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Banach Spaces — Foundations
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Functional analysis extends the ideas of linear algebra and real analysis to
infinite-dimensional spaces. The natural framework is that of a normed vector
space, and the single most important property such a space can enjoy is
completeness. A complete normed space is called a Banach space, after Stefan
Banach, who laid the foundations of the subject in his 1932 monograph.

Throughout this chapter K denotes either R or C, and all vector spaces
are over K unless stated otherwise.
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1.1 Normed vector spaces

Definition 1.1 (Normed vector space). Let E be a vector space over
K. A norm on F is a function ||-|| : E — [0, +00) satisfying, for all
x,y € Fand A € K:

(N1) ||z]| =0 < =0 (positive definiteness);
(N2) ||Az|| = A ||zl (absolute homogeneity);
(N3) llz +yll < [l=|| + [yl (triangle inequality).

The pair (E,|-||) is called a normed vector space (or simply a
normed space).

Every norm induces a metric d(z,y) = |z —y|| and hence a topology

on E. We write B(z,7) = {y € £ : |ly—x|| < r} for the open ball and

B(z,r) = {y € E : |ly—=z| < r} for the closed ball. The unit ball is

Br = B(0,1).

Definition 1.2 (Seminorm). A function p : £ — [0, +00) satisfying
(N2)| and [(N3)] (but not necessarily [[N1))) is called a seminorm.

Remark 1.3. If p is a seminorm, then N = {z € E : p(z) = 0} is a
vector subspace, and p induces a norm on the quotient F/N.

1.1.1 Fundamental examples

Example 1.4 (Euclidean space R"). On R™ (or C") the most common

norms are, for x = (1, ...,z,):
- »\ /P
lall, = (3 lal) ", 1=p<oo, (L1)
k=1
2]l = max |zl (1.2)

The case p = 2 gives the standard Euclidean norm. That |[-[|, is
indeed a norm for p > 1 follows from Minkowski’s inequality (see
definition [1.9| below).
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Example 1.5 (Sequence spaces /P). For 1 < p < oo define

o o0 l/p
0 ={o= @1 CK: Y lwal’ <00}, allp = (3 loal)
n=1 n=1

For p = oo:

£ = {l’ = (xn)n21 CK: sup |zn| < OO}, ”xHZOO = sup |xn| :
n n>1

The subspace ¢y C > consists of sequences converging to zero; ¢ C >
consists of all convergent sequences. Both are closed subspaces of £>°.

Example 1.6 (Space of continuous functions C(K)). Let K be a com-
pact topological space. The space

C(K)={f: K — K| fis continuous}

equipped with the supremum norm |f| = sup,gx|f(¢)| is a
normed space. For K = [a,b] C R we often write C(a, b]).

Example 1.7 (Preview: LP spaces). Let (€2, A, 1) be a measure space.
For 1 < p < oo one defines

LP(Q,N):{f:Q%Kmeasurable:/Q|f|p d,u<oo}/~,

where f ~ g iff f = g pra.e. The norm is || fl|, = ([ |f]° du)l/p.
These spaces will be discussed in detail later; for now they serve as
motivation.

1.1.2 Holder’s and Minkowski’s inequalities

The fundamental tool for proving that [-[|, is a norm is the following pair of

classical inequalities.

Proposition 1.8 (Hélder’s inequality). Let 1 < p < oo and 1—1) —i—% =1
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(with ¢ = oo when p = 1). For any sequences (a,), (b,) € KN:

3= (5 )" ()

In particular, if a € P and b € ¢ then ab € (*.

Proof. The cases p =1 or p = oo are immediate. Assume 1 < p < co. Recall
Young’s inequality: for o, 5 > 0,
p q
af < =+ 6—
p q
If A= |all, =0o0r B =[], = 0 the result is trivial. Otherwise set
a, = |a,| /A and B, = |b,| /B. Then

|anbn| on | B
et < my n
A = e S P
Summing over n:
1 1 la,|” 1 b, 1 1
_— Wb < = = 4= — =—+-=1. O
R SIAEE ) S F) DTS

Proposition 1.9 (Minkowski’s inequality). For 1 < p < oo and a,b €
0P
la + b, < llall, + o], -

Proof. For p=1 and p = oo this is clear. Let 1 < p < co. We have

S an + bal” < 3 fan + b (laal + (b))

= an +bal" Jan] + Y lan + 0ol by -
n n

Apply Holder’s inequality to each sum with exponents ¢ and p (noting (p —
1)q = p):

/
S a4 0P < (X haw +0u7) " (lal, + 111,

n n

Dividing both sides by (Z @, + b |” )1/ 7 gives the result (the case when the
sum is zero being trivial). O
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1.2 Convergence and series in normed spaces

Definition 1.10 (Convergence). A sequence (z,) in a normed space
(E,||-]|) converges to x € E if ||z, — x| — 0. We write z,, — x or
lim,, oo T, = .

Definition 1.11 (Cauchy sequence). A sequence (z,) in E is a
Cauchy sequence if for every ¢ > 0 there exists N € N such that
|€m — x| < € for all m,n > N.

\ 7

Every convergent sequence is Cauchy. The converse is the content of
completeness.

Definition 1.12 (Series). Let (z,),>1 be a sequence in E. The se-
. o0 . . . .
ries ) >~ x, is said to converge if the sequence of partial sums

Sy = ny:l x, converges in F. The series converges absolutely
if >°%° ||| < 00
n=1 n :

Remark 1.13. In general, absolute convergence does not imply conver-
gence. In fact, the converse characterises Banach spaces (see defini-

tion below).

1.3 Banach spaces: definition and complete-
ness

Definition 1.14 (Banach space). A normed vector space (E, ||-||) is
called a Banach space if it is complete, i.e., every Cauchy sequence
in I/ converges in FE.

Theorem 1.15 (Completeness of 7). For every 1 < p < oo, the space
P is a Banach space.

Proof. We give the proof for 1 < p < oo; the case p = oo is analogous (and
simpler).
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Let ()51 be a Cauchy sequence in (7, where %) = (x;’“)
each fixed n,

o = a0 < o~ >0 s kg o

S0 (IL‘q(lk))kZI is Cauchy in K, hence converges to some z,, € K. Set x = (2,,)n>1.
Step 1: z € /P. Let € > 0 and choose K such that ||x(k) — :v(j)Hp < ¢ for
all k,j > K. For any N € N:

N
Z ‘x;k) - a:§3'>|” <el forall k7> K.
n=1

N
n=1

Letting j — oo (with N fixed):
all N,

(k) b . .
Ty — T, < eP. Since this holds for

[e® —zf| <& forall k> K.

In particular x = ) 4 (z — 2(K)) € 7.
Step 2: z®) — z in (7. The inequality above shows Hx("“‘) — a:Hp < ¢ for

k > K, which is exactly x®) . ]

Theorem 1.16 (Completeness of C(K)). If K is a compact topological
space, then (C(K), ||-||..) is a Banach space.

