
Numerical Analysis
Lecture Notes

Licence L3 — 2025–2026

Yaë Ulrich Gaba

“The purpose of computing is insight, not numbers.”
— Richard Hamming

March 25, 2026



ii



Contents

List of Algorithms vii

Preface ix

1 Floating-Point Arithmetic, Errors and Stability 1
1.1 Motivating example . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1
1.2 Representation of numbers in a computer . . . . . . . . . . . . . . . . . . . 1
1.3 Rounding errors and propagation . . . . . . . . . . . . . . . . . . . . . . . 2
1.4 Conditioning of a problem . . . . . . . . . . . . . . . . . . . . . . . . . . . 2
1.5 Numerical stability . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2
1.6 Implementation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3
1.7 Exercises . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4

2 Root Finding 5
2.1 Motivating example . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5
2.2 Bisection method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5
2.3 Newton’s method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5
2.4 Secant method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6
2.5 Fixed-point method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6
2.6 Comparison of methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7
2.7 Numerical example . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7
2.8 Implementation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7
2.9 Exercises . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8

3 Direct Methods for Linear Systems 11
3.1 Motivating example . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11
3.2 Gaussian elimination and LU factorisation . . . . . . . . . . . . . . . . . . 11
3.3 Partial pivoting . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12
3.4 Cholesky factorisation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12
3.5 Numerical example . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12
3.6 Implementation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13
3.7 Exercises . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13

4 Iterative Methods for Linear Systems 15
4.1 Motivating example . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15
4.2 General principle . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15
4.3 Jacobi method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15
4.4 Gauss–Seidel method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15
4.5 Successive over-relaxation (SOR) . . . . . . . . . . . . . . . . . . . . . . . 16

iii



CONTENTS CONTENTS

4.6 Conjugate gradient method . . . . . . . . . . . . . . . . . . . . . . . . . . 16
4.7 Implementation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16
4.8 Exercises . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18

5 Polynomial Interpolation 19
5.1 Motivating example . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19
5.2 The interpolation problem . . . . . . . . . . . . . . . . . . . . . . . . . . . 19
5.3 Lagrange form . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19
5.4 Newton form . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19
5.5 Interpolation error . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20
5.6 Chebyshev nodes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20
5.7 Cubic splines . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20
5.8 Implementation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21
5.9 Exercises . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22

6 Approximation — Least Squares and Chebyshev 23
6.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23
6.2 Discrete Least Squares . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23

6.2.1 Problem formulation . . . . . . . . . . . . . . . . . . . . . . . . . . 23
6.2.2 Normal equations . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24
6.2.3 Polynomial least squares via QR factorization . . . . . . . . . . . . 24

6.3 Continuous Least Squares and Orthogonal Polynomials . . . . . . . . . . . 25
6.3.1 Continuous least squares . . . . . . . . . . . . . . . . . . . . . . . . 25
6.3.2 Orthogonal polynomials . . . . . . . . . . . . . . . . . . . . . . . . 25

6.4 Chebyshev Polynomials . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25
6.5 Best Uniform Approximation (Chebyshev / Minimax) . . . . . . . . . . . . 26
6.6 Near-best Approximation via Chebyshev Interpolation . . . . . . . . . . . 26
6.7 Python Implementation . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27
6.8 Exercises . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28

7 Numerical Differentiation and Integration 31
7.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31
7.2 Numerical Differentiation . . . . . . . . . . . . . . . . . . . . . . . . . . . 31

7.2.1 Finite difference formulas . . . . . . . . . . . . . . . . . . . . . . . 31
7.2.2 Higher-order formulas . . . . . . . . . . . . . . . . . . . . . . . . . 32

7.3 Numerical Integration (Quadrature) . . . . . . . . . . . . . . . . . . . . . . 33
7.3.1 The trapezoidal rule . . . . . . . . . . . . . . . . . . . . . . . . . . 33
7.3.2 Simpson’s rule . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33

7.4 Richardson Extrapolation . . . . . . . . . . . . . . . . . . . . . . . . . . . 34
7.5 Convergence Study:

∫ 1

0
e−x2

dx . . . . . . . . . . . . . . . . . . . . . . . . . 34
7.6 Implementations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35
7.7 Exercises . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37

8 Gaussian Quadrature 39
8.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39
8.2 Fundamental Theorem of Gaussian Quadrature . . . . . . . . . . . . . . . 39
8.3 Gauss–Legendre Quadrature . . . . . . . . . . . . . . . . . . . . . . . . . . 40

8.3.1 Change of interval . . . . . . . . . . . . . . . . . . . . . . . . . . . 40
8.4 Error Formula . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41

iv



CONTENTS CONTENTS

8.5 Other Gaussian Quadrature Rules . . . . . . . . . . . . . . . . . . . . . . . 41
8.5.1 Gauss–Laguerre . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41
8.5.2 Gauss–Hermite . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41

8.6 Composite Gauss Quadrature . . . . . . . . . . . . . . . . . . . . . . . . . 42
8.7 Implementations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42
8.8 Exercises . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44

9 Numerical Solution of Ordinary Differential Equations 47
9.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47
9.2 The Cauchy Problem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47
9.3 Euler’s Methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47

9.3.1 Explicit (forward) Euler method . . . . . . . . . . . . . . . . . . . 47
9.3.2 Implicit (backward) Euler method . . . . . . . . . . . . . . . . . . 48

9.4 Runge–Kutta Methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49
9.4.1 Classical fourth-order Runge–Kutta (RK4) . . . . . . . . . . . . . . 49

9.5 Stability Analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50
9.5.1 Stability region plots . . . . . . . . . . . . . . . . . . . . . . . . . . 51

9.6 Convergence Study: y′ = −y . . . . . . . . . . . . . . . . . . . . . . . . . . 51
9.7 Implementations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51
9.8 Exercises . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54

