge regression solution (representer theorem).

2. GP posterior variance = reduction in RKHS norm uncertainty.

3. GP marginal likelihood provides a principled way to select the kernel and its hy-
perparameters.

This unifies the kernel and Bayesian perspectives on nonparametric regression.

12.9 Implementation in Python
Kernel Ridge Regression from Scratch

import numpy as np
import matplotlib.pyplot as plt

def rbf_kernel(X1, X2, sigma=1.0):
"""Compute the RBF kernel matrix."""
sq_dists = (np.sum(X1**2, axis=1, keepdims=True)

- 2 * X1 @ X2.T
+ np.sum(X2**2, axis=1))

return np.exp(-sq_dists / (2 * sigma**2))

np.random.seed(42)
n = 80
X_train = np.sort(np.random.uniform(-3, 3, n)).reshape(-1, 1)
y_train = np.sin(2 * X_train.ravel()) + 0.3 * np.random.randn(n)

# Kernel Ridge Regression
sigma, lam = 0.5, 1e-2
K = rbf_kernel(X_train, X_train, sigma)
alpha = np.linalg.solve(K + lam * np.eye(n), y_train)

# Predictions
X_test = np.linspace(-4, 4, 300).reshape(-1, 1)
K_test = rbf_kernel(X_test, X_train, sigma)
y_pred = K_test @ alpha

plt.figure(figsize=(8, 5))
plt.scatter(X_train, y_train, c="red", s=15, alpha=0.6, label="Data")
plt.plot(X_test, y_pred, "b-", lw=2, label="KRR prediction")
plt.plot(X_test, np.sin(2 * X_test), "k--", lw=1, label="True function")
plt.legend(); plt.xlabel("x"); plt.ylabel("y")
plt.title("Kernel Ridge Regression (RBF)")
plt.savefig("figures/ch12_krr.pdf")
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Kernel Methods with scikit-learn

from sklearn.kernel_ridge import KernelRidge
from sklearn.svm import SVR, SVC
from sklearn.decomposition import KernelPCA
from sklearn.datasets import make_moons, make_regression
from sklearn.model_selection import cross_val_score
from sklearn.preprocessing import StandardScaler
import numpy as np

# --- Kernel Ridge Regression ---
X_reg, y_reg = make_regression(n_samples=200, n_features=10,

noise=10, random_state=42)
X_reg = StandardScaler().fit_transform(X_reg)

kernels = ["linear", "rbf", "poly"]
for kern in kernels:

krr = KernelRidge(alpha=1.0, kernel=kern)
scores = cross_val_score(krr, X_reg, y_reg, cv=5,

scoring="neg_mean_squared_error")
print(f"KRR ({kern:6s}): MSE = {-scores.mean():.2f} +/- "

f"{scores.std():.2f}")

# --- Kernel SVM ---
X_cls, y_cls = make_moons(n_samples=500, noise=0.2, random_state=42)
X_cls = StandardScaler().fit_transform(X_cls)

for kern in ["linear", "rbf", "poly"]:
svc = SVC(kernel=kern, C=1.0)
scores = cross_val_score(svc, X_cls, y_cls, cv=5,

scoring="accuracy")
print(f"SVM ({kern:6s}): accuracy = {scores.mean():.4f}")

# --- Kernel PCA ---
kpca = KernelPCA(n_components=2, kernel="rbf", gamma=2.0)
X_kpca = kpca.fit_transform(X_cls)

import matplotlib.pyplot as plt
plt.figure(figsize=(8, 4))
plt.subplot(1, 2, 1)
plt.scatter(X_cls[:, 0], X_cls[:, 1], c=y_cls, cmap="coolwarm", s=10)
plt.title("Original (2D)")
plt.subplot(1, 2, 2)
plt.scatter(X_kpca[:, 0], X_kpca[:, 1], c=y_cls, cmap="coolwarm", s=10)
plt.title("Kernel PCA (RBF)")
plt.tight_layout()
plt.savefig("figures/ch12_kernel_pca.pdf")
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Output

KRR (linear): MSE = 103.45 +/- 12.31
KRR (rbf ): MSE = 86.72 +/- 10.54
KRR (poly ): MSE = 91.33 +/- 11.87
SVM (linear): accuracy = 0.8760
SVM (rbf ): accuracy = 0.9880
SVM (poly ): accuracy = 0.9740

Visualising Kernel Matrices

from sklearn.metrics.pairwise import (
linear_kernel, polynomial_kernel, rbf_kernel, laplacian_kernel

)

X_small = X_cls[:50]
kernels_dict = {

"Linear": linear_kernel(X_small),
"Poly (d=3)": polynomial_kernel(X_small, degree=3, coef0=1),
"RBF": rbf_kernel(X_small, gamma=1.0),
"Laplacian": laplacian_kernel(X_small, gamma=1.0),

}

fig, axes = plt.subplots(1, 4, figsize=(16, 3.5))
for ax, (name, K) in zip(axes, kernels_dict.items()):

im = ax.imshow(K, cmap="viridis", aspect="auto")
ax.set_title(name); ax.set_xticks([]); ax.set_yticks([])
plt.colorbar(im, ax=ax, fraction=0.046)

plt.tight_layout()
plt.savefig("figures/ch12_kernel_matrices.pdf")

12.10 Exercises
Exercise 12.1 (Polynomial Kernel Feature Map). For x ∈ R3 and the polynomial kernel
κ(x,x′) = (〈x,x′〉+ 1)2, write out the explicit feature map ϕ(x). What is the dimension
of the feature space?

Exercise 12.2 (Mercer’s Condition). Show that κ(x,x′) = min(x, x′) for x, x′ > 0 is a
valid kernel. Hint: show the kernel matrix is positive semi-definite by writing min(x, x′) =∫∞
0

⊮{t ≤ x}⊮{t ≤ x′} dt.

Exercise 12.3 (Kernel Ridge Regression Derivation). Starting from the primal ridge re-
gression problem minw ‖y −Φw‖2+λ ‖w‖2 with design matrix Φ = [ϕ(x1), . . . , ϕ(xn)]

⊤,
use the substitution w = Φ⊤α (justified by the representer theorem) to derive the dual
problem and its solution α∗ = (K + λI)−1y.

Exercise 12.4 (RBF Kernel Bandwidth). Using the moons dataset, train kernel SVMs
with an RBF kernel for γ ∈ {0.01, 0.1, 1, 10, 100}. For each γ, plot the decision boundary
and compute the 5-fold CV accuracy. Discuss the bias–variance trade-off as a function of
γ.
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Exercise 12.5 (Representer Theorem Application). Consider the kernel logistic regres-
sion problem:

min
f∈Hκ

1

n

n∑
i=1

ln
(
1 + exp(−yif(xi))

)
+ λ ‖f‖2Hκ

.

Apply the representer theorem to reduce this to a finite-dimensional problem in α ∈ Rn.
Write out the resulting objective and its gradient with respect to α.

Exercise 12.6 (GP and Kernel Ridge Regression Equivalence). Numerically verify the
equivalence between GP posterior mean and kernel ridge regression. Using n = 30 noisy
samples from f(x) = sin(x), fit both a GaussianProcessRegressor and a KernelRidge
with matching RBF kernels. Show that the predictions are identical (up to numerical
precision).
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