Proof. Let (f,) be a Cauchy sequence in C(K). Foreacht € K, |f(t) — fu(t)] <
| fm — fulloo = 0, so (fn(t)) converges in K. Define f(t) = lim,_,o f,(%).

Given € > 0, choose N so that ||f,, — full,, < € for m,n > N. Letting
m — oo we get |f(t) — fu(t)] < e for all t € K and n > N, i.e., the
convergence is uniform. As a uniform limit of continuous functions, f is
continuous, so f € C(K). Moreover | f — f,|, < e forn> N. O

Remark 1.17. The space C([0,1]) equipped with the L'-norm || f||, =
fol |f(t)] dt is not complete. One can construct a Cauchy sequence of
continuous functions whose L'-limit is a discontinuous function (e.g.,
a step function).

1.4 Finite-dimensional normed spaces

Finite-dimensional spaces are the “tame” case: they enjoy several remarkable
properties that fail spectacularly in infinite dimensions.
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Theorem 1.18 (Equivalence of norms in finite dimension). On a
finite-dimensional vector space E, all norms are equivalent: if ||-||, and
|-l, are two norms on E with dim E' = n < oo, there exist constants
0 < a < B such that

allzl, < llzll, < B llell,  VzeE.

\. J

Proof. Tt suffices to show that every norm |[|-|| on E is equivalent to the ¢!-
norm relative to a basis. Fix a basis eq,...,e, and write z = Z?:l &ieq; set
lzlly = 32 &l

Upper bound. By the triangle inequality and homogeneity,
lell < D16l Nleall < Mllzll, M = max|es].
i=1

Lower bound. The map ¢ : (K", ||-||;) = R defined by ¢(&) = ||>_, &eill
is continuous (by the upper bound just proved) and positive on the unit
sphere S = {z € K" : ||z||; = 1}. Since S is compact in K" (here we use
finite dimension), ¢ attains a minimum m = ming ¢ > 0. Hence for x # 0:

el = llzlly - oz / Nlzlly) = m ], -
Thus m [[zfl, < =]} < M [l[];. O

Corollary 1.19. Every finite-dimensional normed space is a Banach
space.

Proof. By definition[I.18] any norm on £ = K" is equivalent to the Euclidean
norm. Since (K", ||-||,) is complete, so is (£, ||-]|). O

Theorem 1.20 (Compactness of the closed unit ball in finite dimen-

sion). A normed space E has the property that Bg = B(0,1) is compact
if and only if dim E < oo.

Proof. (=) If dim E' < oo, then by equivalence of norms Bg is homeomorphic
to the closed unit ball in (K", ||-||,), which is compact by the Heine-Borel
theorem.

(«=) Suppose dim E = co. We construct a sequence in Bg with no con-
vergent subsequence, using Riesz’s lemma (definition below). Start with
r1 € E, ||z1]] = 1. Set Ey = span{x;}. By Riesz’s lemma with § = 1/2,
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there exists zy with ||zs]| = 1 and ||z —y|| > 1/2 for all y € E;. Set
E, = span{zy,x2} and repeat. By induction we obtain (x,) C Bp with

| — x| > 1/2 for m # n, so no subsequence can be Cauchy.

Lemma 1.21 (Riesz’s lemma). Let E be a normed space, F' C E a
closed proper subspace, and 0 < 8 < 1. Then there exists xy9 € E with
l|zo|| = 1 and
dist(zg, F) = inf ||zg — y|| > 6.
yeF

Proof. Pick z € E'\ F. Since F is closed, d = dist(z, F') > 0. Choose yy € F

with ||z — yo|| < d/0 (possible since d/0 > d). Set

=%

Tyg = ———.
12 = woll

Then ||zg]| = 1, and for any y € F:

z—= (Yo + [z = woll y)
12 = yo = [lz = woll yll _ er . d

d

lzo = yll =

Iz = woll Iz = woll ~ 2= wll
[l

Remark 1.22. One cannot take § = 1 in general. However, when F has
finite codimension, the infimum d = dist(z, F') is attained and one can
find z with dist(z, F') = 1.

1.5 Continuous linear maps and the operator

norm

Definition 1.23 (Bounded linear map). Let (E, ||-||z) and (£, ||| )
be normed spaces. A linear map T : ¥ — F'is bounded if there exists
C > 0 such that

|72l < Cllell, VaekF.

Proposition 1.24 (Continuity = boundedness). For a linear map T :
E — F between normed spaces, the following are equivalent:

df

=0.
0
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(i) T is continuous;

)
(ii) T is continuous at 0;
(iii) T is bounded;

)

(iv) T is Lipschitz.

. 7

Proof. (i)=-(ii) is trivial.
(ii)=-(iii): Continuity at 0 gives 6 > 0 with ||Tz| » < 1 whenever ||z| <
§. For x # 0, set y = 52— x; then |jy||, < 6, so | Ty|lp < 1, ie, |Tx||, <

2|zl
3zl s
(i) = (iv): [Tz = Tyl[p = |T(z = y)llp < Cllz =yl g
(iv)=-(i) is clear. O

Definition 1.25 (Operator norm). For T € L(E, F) (the space of
bounded linear maps F — F'), the operator norm is

[T|
||T”L(E,F):SUP £ = sup |Tz||p = sup ||Tz|p.

vek 1zl jelp<t lzl| p=1

Notation 1.26. We write L(E, F') for the space of bounded linear maps E —
F,and E* = L(F,K) for the (continuous) dual space. When F = F' we
write L(E) = L(E, E).

Theorem 1.27 (L(FE, F') is Banach when F is). If F' is a Banach space
then L(E, F) is a Banach space. In particular the dual E* is always a
Banach space.

Proof. Let (T,) be a Cauchy sequence in L(E, F'). For each x € E,
[T = ozl p < T — Tall 2]l g — 0,

so (T,x) is Cauchy in F', hence converges to some element we call Tx.
Linearity. For o, € Kand z,y € E: T(az+ fy) = lim, T,,(ax + By) =
alim, T,z + flim, T,,y = oTx + BTYy.
Boundedness. Since (7,,) is Cauchy, it is bounded: say ||T,|| < M for
all n. Then ||Tz||, = lim, || T,z < M ||z|| 5z, so T € L(E, F).
Convergence. Given ¢ > 0, pick N such that ||T},, — T,|| < € for m,n >
N. For any z with ||z|| <1 and n > N:

| Tz — Thx|p < e.
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Letting m — oo: |[|[Tx — T,z < . Taking the sup over ||z < 1: |7 —T,|| <
E. [

Corollary 1.28. For any normed space E, the dual space E* is a
Banach space.

1.6 Absolutely convergent series and complete-
ness

The following elegant characterisation of Banach spaces reduces completeness
to a statement about series.

Theorem 1.29 (Characterisation of completeness). A normed space
E is a Banach space if and only if every absolutely convergent series
i E converges.