10 Numerical Computation of Eigenvalues and Eigenvectors 57
10.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57
10.2 Spectral Properties . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57
10.3 Gerschgorin’s Theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58

10.3.1 Gerschgorin discs visualization . . . . . . . . . . . . . . . . . . . . 58
10.4 Power Iteration . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58
10.5 Inverse Iteration with Shift . . . . . . . . . . . . . . . . . . . . . . . . . . 60
10.6 The QR Algorithm . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 60

10.6.1 Basic QR algorithm . . . . . . . . . . . . . . . . . . . . . . . . . . 60
10.6.2 QR algorithm with Hessenberg reduction . . . . . . . . . . . . . . . 61
10.6.3 QR algorithm with shifts . . . . . . . . . . . . . . . . . . . . . . . 61

10.7 Singular Value Decomposition (SVD) . . . . . . . . . . . . . . . . . . . . . 62
10.8 Convergence Study . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63
10.9 Implementations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63
10.10Exercises . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 67

Formula Sheet 69
.1 Vector and Matrix Norms . . . . . . . . . . . . . . . . . . . . . . . . . . . 69
.2 Errors . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 69
.3 Quadrature Rules . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 69
.4 ODE Methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 69

v



CONTENTS CONTENTS

vi



List of Algorithms

1 Bisection . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5
2 Newton’s method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6

3 LU factorisation (without pivoting) . . . . . . . . . . . . . . . . . . . . . . . 11
4 Cholesky factorisation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12

5 Conjugate gradient . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16

6 Explicit Euler method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48

7 Power iteration . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59
8 Inverse iteration with shift . . . . . . . . . . . . . . . . . . . . . . . . . . . 60

vii



LIST OF ALGORITHMS LIST OF ALGORITHMS

viii



Preface

Numerical analysis is the art of solving mathematical problems approximately but with
controlled error. Unlike theoretical analysis, which establishes existence and uniqueness of
solutions, numerical analysis is concerned with actually computing them and quantifying
the error incurred.

This course covers the fundamentals: floating-point arithmetic, solving linear systems,
interpolation, numerical integration, ordinary differential equations, and eigenvalue prob-
lems. Each method is accompanied by its error analysis, pseudocode, and implementations
in Python and Julia.

Prerequisites. Real Analysis I & II, linear algebra, basic programming.
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Chapter 1

Floating-Point Arithmetic, Errors
and Stability

“Numerical computation is the art of giving the right answer to a slightly different
problem.”

1.1 Motivating example
Let us compute f(x) = 1−cosx

x2 for x = 10−8 in double precision. The theoretical result
is ≈ 0.5, but Python returns 0.0! The catastrophic cancellation between 1 and cosx
eliminates all significant digits. Understanding floating-point arithmetic is essential.

1.2 Representation of numbers in a computer
Definition 1.1 (Floating-point number). In base β with t significant digits, a floating-
point number is written:

x = ±m× βe, m = d0.d1d2 · · · dt−1, d0 ̸= 0,

where emin ≤ e ≤ emax and 0 ≤ di < β.

Definition 1.2 (IEEE 754 Standard).
Format Bits Mantissa εmach

Single precision 32 23+1 bits ≈ 1.19× 10−7

Double precision 64 52+1 bits ≈ 2.22× 10−16

Definition 1.3 (Machine epsilon). The machine epsilon εmach is the smallest ε > 0
such that fl(1 + ε) > 1:

εmach =
1

2
β1−t.

For every representable x ∈ R, fl(x) = x(1 + δ) with |δ| ≤ εmach.

1
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1.3 Rounding errors and propagation
Definition 1.4 (Absolute and relative error).

Absolute error : Ea = |x− x̃|, (1.1)

Relative error : Er =
|x− x̃|
|x|

(x ̸= 0). (1.2)

Theorem 1.5 (Error propagation). If x̃ = x(1 + εx) and ỹ = y(1 + εy):

• x̃ · ỹ ≈ xy(1 + εx + εy): relative errors add up.

• x̃− ỹ ≈ (x− y) + xεx − yεy: if x ≈ y, the relative error blows up.

Warning

Catastrophic cancellation occurs when subtracting nearly equal numbers. Ex-
ample: 1− cosx for small x. Remedy: use 2 sin2(x/2).

1.4 Conditioning of a problem
Definition 1.6 (Condition number). The condition number of a problem f at the
point x is:

κ(f, x) =

∣∣∣∣xf ′(x)

f(x)

∣∣∣∣ .
A problem is well-conditioned if κ ∼ 1, ill-conditioned if κ≫ 1.

Definition 1.7 (Matrix condition number). For Ax = b:

cond(A) = ∥A∥ · ∥A−1∥.

The relative error on x is amplified by cond(A):

∥δx∥
∥x∥

≤ cond(A)∥δb∥
∥b∥

.

1.5 Numerical stability
Definition 1.8 (Stable algorithm). An algorithm is stable if it gives the exact solution
of a slightly perturbed problem. It is backward stable if the perturbation is of order
εmach.

Method
The accuracy of the result depends on two factors:

1. The conditioning of the problem (inherent, cannot be changed).

2. The stability of the algorithm (the programmer’s choice).

Rule: error ≲ cond× εmach.

2



CHAPTER 1. FLOATING-POINT ARITHMETIC, ERRORS AND STABILITY1.6. IMPLEMENTATION

Problem
f(x)

Algorithm
f̃(x̃)

Result
ỹ

Conditioning κ Stability

Total error ≤ κ · ε

1.6 Implementation

Python

import numpy as np

# Epsilon machine
eps = np.finfo(float).eps
print(f"eps_mach = {eps}") # 2.220446049250313e-16

# Cancellation catastrophique
x = 1e-8
f_bad = (1 - np.cos(x)) / x**2
f_good = 2 * np.sin(x/2)**2 / x**2
print(f"Mauvais : {f_bad}") # 0.0
print(f"Bon : {f_good}") # 0.49999999...