Proof. (=) Suppose E is Banach and »_ ||z,|| < co. The partial sums Sy =
25:1 x,, form a Cauchy sequence since for M > N:

M M
||SM—SN||:H ST om0 lwall 50 as N, M - .

Hence (Sy) converges.

(<) Let (y,) be a Cauchy sequence. Choose a subsequence (y,, ) with
Yrerr — i || < 27%. Set 2 = Yy, — Yny- Then Y [lzg] < 27 =1 < o0,
so by hypothesis ) x; converges, i.e., the telescoping partial sums y,, ., — ¥,
converge. Thus (y,, ) converges, and since (y,) is Cauchy with a convergent
subsequence, (y,) itself converges. O

1.7 Quotient spaces

Definition 1.30 (Quotient norm). Let E be a normed space and F' C
E a closed subspace. On the quotient vector space E/F we define

yeF
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Proposition 1.31. The quotient norm is indeed a norm on E/F
(closedness of F is essential for positive definiteness). Moreover, if
E is a Banach space, so is E/F.

Proof. Norm axioms.

e Positive definiteness: [|&| = 0 means dist(z, F') = 0, so z € F=F
(since Fis closed), i.e., & = 0.

e Homogeneity: | A\&|| = inf ep || Az — y|| = [N infyer [z — y/A|| = |A] ||2]]
for \ # 0.

o Triangle inequality: For any yi,y2 € F: |[(x1+ x2) — (v1 + y2)||
|lz1 — y1|| + ||z2 — y2|. Taking infima over y;,ys € F gives ||@1 + @o|
[ ][ + [l

<
<

Completeness. We use definition m Let >, [|nllp/p < oo. For
each n, pick a representative 2, € &, with ||z, 5 < ||Zn[/g/p +27". Then
Y ll#nllp < o0, so since E is Banach, S = ) =z, converges in E. The

partial sums of > 4, equal Sy (the class of Zivzl 1), and HSN - SH <
| Sy — S|z — 0.

The canonical projection 7 : E — E/F, w(x) = & is a bounded linear
map with ||7|| =1 (when F # FE).

1.8 Completion of a normed space

Theorem 1.32 (Completion). Let (E,||-||) be a normed space. There
exists a Banach space E and an isometric linear injection v : B — E
such that «(E) is dense in E. The pair (E, 1) is unique up to isometric
1somorphism.

\. J

Proof (sketch). Consider the set C of all Cauchy sequences in E. Define an
equivalence relation (z,) ~ (yn) iff |z, — yn]| = 0. Set E = C/~. Vec-
tor space operations are defined componentwise, and the norm ||[(z,)]|z =
lim,, ||z, || (which exists since (||z,||) is Cauchy in R) is well-defined. The
map ¢ : E — E sends z to the class of the constant sequence (z,z,x,...).
One verifies that E is complete and ((F) is dense; we leave the details as an
exercise.
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For uniqueness, if (E, 7) is another completion, the map jo. ™! : o(E) — E
is an isometry between dense subsets of Banach spaces; by the BLT theo-
rem (Bounded Linear Transformation extension), it extends to an isometric

isomorphism F — FE. O

The following commutative diagram summarises the universal property
of the completion:

Given any bounded linear map 7' : £ — F into a Banach space F, there
exists a unique 7' : E — F with T o, =T and HT\H = ||T|.

1.9 Exercises for Chapter 1

Exercise 1.1 (%). Show that the norm ||-|| : E — R is a (Lipschitz)
continuous function: |||z|| — [|y|I| < |lz — y].

Exercise 1.2 (x). Let E be a Banach space and F' C E a subspace.
Prove that F' is a Banach space (with the induced norm) if and only
if I is closed in E.

Exercise 1.3 (x). Prove that ¢ is a closed subspace of £*°, hence a
Banach space.

Exercise 1.4 (xx). Show that ¢? is separable for 1 < p < oo, but £
is not separable.

Exercise 1.5 (x%). Let F, F,G be normed spaces, T' € L(FE, F) and
S € L(F,G). Prove that SoT € L(E,G) and ||SoT| < ||S| IT]-

Exercise 1.6 (xx). Let E be a Banach space and T" € L(F) with
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|IT|| < 1. Prove that Id —T is invertible in £(FE) and

o0

(d-T7)"' =) 1"
n=0

with ||(Id =T)7Y| < ﬁ Hint: use the characterisation of complete-

ness via absolutely convergent series.
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Exercise 1.7 (xx). Deduce from the previous exercise that the set
GL(FE) of invertible elements of L(F) is open, and that the map 7" +—
T~ is continuous on GL(E).

Exercise 1.8 (x%). Let |||, and ||-||, be two norms on a vector space E.
Show they are equivalent if and only if the identity map Id : (E, ||-||,) —
(E,|-ll,) is a homeomorphism.

Exercise 1.9 (xxx). Prove that the dual of ¢! is isometrically isomor-
phic to ¢*°. Hint: given o € (¢!)*, define a,, = ¢(e,) and show a € (>
with [lafl,, = lle]l-

Exercise 1.10 (x ). Let E be a normed space and F a closed sub-
space. Prove that the completion of E/F is isometrically isomorphic
to E/F, where F denotes the closure of ((F) in E.

Exercise 1.11 (x). Show that a norm ||-|| on a vector space E satisfies
the parallelogram law

2 2 2 2
Iz +y1I" + llz = ylI” = 2(ll=I” + llyll)

for all x,y € F if and only if it arises from an inner product via
|z|| = v/{x,x). This is the Jordan—von Neumann theorem.

Exercise 1.12 (xx). Show that ¢ for p # 2 does not satisfy the
parallelogram law, hence is not a Hilbert space.
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Exercise 1.13 (xx). Give an example of a Banach space £ and a
closed subspace F' C E such that there is no = with ||z|| = 1 and
dist(x, F') = 1. Hint: consider ¢, inside £*°.

Exercise 1.14 (x*x). Let C,(R) be the space of continuous functions
with compact support, equipped with the LP-norm. Show that C.(R)
is not complete for any 1 < p < oo, and that its completion is LP(R).
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Hilbert spaces are Banach spaces whose norm arises from an inner product.
This extra structure is enormously powerful: it gives rise to orthogonal pro-
jections, the Riesz representation theorem, and the theory of orthonormal
bases, bringing the subject much closer to the intuition of finite-dimensional
linear algebra. The archetypal Hilbert space is L?, and the theory devel-
oped here underpins quantum mechanics, signal processing, and the modern
theory of PDEs.
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2.1 Inner products and the Cauchy—Schwarz in-
equality

Definition 2.1 (Inner product). Let H be a vector space over K (= R
or C). An inner product (or scalar product) is a map (-,-) : H X
H — K satisfying:

(IP1) (axy + Bxa,y) = a(x1,y) + B (xe,y) for all a, B € K, z1, 29,y €

H (linearity in the first variable);
(IP2) (z,y) = (y, z) (conjugate symmetry);
(IP3) (x,x) > 0, with equality iff z =0 (positive definiteness).