# Conditionnement d'une matrice
A = np.array([[1, 1], [1, 1.0001]])
print(f"cond(A) = {np.linalg.cond(A):.1f}") # ~40000

Julia

# Epsilon machine
println("eps_mach = ", eps(Float64))

# Cancellation
x = 1e-8
f_bad = (1 - cos(x)) / x^2
f_good = 2sin(x/2)^2 / x^2
println("Mauvais : $f_bad")
println("Bon : $f_good")

# Conditionnement
using LinearAlgebra
A = [1.0 1.0; 1.0 1.0001]
println("cond(A) = ", cond(A))

3
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1.7 Exercises
Exercise 1.1 (⋆ – Machine epsilon). Write a program that computes εmach by bisection.
Compare with np.finfo(float).eps.

Exercise 1.2 (⋆ – Cancellation). Propose a stable computation of
√
x+ 1−

√
x for large

x. Verify numerically.

Exercise 1.3 (⋆⋆ – Condition number). Compute the condition number of the problem
f(x) = lnx at the point x = 1. Interpret.

Exercise 1.4 (⋆⋆ – Hilbert matrix). Let Hn be the Hilbert matrix (hij = 1/(i+ j − 1)).
Compute cond(Hn) for n = 2, . . . , 15. What do you observe?

Exercise 1.5 (⋆⋆⋆ – Project). Study the numerical stability of evaluating the polynomial
p(x) =

∑
aix

i using Horner’s algorithm vs. naive evaluation. Compare relative errors for
high-degree polynomials.

Key Formulas

fl(x) = x(1 + δ), |δ| ≤ εmach εmach = 1
2
β1−t

κ(f, x) = |xf ′(x)/f(x)| cond(A) = ∥A∥ · ∥A−1∥

4



Chapter 2

Root Finding

2.1 Motivating example
Finding x such that ex = 3x amounts to finding a root of f(x) = ex− 3x. No closed-form
solution exists: a numerical method is needed.

2.2 Bisection method
Theorem 2.1 (Intermediate Value Theorem). If f ∈ C([a, b]) and f(a)f(b) < 0, then
∃ c ∈ (a, b) such that f(c) = 0.

Algorithm 1: Bisection
Input: f , a, b, tolerance ε
Output: Approximation of the root c
while b− a > ε do

c← (a+ b)/2;
if f(a) · f(c) < 0 then

b← c
else

a← c

return c

Theorem 2.2 (Convergence of bisection). After n iterations: |cn − x∗| ≤ b−a
2n+1 . The

convergence is linear with rate 1/2.

Proof. At each iteration, the interval is halved. After n iterations, |In| = (b− a)/2n and
|cn − x∗| ≤ |In|/2.

2.3 Newton’s method
Definition 2.3. Newton’s iteration for f(x) = 0 is:

xn+1 = xn −
f(xn)

f ′(xn)
.

5
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0.6 0.8 1 1.2 1.4 1.6 1.8 2 2.2 2.4

−2

2

4

x1

(x0, f(x0))

x

y

Newton’s method

Algorithm 2: Newton’s method
Input: f , f ′, x0, tolerance ε, Nmax
Output: Approximation xn

for n = 0, 1, . . . , Nmax do
xn+1 ← xn − f(xn)/f

′(xn);
if |xn+1 − xn| < ε then

return xn+1

Theorem 2.4 (Quadratic convergence of Newton’s method). If f ∈ C2, f(x∗) = 0,
f ′(x∗) ̸= 0 and x0 is sufficiently close to x∗, then:

|en+1| ≤
M

2m
|en|2,

where en = xn − x∗, M = sup |f ′′|, m = inf |f ′| in a neighbourhood of x∗.
Proof. By Taylor’s theorem: 0 = f(x∗) = f(xn) + f ′(xn)(x

∗ − xn) +
f ′′(ξn)

2
(x∗ − xn)

2.
Dividing by f ′(xn):

0 =
f(xn)

f ′(xn)
+ (x∗ − xn) +

f ′′(ξn)

2f ′(xn)
e2n.

Since xn+1 = xn − f(xn)/f
′(xn), we get en+1 = xn+1 − x∗ = − f ′′(ξn)

2f ′(xn)
e2n.

2.4 Secant method
Definition 2.5. We replace f ′(xn) by a finite difference:

xn+1 = xn − f(xn)
xn − xn−1

f(xn)− f(xn−1)
.

Theorem 2.6. The order of convergence of the secant method is the golden ratio
φ = (1 +

√
5)/2 ≈ 1.618.

2.5 Fixed-point method
Definition 2.7. Find x = g(x). Iteration: xn+1 = g(xn).
Theorem 2.8 (Banach Fixed-Point Theorem). If g : [a, b] → [a, b] is a contraction
(|g′(x)| ≤ L < 1 on [a, b]), then g has a unique fixed point x∗ and xn → x∗ with:

|xn − x∗| ≤ Ln

1− L
|x1 − x0|.

6



CHAPTER 2. ROOT FINDING 2.6. COMPARISON OF METHODS

2.6 Comparison of methods
Method Order Evaluations of f Robustness
Bisection 1 (linear) 1/iter. Very robust
Newton 2 (quadratic) f + f ′/iter. Sensitive to x0

Secant φ ≈ 1.618 1/iter. Moderate

2.7 Numerical example
Root of f(x) = ex − 3x with x0 = 2 (Newton):

n xn f(xn) |xn − xn−1|

0 2.000000 1.389056 —
1 1.373418 0.225698 0.627
2 1.524247 −0.046 0.151
3 1.512127 −0.000374 0.012
4 1.512135 < 10−9 8× 10−6

2.8 Implementation
Python

import numpy as np

def bisection(f, a, b, tol=1e-12):
while b - a > tol:

c = (a + b) / 2
if f(a) * f(c) < 0:

b = c
else:

a = c
return (a + b) / 2

def newton(f, df, x0, tol=1e-12, maxiter=100):
x = x0
for i in range(maxiter):

dx = f(x) / df(x)
x -= dx
if abs(dx) < tol:

return x, i+1
return x, maxiter

def secant(f, x0, x1, tol=1e-12, maxiter=100):
for i in range(maxiter):

fx0, fx1 = f(x0), f(x1)
x2 = x1 - fx1 * (x1 - x0) / (fx1 - fx0)
if abs(x2 - x1) < tol:

return x2, i+1

7
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x0, x1 = x1, x2
return x1, maxiter

# Test
f = lambda x: np.exp(x) - 3*x
df = lambda x: np.exp(x) - 3

print(f"Bissection : {bisection(f, 0, 1):.12f}")
x_newton, n = newton(f, df, 2.0)
print(f"Newton : {x_newton:.12f} ({n} iterations)")
x_sec, n = secant(f, 0.0, 1.0)
print(f"Secante : {x_sec:.12f} ({n} iterations)")

Julia

function newton(f, df, x0; tol=1e-12, maxiter=100)
x = x0
for i in 1:maxiter

dx = f(x) / df(x)
x -= dx
abs(dx) < tol && return x, i

end
return x, maxiter

end

f(x) = exp(x) - 3x
df(x) = exp(x) - 3
x, n = newton(f, df, 2.0)
println("Newton: x = $x ($n iterations)")

2.9 Exercises

Exercise 2.1 (⋆). Find
√
2 by applying Newton’s method to f(x) = x2 − 2. How many

iterations are needed for 15 decimal digits?

Exercise 2.2 (⋆⋆). Show that Newton’s method applied to f(x) = x2 converges linearly
(double root). Generalise: what happens when f ′(x∗) = 0?

Exercise 2.3 (⋆⋆). Prove that the order of the secant method is φ by setting en+1 ≈ C epn
and solving p2 − p− 1 = 0.

Exercise 2.4 (⋆ ⋆ ⋆ – Project). Implement Brent’s method (combination of bisection +
secant). Compare with the simpler methods on 10 test functions.

8
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Key Formulas

Bisection : |en| ≤
b− a

2n+1

Newton : xn+1 = xn −
f(xn)

f ′(xn)
, |en+1| ≤ C|en|2

Secant : xn+1 = xn − f(xn)
xn − xn−1

f(xn)− f(xn−1)
, order φ

9
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Chapter 3

Direct Methods for Linear Systems

3.1 Motivating example

An electrical circuit with n nodes produces a system Ax = b of n equations. For n = 1000,
a systematic and efficient method is needed.

3.2 Gaussian elimination and LU factorisation

Definition 3.1 (LU factorisation). Find L lower triangular (with ℓii = 1) and U upper
triangular such that A = LU . Then Ax = b is solved by Ly = b (forward substitution)
followed by Ux = y (back substitution).

Algorithm 3: LU factorisation (without pivoting)
Input: Matrix A ∈ Rn×n

Output: L, U such that A = LU
for k = 1, . . . , n− 1 do

for i = k + 1, . . . , n do
ℓik ← aik/akk;
for j = k + 1, . . . , n do

aij ← aij − ℓik · akj;

U ← upper triangular part of A;

Theorem 3.2 (Existence of LU). If all leading principal submatrices of A are invertible,
then the LU factorisation exists and is unique.

Theorem 3.3 (Cost). The LU factorisation costs 2n3

3
+O(n2) floating-point operations.

Proof. Step k performs (n−k)2 multiplications and subtractions. Total:
∑n−1

k=1 2(n−k)2 =
2
∑n−1

j=1 j
2 = 2n3

3
+O(n2).

11
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3.3 Partial pivoting

Warning

Without pivoting, the algorithm can be unstable (division by a small pivot). Par-
tial pivoting permutes rows to maximise |akk|.

One obtains PA = LU where P is a permutation matrix.

Theorem 3.4 (Stability). With partial pivoting, Gaussian elimination is backward sta-
ble:

(A+∆A)x̂ = b, ∥∆A∥ ≤ g(n) εmach ∥A∥,

where g(n) is the growth factor (bounded by 2n−1 in theory, rarely exceeded in practice).

3.4 Cholesky factorisation
Theorem 3.5 (Cholesky factorisation). If A is symmetric positive definite (SPD),
then there exists a unique lower triangular matrix L with positive diagonal entries such
that A = LL⊤.

Proof. By induction on n. Write A =

(
a11 v⊤

v A′

)
. Since A is SPD, a11 > 0. Set

ℓ11 =
√
a11, l = v/ℓ11. Then A′ − ll⊤ is SPD of size (n − 1) × (n − 1) and we apply the

induction hypothesis.

Algorithm 4: Cholesky factorisation
Input: A SPD, n× n
Output: L such that A = LL⊤

for j = 1, . . . , n do
ℓjj ←

√
ajj −

∑j−1
k=1 ℓ

2
jk;

for i = j + 1, . . . , n do
ℓij ← 1

ℓjj

(
aij −

∑j−1
k=1 ℓikℓjk

)
;

Theorem 3.6 (Cost of Cholesky). n3

3
+O(n2): half the cost of LU.

3.5 Numerical example

A =

(
4 2
2 5

)
, b =

(
8
9

)
. Cholesky: L =

(
2 0
1 2

)
.

Forward substitution Ly = b: y1 = 4, y2 = (9 − 1 · 4)/2 = 2.5. Back substitution
L⊤x = y: x2 = 2.5/2 = 1.25, x1 = (4− 1 · 1.25)/2 = 1.375.