The pair (H, (-, -)) is called a pre-Hilbert space (or inner product
space).

Remark 2.2. We adopt the convention that the inner product is lin-
ear in the first argument (the “physicist’s convention” is the opposite).
Note that [(IP1) and |(IP2)| together give conjugate-linearity in the sec-
ond argument: (z,ay) = a (z,y).

Notation 2.3. Every inner product induces a norm:

2]l = vz, z).

We write L y (“z is orthogonal to y”) when (z,y) = 0.

Theorem 2.4 (Cauchy—Schwarz inequality). For all x,y in a pre-
Hilbert space H :
[z, )| < [l ]l NIyl

with equality if and only if x and y are linearly dependent.

Proof. If y = 0 both sides vanish. Assume y # 0 and let A € K. Then
0 < [lz = Ayll* = [ll* = Ay, @) = Az, ) + A yl*.
Choose A = (z,4) / |ly||°. Then

2 2

2 2 4
Iyl Iyl 1yl

<Jf,y>|2 2 2 |<ZL‘7y>|2
[yl = lllI” - 5
lyll
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Rearranging gives |(z,y)|> < ||lz||* ||y||>. Equality holds iff ||z — Ay|| = 0, i.e.,
r=M\y. ]

Corollary 2.5. The function ||x| = \/{(x,x) is indeed a norm.

Proof. Only the triangle inequality needs verification:

lz +ylI* = llz]|* +2Re (z,y) + |ylI”
2
< ll® + 21l iyl + Iyl = (=l + lyll)™ H

Proposition 2.6 (Polarization identity). The inner product can be
recovered from the norm. Over R:

1
(w,y) = 7 (Il +9l* = llo = yl).

Owver C:

3

1
(2,90 = 7 2 i [lo + il
k=0

Proof. Direct expansion using ||z + y||> = ||z|* + 2Re (z,y) + |Jy||>. For the
2 . .12 2 . . n2

complex case, the four terms ||z + y||°, i ||z + (", — ||z —y||", —i ||z — iy

yield 4 (x,y) when summed. O

Proposition 2.7 (Parallelogram law). In any inner product space:
2 2 2 2
lz +ylI* + llz = ylI* = 2([l=” + [ly[I°).-

Conversely, a norm satisfying this identity comes from an inner prod-
uct (Jordan—von Neumann theorem,).

Proof. Expanding both sides: ||z +y||* + ||z — y||* = (|=]|* + 2Re (z,y) +
2 2 2 2 2
1yl + (lzl” = 2Re (z, ) + lyllI") = 2 [|=[]” + 2 ly[|"- O
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2.2 Hilbert spaces: definition and examples

Definition 2.8 (Hilbert space). A Hilbert space is a pre-Hilbert
space that is complete with respect to the norm induced by its inner
product.

Example 2.9 (K"). The space K" with (z,y) = >"}'_, 27y is a Hilbert
space of dimension n.

Example 2.10 (¢?). The space (?> with inner product (z,y) =
> % x.¥, is a Hilbert space. The series converges absolutely by the

n=1
Cauchy—Schwarz inequality for sequences. Completeness was proved

in definition [[.15]

Example 2.11 (L*(Q, u)). For a measure space (Q,.A4, i), the space
L*(Q, p) with inner product

<f,g>=/ﬂf§du

is a Hilbert space (the Fischer—Riesz theorem, definition [2.30)).

Example 2.12 (Sobolev space H'(Q2) — preview). Let  C R" be
open. The Sobolev space

H' Q) ={feLl*(Q):0,feL*Q) fori=1,...,n}

(derivatives in the distributional sense) is a Hilbert space with inner
product

@) = / fgae+ / (0.1)(@g) da.

We will return to Sobolev spaces in later chapters.

2.3 Projection onto closed convex sets

The following theorem is the cornerstone of Hilbert space geometry.
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Theorem 2.13 (Projection onto a closed convex set). Let H be a
Hilbert space and C' C H a non-empty, closed, convex set. For every
x € H there exists a unique p € C' such that

— p|| = dist = inf ||z — y||.
o~ pll = dist(z, ) := i [}z ~ o]

Moreover, p is characterised by:

peC and Re(x—py—p) <0 VyeCl. (2.1)

\. J

Proof. Set d = dist(x,C') and choose a minimising sequence (y,,) C C with
|z — yn|| — d.

Existence (via the parallelogram law). For m,n € N, since C is
convex, % e C, so Hx — %H > d. The parallelogram law gives:

2 2
1Ym = ynll” = |(Ym — 2) = (yn — 2)||
2 2
=2y — 2" + 2 |lyn — 2" = |(Ym — 2) + (Y0 — 2)||
’ym+yn_ 2
9

2

= 2|y — #||* + 2 — 2||* — 4]
< 2lym — z)|* + 2 |lyn — z||* — 4d°.

As m,n — oo, the right side tends to 2d* + 2d* — 4d*> = 0. Hence (y,)
is Cauchy, and since H is complete and C' is closed, y, — p € C with
|z —p|| = d.

Uniqueness. If p, p’ both achieve the minimum, apply the parallelogram
law t0 Yy = p, Yo = p' to get |[p — p||” < 0.

Characterisation. (=) Let y € C and ¢ € (0,1]. Since C' is convex,
p+tly—p) €C,so

& <z —p—tly—p)|°=d = 2Re(x —py—p) + |y —pl"
Hence 2Re (z — p,y — p) < t|ly — p||°. Letting t — 0F gives Re (x — p,y — p) <

0.
(<) If p satisfies (2.1)), then for any y € C":

2 2 2 2 2
|z —ylI” = (z —p) = (y —p)II” = llz = pl|"—2Re(z — p,y — p)+|ly — p||” > ||z — p[|".
O

We denote the projection of z onto C' by Po(x).
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Proposition 2.14 (Projection is a contraction). The map Po : H — C
is a contraction: ||Pc(x) — Po(y)|| < ||z —y|| for all z,y € H.

Proof. Set p = Po(x), ¢ = Po(y). By the characterisation: Re (z — p, ¢ — p) <
0 and Re (y — ¢,p — q¢) < 0. Adding:

Re((x—p)—(y—q).¢—p) <0,
ie, Re{(z —y) — (p—q),q —p) <0, henceRe(z —y,q —p) SRe(p—¢,q ~p) =
—|lp = q|”. Therefore |lp—q[|" <Re(z —y,p—q) < le—yll l[p—qll. O
2.3.1 Projection onto a closed subspace

When C' = F'is a closed subspace, the characterisation simplifies consider-
ably.

Theorem 2.15 (Projection onto a closed subspace). Let F' be a closed
subspace of a Hilbert space H. For every x € H:

(i) There ezists a unique p € F nearest to x, characterised by
pelF and z—pe Ft, (2.2)

where F+ = {2z € H : (z2,y) = 0 Vy € F} is the orthogonal
complement of F'.