12
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3.6 Implementation
Python

import numpy as np
from scipy.linalg import lu, cholesky, solve_triangular

# LU
A = np.array([[2., 1, 1], [4, 3, 3], [8, 7, 9]])
b = np.array([4., 10, 24])
P, L, U = lu(A)
y = solve_triangular(L, P @ b, lower=True)
x = solve_triangular(U, y)
print(f"LU: x = {x}")

# Cholesky
A_spd = np.array([[4., 2], [2, 5]])
b_spd = np.array([8., 9])
L_chol = cholesky(A_spd, lower=True)
y = solve_triangular(L_chol, b_spd, lower=True)
x = solve_triangular(L_chol.T, y)
print(f"Cholesky: x = {x}")
print(f"Cout LU (n=100): ~{2*100**3//3:.0f} flops")

Julia

using LinearAlgebra
A = [2.0 1 1; 4 3 3; 8 7 9]
b = [4.0, 10, 24]
F = lu(A)
x = F \ b
println("LU: x = $x")

A_spd = [4.0 2; 2 5]
b_spd = [8.0, 9]
C = cholesky(A_spd)
x = C \ b_spd
println("Cholesky: x = $x")

3.7 Exercises

Exercise 3.1 (⋆). Factorise A =

1 2 3
2 8 14
3 14 34

 into LU by hand. Verify.

Exercise 3.2 (⋆⋆). Show that if A is SPD, all pivots in Gaussian elimination are positive
(no pivoting needed).

Exercise 3.3 (⋆⋆). Compare the computation times of LU vs. Cholesky for n = 100, 500, 1000, 2000
on random SPD matrices. Verify the ratio ∼ 2.

13
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Exercise 3.4 (⋆ ⋆ ⋆ – Project). Implement the banded LU factorisation for tridiagonal
matrices (Thomas algorithm). Apply to the discretisation of −u′′ = f .

Key Formulas

A = LU (cost 2n3

3
)

A = LL⊤ (Cholesky, cost n3

3
)

PA = LU (partial pivoting)

cond(A) = ∥A∥ · ∥A−1∥, ∥δx∥
∥x∥

≤ cond(A)∥δb∥
∥b∥

14



Chapter 4

Iterative Methods for Linear
Systems

4.1 Motivating example
In finite element methods, the matrix A is sparse (O(n) nonzero entries out of n2). LU
costs O(n3), which is unacceptable for n = 106. Iterative methods exploit the sparse
structure: each iteration costs O(n).

4.2 General principle
Definition 4.1 (Splitting method). We write A = M −N with M easily invertible. The
iteration is:

Mx(k+1) = Nx(k) + b, i.e. x(k+1) = Gx(k) + c,

where G = M−1N is the iteration matrix and c = M−1b.

Theorem 4.2 (Convergence). The method converges for every x(0) if and only if ρ(G) < 1
(spectral radius).
Proof. e(k) = x(k) − x∗ = Gke(0). Now ∥Gk∥ → 0 ⇐⇒ ρ(G) < 1.

4.3 Jacobi method
Definition 4.3. A = D−E −F (diagonal, lower triangular, upper triangular). M = D:

x
(k+1)
i =

1

aii

(
bi −

∑
j ̸=i

aijx
(k)
j

)
.

Iteration matrix: GJ = D−1(E + F ).

4.4 Gauss–Seidel method
Definition 4.4. M = D − E:

x
(k+1)
i =

1

aii

(
bi −

∑
j<i

aijx
(k+1)
j −

∑
j>i

aijx
(k)
j

)
.

15
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Iteration matrix: GGS = (D − E)−1F .

Theorem 4.5 (Convergence for SPD matrices). If A is SPD, Gauss–Seidel converges.

Theorem 4.6 (Convergence for diagonally dominant matrices). If A is strictly diagonally
dominant (|aii| >

∑
j ̸=i |aij|), then both Jacobi and Gauss–Seidel converge.

4.5 Successive over-relaxation (SOR)
Definition 4.7. We introduce a parameter ω ∈ (0, 2):

x
(k+1)
i = (1− ω)x

(k)
i +

ω

aii

(
bi −

∑
j<i

aijx
(k+1)
j −

∑
j>i

aijx
(k)
j

)
.

ω = 1: Gauss–Seidel. ω > 1: over-relaxation. ω < 1: under-relaxation.

Theorem 4.8. SOR converges if and only if 0 < ω < 2. The optimal ω depends on
ρ(GJ).

4.6 Conjugate gradient method
Definition 4.9. For A SPD, solving Ax = b is equivalent to minimising ϕ(x) = 1

2
x⊤Ax−

b⊤x.

Algorithm 5: Conjugate gradient
Input: A SPD, b, x0, tolerance ε
Output: x ≈ A−1b
r0 ← b− Ax0, p0 ← r0;
for k = 0, 1, 2, . . . do

αk ←
r⊤k rk
p⊤k Apk

;
xk+1 ← xk + αkpk;
rk+1 ← rk − αkApk;
if ∥rk+1∥ < ε then

return xk+1

βk ←
r⊤k+1rk+1

r⊤k rk
;

pk+1 ← rk+1 + βkpk;

Theorem 4.10 (Convergence of the conjugate gradient method). In exact arithmetic,
CG converges in at most n iterations. The error satisfies:

∥ek∥A ≤ 2

(√
κ− 1√
κ+ 1

)k

∥e0∥A, κ = cond2(A).