(ii) H = F @ F* (algebraic and topological direct sum,).

(iii) The projection Pr : H — F is a bounded linear operator with
|Ppll =1 (when F # {0}), P2 = Pr, and (Ppz,y) = (z, Pry)
forall x,y € H (i.e., Pr is self-adjoint).

Proof. (i) Since F is a closed convex set, definition [2.13|gives a unique p € F
minimising ||z — p||. The characterisation gives Re(x —p,y —p) <0
for all y € F'. Since F' is a subspace, for any 2z € F and ¢t € R we may take
y =p+tz toget tRe(z —p,z) <0 for all t € R, forcing Re (z —p, z) =
0. Replacing z by iz (in the complex case) gives Im (x — p, z) = 0 too, so
(r—p,z)=0forall z€ F,ie,z—pe F*

(ii) Every x € H decomposes as ¢ = Prpx + (x — Prz) with Ppz € F and
r— Ppx € F+. If z € F N F* then (2,2) = 0, so 2 = 0. Hence the sum is
direct.
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(iii) Linearity: let z1,20 € H and o, € K. Set p; = Ppz;. Then
apy + Bpy € F and (ax; + Bas) — (apy+ Bps) = a(xy —p1) + B(xs —p2) € FL,
so Pr(axy + Bxe) = apy + Bpe.

Boundedness: ||Ppz||® = (Ppx, Pra) = (Ppz,z) < ||Ppz|| ||z, giving
|Prz|| < ||z||. For z € F, Ppx = x, so || Pr|| = 1.

Idempotence: P% = Pr since Pz € F implies Pr(Prx) = Pra.

Self-adjointness: (Prz,y) = (Prx, Pry + (y — Pry)) = (Prz, Pry) (since
Ppz € F and y — Ppy € F1). By symmetry, (z, Pry) = (Prx, Pry). O

[ Corollary 2.16. For any closed subspace F of H: (F+)* = F. ]

Proof. F C (F*+)* is clear. If z € (F*)*, decompose z = p + ¢ with
peF,qge Ft. Then g =x —p € (F*)* (since both z and p lie there), so
qe Ftn(FH)t, givingg=0and z =p € F. O

[ Corollary 2.17. A subspace F is dense in H if and only if F+ = {0}. ]

Proof. F is a closed subspace and F~ = F+. If F+ = {0}, then F = (F )+ =

{0}*+ = H. Conversely, if ' = H and z € F*, then (z,y) = 0 for all y € F;
by continuity, (z,y) = 0 for all y € H, forcing z = 0. O

2.4 The Riesz representation theorem

Theorem 2.18 (Riesz—Fréchet representation theorem). Let H be a
Hilbert space. For every continuous linear functional o € H* there
exists a unique uw € H such that

o(z) = (x,u) Vx e H.

Moreover, ||¢|| . = l|ully. The map J : H — H* defined by Ju = (-, )
is a conjugate-linear isometric isomorphism (an isometric isomorphism
in the real case).

Proof. Existence. If o =0, take u = 0. Assume ¢ # 0. Set F' = Ker ¢; this
is a closed hyperplane (i.e., codim F' = 1). Since F' # H, we have F'*+ # {0};
pick v € F+\ {0}.
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For any x € H, the element x — %v lies in F' (check: ¢ applied to it
gives 0). Hence

_ x—so(@vv :xv—gp(m)v2
0= o= Eiom) =t S

Solving: p(z) = <x, @ v>. Set u = lﬁﬁg v.

Uniqueness. If (z,u) = (z,u’) for all z, then (x,u —u') = 0 for all x;
taking x = u — u’ gives u = u'.

Isometry. On one hand, [o(z)| = [(z, w)| < |[zf| [lul, so [[¢] < [lu]. On

2

the other hand, @(u) = [[ul]”, so [l¢l| > [@(u/ [[ul)] = ||ul.
_ Conjugate-linearity. J(au; + Bug)(v) = (v, au; + Bug) = a (v, u1) +
B{x,us) = aJuy(z) + B Jus(x).

Surjectivity was established in the existence part. O]

Remark 2.19. The Riesz theorem says that a Hilbert space is
(conjugate-linearly) isometrically isomorphic to its own dual: H = H*.
This self-duality is a key distinction from general Banach spaces.

Corollary 2.20 (Lax-Milgram theorem — a preview). Let a : H X
H — K be a continuous, coercive sesquilinear form on a Hilbert space
H. Then for every ¢ € H* there exists a unique u € H with a(u,v) =
o(v) for allv € H.

This will be proved in full generality later; it is the foundation of the
variational approach to elliptic PDEs.

2.5 Orthonormal systems and Hilbert bases

Definition 2.21 (Orthonormal system). A family (e;);c; in a Hilbert
space H is called an orthonormal system (ONS) if

<€i,€j> = 61‘]' VZ,j € I,

where 9;; is the Kronecker delta.

Definition 2.22 (Hilbert basis). An orthonormal system (e;);cs is a
Hilbert basis (or complete orthonormal system) if it is mazimal,
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i.e., no proper orthonormal system contains it. Equivalently, span{e; :
i €I} is dense in H.

Definition 2.23 (Fourier coefficients). Given an orthonormal system
(e;)ier and x € H, the scalars &; = (z,e;) are called the Fourier
coefficients of z.

Lemma 2.24 (Best approximation). Let ey, ..., e, be orthonormal and
x € H. Then

min
al,...,an€K

n 2 n

2 2

2= > asen| = llal* = D w, enl
k=1 k=1

and the minimum is attained at oy, = (x,ey).

Proof. Set s =3 ;_, ayey, and &y = (x, ;). Then
lz = s* = llell® = an (w en) = Y ol en) + > ol
k k k
= Sl 4 3 e —
k k

This is minimised when oy, = &, and the minimum value is ||z||* — 3>, |#x|*.

]

Theorem 2.25 (Bessel’s inequality). Let (e;)icr be an orthonormal
system wn H. For every x € H:

> Ky ed <l
iel

In particular, at most countably many Fourier coefficients are nonzero.

Proof. For any finite subset J C I, definition M gives > .o, [z, e)]* <
|z||>. Taking the supremum over all finite .J gives the result. The set {i €
I:(x,e;) #0} =, > {¢: [(x,ei)| > 1/n}; each set in the union is finite (by
Bessel), hence the union is countable. ]
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Theorem 2.26 (Parseval’s theorem). Let (e;)ic; be an orthonormal
system in a Hilbert space H. The following are equivalent:

(1) (e;)ier is a Hilbert basis;
(i

)

) span{e; i€} =H;

(iii) For everyx € H: x =) .. (x,e;) e; (convergence in norm);
)

(iv) (Parseval’s identity) |z||*> = D er 2, e:))|” for every x € H;

(v) (Generalised Parseval) (z,y) = >,.; (z,€:) (y, ;) for all z,y €
H:

(vi) (z,e;) =0 for all i € I implies v = 0.

Proof. We prove the cycle (1)=(vi)=(ii)=(iii) = (iv)=-(v)=-(ii), plus (ii)<(i).

(i)=(vi): If (z,e;) = 0 for all 4 and x # 0, then e; U {z/ ||z||} would be
a strictly larger ONS, contradicting maximality.

(vi)=(ii): If F = span{e;} # H, pick x € F+\ {0}. Then (z,¢;) = 0 for
all i, contradicting (vi).

(ii)=-(iii): Let x € H and ¢ > 0. By (ii), there exist finitely many indices
i1, ..., 4, and scalars oy, with ||z — >, age;, || < €. By the best approximation
lemma, replacing oy by (z,e;, ) can only decrease the error. Since Bessel’s
inequality guarantees ) ., [(z, €;) | < 00, we can arrange the nonzero Fourier
coefficients in a sequence and the partial sums converge to x.

(i) = (iv): [l2]* = (,2) = (S, (e e 3, weses) = 3l e’
(the last step uses continuity of the inner product).

(iv)=(v): Apply the polarization identity to ||z + y||*, ||z — y|*, etc.

(v)=-(ii): If = L span{e;}, then (z,e;) = 0 for all 4, so (v) gives (z,z) =
0, i.e., z = 0. By definition span{e; } = H.

(ii)<(i): span{e;} = H iff {e;}* = {0} iff (e;) is maximal (any vector
orthogonal to all e; must be zero, so no ONS properly contains (e;)). O

2.6 Separable spaces and countable bases

Theorem 2.27 (Existence of Hilbert bases). Fvery Hilbert space ad-
mits a Hilbert basis.
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Proof. Apply Zorn’s lemma to the partially ordered set (by inclusion) of
orthonormal systems. Every chain has an upper bound (its union), so there
exists a maximal element. O

Theorem 2.28. A Hilbert space H is separable if and only if it admits
a countable (or finite) Hilbert basis.

Proof. (<) If (e,)n>1 is a countable Hilbert basis, the set D = {fo:l qrer
NeN, g € Q+ i@} is countable and dense.

(=) If H is separable, every ONS is countable (distinct elements are
distance v/2 apart, so each lives in a distinct member of a countable open
cover). By definition , a Hilbert basis exists, and it must be countable.

O

Theorem 2.29 (Isomorphism theorem). FEvery separable infinite-
dimensional Hilbert space is isometrically isomorphic to (2.

Proof. Let (en)n>1 be a Hilbert basis. Define U : H — (2 by Uz = ((z,e,)) ..
By Parseval, |Uz||z = ||z||;, so U is an isometry (hence injective). For sur-
jectivity, given (a;,) € (2, the series Y aye, converges in H (partial sums
are Cauchy by Bessel/Parseval) to some x with Uz = (ay,). O

2.7 The Fischer—Riesz theorem

Theorem 2.30 (Fischer—Riesz). For any measure space (€2, A, 11), the
space L*(Q, i) is a Hilbert space.

Proof. We need to show completeness. Let (f,) be a Cauchy sequence in L?.
Choose a subsequence (f,, ) with ||fnk,+1 — fnkH2 < 27% Define

N oo
gN:Z|fnk+l_fnk ) ‘g:Z‘fnkJrl_fnk}
k=1 k=1
By Minkowski’s inequality in L?:

N
lgnll, < 27 <1.
k=1
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By monotone convergence, ||g||, < 1, so g < oo a.e. This means the telescop-
ing series

fn1 + Z(fnk+1 - fnk)

k=1

converges absolutely a.e. to a function f. We have f,, — f a.e. More-
over | fn, — fu > < ¢* € L', so by dominated convergence, ||f — fu,|l, — 0.
Since (f,) is Cauchy and a subsequence converges to f, the entire sequence
converges to f in L2 O

Remark 2.31. The same argument (with p replacing 2) proves that L?
is complete for all 1 < p < oco. The case p = oo requires a different
(simpler) argument.

2.8 Hilbert direct sum

Definition 2.32 (Hilbert direct sum). Let (H;);e; be a family of
Hilbert spaces. The Hilbert direct sum is

2
@Hi = {(Iz‘)z‘el‘ rx; € H;, Z HxZH?{I = OO}

i€l el

with inner product ((x;), (v:)) = > ;s (4 yz>H

Proposition 2.33. The Hilbert direct sum is a Hilbert space.

Proof. The inner product is well-defined by the Cauchy—Schwarz inequality
applied to ¢*(I). Completeness follows from the completeness of each H; and
of 2(I): if (#™) is Cauchy in @2 H;, then for each i, (z!™) is Cauchy in
H;, hence converges to some x;. A standard /3 argument (as in the proof
of completeness of £?) shows z = (z;) € @° H; and =™ — z. O

Example 2.34. (*(I) = @, K is the Hilbert direct sum of copies of
the scalar field.
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2.9 Operators on Hilbert spaces: the adjoint

( N

Definition 2.35 (Adjoint operator). Let H, K be Hilbert spaces and
T € L(H, K). The adjoint of T is the unique operator 7% € L(K, H)
satisfying

055, 1) e = (3, T Ve e H, yeK.

Proof of existence and uniqueness. For fixed y € K, the map = — (T'z,y),
is a continuous linear functional on H (with norm < ||T'|| ||y||). By the Riesz
representation theorem (definition , there exists a unique z € H with
(Tz,y) = (x, z) for all z. Define T*y = 2. Linearity and boundedness of 7™
follow from uniqueness and the estimate ||T*y|| < ||T']| ||ly]|- O

( A

Proposition 2.36 (Properties of the adjoint). Let S,T € L(H, K)
and o € K.

(i
(i

(S+T)* =S*+T* and (aT)* = aT*.
(T*) =T.
17| = ||T°||-

(iii

)
)
)
(i) |1T*T = IT|*.
(v) If R € L(K, L), then (RT)* = T*R*.
)

(vi) KerT* = (ranT)* and ranT = (Ker T*)*.

Proof. We prove the most important parts.

(ii) Forall z € H, y € K: (x,T"y) = (T*z,y) = (y, T*x) = (Ty,z) =
(x,Ty), so T** =T (here we identify H with H** via the inner product).

Wait — let us be more careful. We have T* € L(K, H), so T* = (T*)* €
LH,K). Forz e H ye K: (IT"™z,y), = (x,T"y) y = (T'x,y) ;. Since this
holds for all y, T"*z = Tx.

(i) | 7] < |[T| since [(z,T*9)| = |(Tz,9)| < IT| =] Iyl By (i),
I = || < |7°].

(v) 7T < |T*Il ITI| = |T|. Conversely, |Ta|® = (Tw,Tz) =
(T*T, ) < |T*Ta|| ||| < |T°T| |, so |T|* < | T*T].