4.7 Implementation
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Python

import numpy as np

def jacobi(A, b, x0, tol=1e-10, maxiter=1000):
D = np.diag(np.diag(A))
R = A - D
x = x0.copy()
for k in range(maxiter):

x_new = np.linalg.solve(D, b - R @ x)
if np.linalg.norm(x_new - x) < tol:

return x_new, k+1
x = x_new

return x, maxiter

def conjugate_gradient(A, b, x0, tol=1e-10, maxiter=1000):
x = x0.copy()
r = b - A @ x
p = r.copy()
rs_old = r @ r
for k in range(maxiter):

Ap = A @ p
alpha = rs_old / (p @ Ap)
x += alpha * p
r -= alpha * Ap
rs_new = r @ r
if np.sqrt(rs_new) < tol:

return x, k+1
p = r + (rs_new / rs_old) * p
rs_old = rs_new

return x, maxiter

# Test : matrice tridiagonale
n = 100
A = np.diag(2*np.ones(n)) - np.diag(np.ones(n-1), 1) -

np.diag(np.ones(n-1), -1)↪→

b = np.ones(n)
x0 = np.zeros(n)

x_j, nj = jacobi(A, b, x0)
x_cg, ncg = conjugate_gradient(A, b, x0)
print(f"Jacobi: {nj} iterations")
print(f"CG: {ncg} iterations")

Julia

function cg(A, b, x0; tol=1e-10, maxiter=1000)
x = copy(x0)
r = b - A * x
p = copy(r)

17
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rs = dot(r, r)
for k in 1:maxiter

Ap = A * p
alpha = rs / dot(p, Ap)
x .+= alpha .* p
r .-= alpha .* Ap
rs_new = dot(r, r)
sqrt(rs_new) < tol && return x, k
p .= r .+ (rs_new / rs) .* p
rs = rs_new

end
return x, maxiter

end

4.8 Exercises
Exercise 4.1 (⋆). Apply 3 iterations of Jacobi and Gauss–Seidel to the system

(
4 1
1 3

)
x =(

1
2

)
, x(0) = (0, 0)⊤.

Exercise 4.2 (⋆⋆). Show that for a tridiagonal matrix Tn of size n, ρ(GJ) = cos(π/(n+1)).
Deduce the number of Jacobi iterations needed for a precision ε.

Exercise 4.3 (⋆ ⋆ ⋆ – Project). Compare Jacobi, Gauss–Seidel, SOR and CG for the 2D
discretisation of the Laplacian −∆u = f on [0, 1]2. Plot the number of iterations as a
function of n.

Key Formulas

Jacobi : x(k+1) = D−1(b− (A−D)x(k))

Gauss–Seidel : G = (D − E)−1F

CG : ∥ek∥A ≤ 2

(√
κ− 1√
κ+ 1

)k

∥e0∥A
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Chapter 5

Polynomial Interpolation

5.1 Motivating example
We have temperature measurements at 5 time instants. We want to estimate the temper-
ature at an intermediate time. Polynomial interpolation constructs a polynomial passing
exactly through the measured points.

5.2 The interpolation problem
Theorem 5.1 (Existence and uniqueness). Given n+1 distinct points (x0, y0), . . . , (xn, yn),
there exists a unique polynomial pn ∈ Pn such that pn(xi) = yi for all i.

Proof. The Vandermonde matrix Vij = xj
i is invertible since det(V ) =

∏
i>j(xi − xj) ̸=

0.

5.3 Lagrange form
Definition 5.2.

pn(x) =
n∑

i=0

yi Li(x), Li(x) =
n∏

j=0
j ̸=i

x− xj

xi − xj

.

The Li are the Lagrange basis polynomials: Li(xj) = δij.

5.4 Newton form
Definition 5.3 (Divided differences).

f [xi] = f(xi), f [xi, . . . , xi+k] =
f [xi+1, . . . , xi+k]− f [xi, . . . , xi+k−1]

xi+k − xi

.

Definition 5.4 (Newton form).

pn(x) = f [x0] + f [x0, x1](x− x0) + · · ·+ f [x0, . . . , xn]
n−1∏
j=0

(x− xj).

Evaluation by the generalised Horner algorithm: O(n) operations.
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5.5 Interpolation error
Theorem 5.5 (Interpolation error). If f ∈ Cn+1([a, b]), then for every x ∈ [a, b]:

f(x)− pn(x) =
f (n+1)(ξx)

(n+ 1)!

n∏
i=0

(x− xi),

where ξx ∈ (a, b) depends on x.

Proof. Set w(t) =
∏
(t − xi) and φ(t) = f(t) − pn(t) − λw(t) with λ chosen so that

φ(x) = 0 (for a fixed x ̸= xi). Then φ vanishes at n + 2 points. By Rolle’s theorem
applied n + 1 times, φ(n+1) vanishes at some point ξ. Since φ(n+1) = f (n+1) − λ(n + 1)!,
we get λ = f (n+1)(ξ)/(n+ 1)!.

Warning

The Runge phenomenon: for f(x) = 1/(1 + 25x2) on [−1, 1] with equidistant
nodes, the interpolation error diverges as n→∞ near the endpoints.

−1 −0.5 0 0.5 1
−0.5

0

0.5

1

1.5

x

y

Runge phenomenon

f(x)

5.6 Chebyshev nodes
Definition 5.6. The Chebyshev nodes on [−1, 1]:

xk = cos
(

2k + 1

2(n+ 1)
π

)
, k = 0, . . . , n.

They minimise maxx∈[−1,1] |
∏
(x− xi)|.

Theorem 5.7. With Chebyshev nodes: max |w(x)| ≤ 2−n, which avoids the Runge phe-
nomenon for analytic functions.

5.7 Cubic splines
Definition 5.8 (Cubic interpolating spline). s ∈ C2([a, b]), s|[xi,xi+1] ∈ P3, s(xi) = yi.
Boundary conditions:
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• Natural: s′′(x0) = s′′(xn) = 0.

• Clamped: s′(x0) = f ′(x0), s′(xn) = f ′(xn).