(vi)y € Ker T* iff T*y =0 iffﬁT*w =0 for all z iff (T'z,y) = 0 for all

z iff y € (ranT)*t. By definition [2.16, ranT = ((ran 7))+ = (Ker 7*)+. O
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Definition 2.37 (Self-adjoint, normal, unitary). Let 7" € L(H).
e T is self-adjoint (or Hermitian) if 7% =T
e T'isnormal it T*7T =TT™".

e T is unitary if 7*T = TT* = Id (equivalently, T is a surjective
isometry).

Proposition 2.38. If T = T*, then (T'z,x) € R for all x € H.
Conversely, if K= C and (Tz,z) € R for all x, then T = T*.

Proof. W T =T*: (Tx,z) = (x,Tx) = (T"x,z) = (Tx,x), so (Tx,x) € R.
Conversely, if (Tz,z) € R for all z, then (Tz,z) = (Tx,x) = (x,Tz) =

(T*z,x). Hence ((T'—T*)x,z) = 0 for all z. Over C, the polarization

identity implies T'— T = 0. ]

Remark 2.39. Over R, the condition (Tz,z) = 0 for all z does not
imply 7' = 0 (consider a 90° rotation in R?). The implication relies on
the full complex polarization identity.

2.10 Exercises for Chapter 2

Exercise 2.1 (x). Show that the inner product (-,-) : H x H — K
is (jointly) continuous. Specifically, if =, — = and y, — y, then

(Tn, Yn) = (2, 9)-

Exercise 2.2 (x). Prove the Pythagorean theorem: if x 1 y then
|z +y|I> = ||z||* + ||y||>. Ceneralise to finite sums.

Exercise 2.3 (x). Show that if S C H is any subset, then S is a
closed subspace of H.

Exercise 2.4 (xx). Let F' = span{ey,...,e,} where ej,...,e, are
orthonormal. Show that the orthogonal projection onto F' is given by
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Exercise 2.5 (xx). Let (v,,),>1 be a linearly independent sequence in
a Hilbert space H. Describe the Gram—Schmidt orthonormaliza-
tion process and prove it produces an orthonormal system (e,) with
span{ey, ..., e,} = span{vy,...,v,} for each n.

Exercise 2.6 (xx). Show that the system (\/%emt)n <z 1s an orthonor-

mal system in L?([—m,7]). Proving completeness requires the Stone—

Weierstrass theorem or Fejér’s theorem; state this as a fact and deduce

Parseval’s identity for Fourier series:
1 ™

— | 1fOP at=Y"|fm)

2T
= neZ

2

Exercise 2.7 (xx). Let H = L*([0,1]) and define ¢(f) = foltf(t) dt.
Show that ¢ € H* and find the element u € H given by the Riesz
representation theorem such that ¢(f) = (f,u). Compute ||¢||.

Exercise 2.8 (xx). Let T': K* — K™ be the linear map represented by
the matrix A. Show that T* is represented by A* = AT (the conjugate
transpose).

Exercise 2.9 (xx). Show that 7' € L(H) is normal if and only if
|Tx|| = ||T*x|| for all x € H.

Exercise 2.10 (xx). Let U € L(H). Prove the following are equiva-
lent: (a) U is unitary; (b) U is surjective and (Uz, Uy) = (z,y) for all
z,y; (c) U is surjective and ||Uz|| = ||z|| for all z.

Exercise 2.11 (xx*). A sequence (x,,) in a Hilbert space H converges
weakly to x, written z,, — x, if (x,,y) — (z,y) for all y € H.

(a) Show that strong convergence implies weak convergence but not
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conversely (e, — 0 in £2 but [le,|| = 1).

(b) Prove that a weakly convergent sequence is bounded. Hint: use
the Riesz theorem to identify H with H*, then apply the uniform
boundedness principle (accept it for now).

(c) Show that z, — z and ||z,| — ||z|| together imply z, — =z
(strong convergence).

Exercise 2.12 (x x x). Let (H;);e; be a family of closed, mutually
orthogonal subspaces of a Hilbert space H with H = @, _; H;. Show

that H is isometrically isomorphic to @fe o J5l.

Exercise 2.13 (x*x). Let H be a separable Hilbert space with Hilbert
basis (e,). Define T': H — H by Te,, = %en.

(a) Show that 7' is bounded, self-adjoint, and ||T'|| = 1.

(b) Show that 7" maps bounded sets to sets with compact closure.
(Such an operator is called compact.)

(c) Show that T"is not surjective.

(d) Find KerT and ranT'.

Exercise 2.14 (x). Let F,G be closed subspaces of a Hilbert space.
Show that (F + G)* = FX NG+, Is it always true that (F N G)*t =
Ft+G4?

Exercise 2.15 (xx). A normed space is strictly convex if ||z| =
lyl| = 1 and = # y imply ||z +y|| < 2. Show that Hilbert spaces
are strictly convex, and deduce uniqueness of nearest points in closed
convex sets without using the parallelogram law directly.

Exercise 2.16 (x x ). Prove the Lax-Milgram theorem (defini-
tion [2.20): if @ : H x H — K is a sesquilinear form satisfying
la(u, v)| < M ||ul| ||v]| (continuity) and Re a(u,u) > o||ul]® (coerciv-
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ity) for some v > 0, then for every ¢ € H* there exists a unique u € H
with a(u,v) = ¢(v) for all v € H, and [Ju] < ]

Hint: By Riesz, write a(u,v) = (Au,v) for some A € L(H). Show A
is injective with closed range, then surjective.

39
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Chapter 3

Bounded Linear Operators

Contents
[3.1 The space L(E,F) revisited|. . . . ... ... .... 41
[3.2  Finite-rank and compact operators| . . . . . . . .. 43
[3.3 Spectrum and resolvent|. . . . . ... ... ... .. 44
3.4 The Neumann series/. . . . . ... ... ....... 45
3.5 Spectralradius| . . . . ... ... ... ..., 47
[3.6 Perturbation of invertible operators| . ... .. .. 48
[3.7 Operators on Hilbert spaces: the adjoint| . . . . . 49
[3.8  Normal, self-adjoint, and unitary operators|. . . . 51
B.9 FExercises|. .. ... .. ... ... 000000, 54

The study of bounded linear operators between Banach spaces lies at the
heart of functional analysis. In this chapter we develop the algebraic and
topological theory of the space L(F, F'), introduce compact operators, and
build the spectral theory of bounded operators. The chapter culminates with
the rich additional structure available when the underlying spaces are Hilbert
spaces: the adjoint, and the classes of normal, self-adjoint, and unitary op-

erators.

3.1 The space L(E, F) revisited

Throughout this section, (£, ||-||z) and (F,||-||) denote normed spaces over

the field K € {R, C}.

41
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Definition 3.1 (Bounded linear operator). A linear map 7: F — F
is bounded if there exists C' > 0 such that

ITz|, < C ||lz|l,  forallz € E.