Theorem 5.9 (Cubic spline error). If f ∈ C4 and h = max(xi+1 − xi):

∥f − s∥∞ ≤
5

384
h4∥f (4)∥∞.

5.8 Implementation
Python

import numpy as np
from scipy.interpolate import lagrange, CubicSpline
import matplotlib.pyplot as plt

# Interpolation de Lagrange
x_nodes = np.array([-1, -0.5, 0, 0.5, 1])
f = lambda x: 1 / (1 + 25*x**2)
y_nodes = f(x_nodes)
p = lagrange(x_nodes, y_nodes)

x_fine = np.linspace(-1, 1, 300)
plt.figure(figsize=(10, 5))
plt.plot(x_fine, f(x_fine), 'b-', label='f(x)', lw=2)
plt.plot(x_fine, p(x_fine), 'r--', label=f'Lagrange deg

{len(x_nodes)-1}')↪→

plt.plot(x_nodes, y_nodes, 'ko', markersize=8)
plt.legend(); plt.title("Interpolation de Lagrange")
plt.savefig("ch05_lagrange.pdf"); plt.show()

# Noeuds de Tchebychev
n = 15
cheb = np.cos((2*np.arange(n+1)+1)/(2*(n+1))*np.pi)
y_cheb = f(cheb)
p_cheb = lagrange(cheb, y_cheb)
print(f"Erreur equidist (n=15):

{np.max(np.abs(f(x_fine)-lagrange(np.linspace(-1,1,16),
f(np.linspace(-1,1,16)))(x_fine))):.4f}")

↪→

↪→

print(f"Erreur Tchebychev (n=15):
{np.max(np.abs(f(x_fine)-p_cheb(x_fine))):.6f}")↪→

# Spline cubique
cs = CubicSpline(x_nodes, y_nodes)
print(f"Spline en 0.25: {cs(0.25):.6f}, exact: {f(0.25):.6f}")

Julia

using Interpolations
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f(x) = 1 / (1 + 25x^2)
nodes = [-1.0, -0.5, 0, 0.5, 1.0]
vals = f.(nodes)

# Differences divisees (Newton)
function divided_diff(x, y)

n = length(x)
F = copy(y)
for j in 2:n, i in n:-1:j

F[i] = (F[i] - F[i-1]) / (x[i] - x[i-j+1])
end
return F

end
println("Coefs Newton: ", divided_diff(nodes, vals))

5.9 Exercises
Exercise 5.1 (⋆). Construct the Lagrange polynomial passing through (0, 1), (1, 3), (2, 7)
and verify.

Exercise 5.2 (⋆⋆). Prove Theorem 5.5 in detail.

Exercise 5.3 (⋆⋆). Compare the interpolation error with equidistant nodes vs. Chebyshev
nodes for f(x) = 1/(1 + 25x2), n = 5, 10, 15, 20.

Exercise 5.4 (⋆ ⋆ ⋆ – Project). Implement Hermite interpolation (data for both f and
f ′). Apply to the construction of Bézier curves.

Key Formulas

Li(x) =
∏
j ̸=i

x− xj

xi − xj

f(x)− pn(x) =
f (n+1)(ξ)

(n+ 1)!

∏
(x− xi)

xCheb
k = cos

(
2k + 1

2(n+ 1)
π

)
∥f − s∥∞ ≤

5

384
h4∥f (4)∥∞
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Chapter 6

Approximation — Least Squares and
Chebyshev

6.1 Introduction
In many practical situations, we have a set of data points and wish to find a function that
best represents them. Unlike interpolation, which requires the approximating function to
pass exactly through every data point, approximation seeks the function that is closest
in some well-defined sense.

Definition 6.1 (Approximation problem). Given data points (xi, yi), i = 0, 1, . . . ,m,
and a family of functions {g(x; a0, . . . , an)} with n < m, the approximation problem
consists of finding the parameters a0, . . . , an that minimize a measure of the discrepancy
between g(xi; a0, . . . , an) and yi.

The two principal approaches are:

• Least squares approximation: minimize the sum of squared residuals;

• Chebyshev (minimax) approximation: minimize the maximum absolute error.

6.2 Discrete Least Squares

6.2.1 Problem formulation
Definition 6.2 (Discrete least squares problem). Given m + 1 data points (xi, yi) for
i = 0, . . . ,m and a basis of functions φ0, φ1, . . . , φn with n < m, we seek coefficients
a0, a1, . . . , an minimizing

S(a0, . . . , an) =
m∑
i=0

(
yi −

n∑
j=0

ajφj(xi)

)2

.

Remark 6.3. The condition n < m is essential: the system is overdetermined, so we
cannot in general satisfy all equations exactly. When n = m, we recover the interpolation
problem.
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6.2.2 Normal equations
Theorem 6.4 (Normal equations). The least squares solution satisfies the normal equa-
tions:

A⊤A a = A⊤y,
where A is the (m+1)× (n+1) matrix with entries Aij = φj(xi), a = (a0, . . . , an)

⊤, and
y = (y0, . . . , ym)

⊤.

Proof. Define r = y−Aa (the residual vector). Then

S(a) = ∥r∥22 = (y−Aa)⊤(y−Aa) = y⊤y− 2a⊤A⊤y + a⊤A⊤A a.

Setting the gradient with respect to a to zero:

∇aS = −2A⊤y + 2A⊤A a = 0.

This gives A⊤A a = A⊤y.
Since S is a convex quadratic form (the Hessian 2A⊤A is positive semi-definite), any

critical point is a global minimum. If the columns of A are linearly independent, then
A⊤A is positive definite and the solution is unique.

Example 6.5 (Linear least squares fit). Given the data

xi 0 1 2 3 4
yi 1.0 2.1 2.9 4.2 4.8

we fit g(x) = a0 + a1x. The matrix A and the normal equations are:

A =


1 0
1 1
1 2
1 3
1 4

 , A⊤A =

(
5 10
10 30

)
, A⊤y =

(
15.0
38.8

)
.

Solving: a0 = 1.08, a1 = 0.96, so g(x) = 1.08 + 0.96x.

Warning

The matrix A⊤A can be very ill-conditioned, especially when using monomials
φj(x) = xj of high degree. This is why orthogonal polynomials or QR factorization
are preferred in practice.

6.2.3 Polynomial least squares via QR factorization
Proposition 6.6. If A = QR is the (thin) QR factorization of A where Q ∈ R(m+1)×(n+1)

has orthonormal columns and R ∈ R(n+1)×(n+1) is upper triangular, then the least squares
solution is

R a = Q⊤y.

Proof. From A = QR, we get A⊤A = R⊤Q⊤QR = R⊤R and A⊤y = R⊤Q⊤y. The normal
equations become R⊤R a = R⊤Q⊤y. Since R is invertible, we may multiply on the left
by (R⊤)−1 to obtain R a = Q⊤y.
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6.3 Continuous Least Squares and Orthogonal Poly-
nomials

6.3.1 Continuous least squares
Definition 6.7 (Continuous least squares). Given a weight function w(x) > 0 on [a, b]
and a function f ∈ C([a, b]), we seek a polynomial pn ∈ Pn minimizing

∥f − pn∥2w =

∫ b

a

w(x) [f(x)− pn(x)]
2 dx.

The solution satisfies the continuous normal equations:
n∑

j=0

aj

∫ b

a

w(x)φj(x)φk(x) dx︸ ︷︷ ︸
⟨φj ,φk⟩w

=

∫ b

a

w(x) f(x)φk(x) dx︸ ︷︷ ︸
⟨f,φk⟩w

, k = 0, . . . , n.

6.3.2 Orthogonal polynomials
Definition 6.8 (Orthogonal polynomials). A sequence {pk}k≥0 of polynomials (with
deg pk = k) is orthogonal with respect to the inner product ⟨·, ·⟩w if

⟨pj, pk⟩w =

∫ b

a

w(x) pj(x) pk(x) dx = 0 for j ̸= k.

Theorem 6.9 (Three-term recurrence). Orthogonal polynomials satisfy a recurrence of
the form

pk+1(x) = (αkx+ βk) pk(x)− γk pk−1(x), k ≥ 1,

with p0(x) = 1 and p1(x) = α0x+ β0.
Example 6.10 (Classical orthogonal polynomials).

Name Interval w(x) Notation
Legendre [−1, 1] 1 Pk(x)
Chebyshev [−1, 1] (1− x2)−1/2 Tk(x)
Laguerre [0,∞) e−x Lk(x)

Hermite (−∞,∞) e−x2
Hk(x)

Proposition 6.11. If {p0, p1, . . . , pn} is an orthogonal basis, the best approximation is

fn(x) =
n∑

k=0

ck pk(x), ck =
⟨f, pk⟩w
⟨pk, pk⟩w

.

The normal equations decouple because the Gram matrix is diagonal.

6.4 Chebyshev Polynomials
Definition 6.12 (Chebyshev polynomials). The Chebyshev polynomials of the first kind
are defined by

Tk(x) = cos(k arccosx), x ∈ [−1, 1], k = 0, 1, 2, . . .

They satisfy the recurrence T0(x) = 1, T1(x) = x, Tk+1(x) = 2xTk(x)− Tk−1(x).
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Theorem 6.13 (Properties of Chebyshev polynomials). 1. Tk has exactly k zeros on
(−1, 1): xj = cos

(
(2j−1)π

2k

)
, j = 1, . . . , k.

2. |Tk(x)| ≤ 1 for all x ∈ [−1, 1].

3. Tk attains the values ±1 at k + 1 extremal points: x∗
j = cos

(
jπ
k

)
, j = 0, . . . , k.

4. Orthogonality:
∫ 1

−1

Tj(x)Tk(x)√
1− x2

dx =


0 j ̸= k,

π j = k = 0,

π/2 j = k ̸= 0.

Theorem 6.14 (Minimax property). Among all monic polynomials of degree n, the
polynomial T̃n(x) = 21−nTn(x) has the smallest uniform norm on [−1, 1]:

max
x∈[−1,1]

|T̃n(x)| = 21−n.

6.5 Best Uniform Approximation (Chebyshev / Min-
imax)

Definition 6.15 (Best uniform approximation). Given f ∈ C([a, b]), the best uniform
(minimax) approximation of degree n is the polynomial p∗n satisfying

∥f − p∗n∥∞ = min
p∈Pn

∥f − p∥∞ = min
p∈Pn

max
x∈[a,b]

|f(x)− p(x)|.

Theorem 6.16 (Chebyshev equioscillation theorem). A polynomial p∗n ∈ Pn is the best
uniform approximation to f ∈ C([a, b]) if and only if the error e(x) = f(x) − p∗n(x)
equioscillates at least n+ 2 times: there exist n+ 2 points

a ≤ x0 < x1 < · · · < xn+1 ≤ b

such that
e(xj) = (−1)j σ ∥e∥∞, j = 0, 1, . . . , n+ 1,

where σ = ±1.

Remark 6.17. The equioscillation theorem guarantees both existence and uniqueness of
the best uniform approximation. The Remez algorithm is a classical iterative method for
computing it.

6.6 Near-best Approximation via Chebyshev Inter-
polation

Theorem 6.18 (Near-optimality of Chebyshev interpolation). Let pCheb
n be the interpo-

lation polynomial at Chebyshev nodes and p∗n the best uniform approximation. Then

∥f − pCheb
n ∥∞ ≤

(
1 + ΛCheb

n

)
∥f − p∗n∥∞,

where ΛCheb
n = O(lnn) is the Lebesgue constant for Chebyshev nodes.
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