The infimum of all such constants is the operator norm

Tx
IT|| = sup [Tzl = sup ||Tz| = sup I ||F
[|l]l ;<1 ||| g=1 220 ||ZE||E

We denote by L(E, F') the vector space of all bounded linear operators
from E to F, equipped with the operator norm. When F = F we write
L(E)=L(E,E).

Proposition 3.2 (Completeness of L(E, F)). If F is a Banach space,
then L(E, F) is a Banach space.

Proof. Let (T,) be a Cauchy sequence in L(E, F'). For each z € E,
[Toz = Tl p < |70 = Tl [l2]l g = 0,

so (T,z) is Cauchy in F', hence convergent. Define Tz = lim,,_,, T,,x. Linear-
ity of T is clear. Since (7,,) is Cauchy, it is bounded: sup,, |7,|| = M < oc.
Then ||Tz|| = lim, ||T,z|| < M|z|z so T € L(E,F). Finally, given
e > 0, choose N so that ||T,, — T,,,|| < ¢ for n,m > N. Letting m — oo,
T, —T| <eforn>N. O

Example 3.3 (Multiplication operators). Let ¢ € L*°(u) for a mea-
sure space (§2,3, ). The operator M,: LP(n) — LP(p) defined by
M,f = @f satisfies [ M| = [l

Example 3.4 (Integral operators). Let K € L?([0,1]?). The operator
Ty : L*([0,1]) — L*([0,1]) defined by

(Tx f)(@) = / K(z,3) f(5) dy

satisfies [Tk || < || K| 2(o,1j2) Py the Cauchy—Schwarz inequality.
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Proposition 3.5 (Composition). Let E, F,G be normed spaces and
T € L(E,F), S € L(F,G). Then ST € L(E,G) and |ST| <
IS 177

Proof. For any x € B, [|STz||q < [|S|| [T2|z < IS[ T [l 5 .

Corollary 3.6. If E is a Banach space, then L(E) is a unital Banach
algebra with product given by composition and unit Idg.

3.2 Finite-rank and compact operators

Definition 3.7 (Finite-rank operator). An operator T' € L(FE, F) is
of finite rank if dim(ranT) < oco. We write F(E, F) for the set of

finite-rank operators, which is a linear subspace of L(E, F'). The rank
of T'is dim(ranT').

Example 3.8. Let f € E' and y € F. The operator T' = y® f defined
by Tz = f(z)y has rank at most one and ||T|| = ||f]| |ly]]. Every
finite-rank operator is a finite sum of such rank-one operators.

Definition 3.9 (Compact operator). An operator T' € L(E,F) is
compact if T(Bg) is relatively compact in F, where B = {z € E :
|z|| < 1}. Equivalently, for every bounded sequence (x,) in E, the
sequence (T'z,) has a convergent subsequence in F. We write K(E, F)
for the set of compact operators.

Proposition 3.10 (Basic properties of compact operators). Let
E, F,G be Banach spaces.

(1) Every finite-rank operator is compact.
(i) IK(E, F) is a closed linear subspace of L(E, F).
(iii) If T € K(E, F) and S € L(F,G), then ST € K(E, G).
() If T € L(E,F) and S € K(F,G), then ST € K(E,G).
Thus IKC(E, F) is a closed two-sided ideal in L(E) when E = F = G.
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Proof. (i) If T has finite rank, then T(Bg) is a bounded subset of a finite-
dimensional subspace, hence relatively compact.

(i) LINEARITY. If 71,7, € K(E,F) and a € K, take any bounded
sequence (x,). Extract a subsequence (z,,) so that (T}x,,) converges, then
a further subsequence so that (Tyxy, ) converges. Then ((T1 + aT3)zy, )
converges.

CLOSEDNESS. Let T,, — T in L(E,F) with each T,, compact. Let
(xx) be a bounded sequence in E with ||z|| < M. By a diagonal argu-
ment, we extract a subsequence (xy;) such that (7,,zy,); converges for every
n. Given € > 0, choose ng with ||T'—T,,|| < ¢/(3M). Choose J so that
| Towh, — Thon, || < /3 for i, j > J. Then

| T2k, — Tag,|| < 2| T = Tooll M + || Tngr, — Tnoz, || < €.

So (T'wy,) is Cauchy, hence convergent.

(iii) If (z,,) is bounded, extract a subsequence with (7'x,,) convergent.
Then (ST'z,,) converges by continuity of S.

(iv) If (x,,) is bounded, then (7'z,) is bounded in F', so compactness of S
yields a convergent subsequence of (ST'zy,). O

Example 3.11 (Hilbert—-Schmidt operators are compact). The inte-
gral operator Ty from Example is compact: it is the limit (in oper-
ator norm) of finite-rank operators obtained by truncating the singular
value decomposition (or an orthonormal expansion of K).

Remark 3.12. Not every compact operator has finite rank. The di-
agonal operator T: (> — (? defined by Te, = Le, is compact (being
the norm-limit of the finite-rank operators T that agree with 7" on
e1,...,en and vanish on e, for n > N) but has infinite-dimensional

range.

3.3 Spectrum and resolvent

In this section, £ is a Banach space over C and T € L(E).

Definition 3.13 (Resolvent set and spectrum). The resolvent set of
T is

p(T) = {X € C: A1d—T is bijective in L(E)}.
The spectrum of T is o(T) = C\ p(T). For A € p(T), the resolvent
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operator is R\, T) = (A\Id-=T)"' € L(E).

Definition 3.14 (Classification of the spectrum). The spectrum is
partitioned as o(T") = 0,(T") U 0.(T) U 0,(T") where:

(1) 0,(T): the point spectrum (eigenvalues): AId —71 is not injective.

(i) 0.(T):  the continuous spectrum: ~ AId—T 1is injective,
ran(AId —7') is dense but not all of E.

(iii) 0,.(T): the residual spectrum: A1d —T is injective, ran(AId —T)
is not dense.

Remark 3.15. By the open mapping theorem (Theorem or the rele-
vant theorem from Chapter 2), if \Id —T is bijective, then (AId —T")~*
is automatically bounded. Hence the definition of p(7) simply requires
bijectivity.

3.4 The Neumann series

Theorem 3.16 (Neumann series). Let E be a Banach space and T €
L(E) with |T|| < 1. Then Id =T is invertible in L(E) and

(Id -7~ ZT”

with || (1d =T)"Y|| <

17"

\. J

Proof. Since ||T"| < ||T||" and ||T|| < 1, the series Sy = S22 T™ is abso-
lutely convergent in the Banach space L(E):

ES A < oo.
Z Z =

Let S =3 ,T™ Then

N+1

(Id—T)Sy = Z Z T =1d—TN*!,

n=
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and |7V < |T)* — 0. So (Id—T)S = Id. Similarly S(Id-T) = Id,
whence (Id —T)"! = S. O

Example 3.17 (Application: Fredholm integral equations of the sec-
ond kind). Consider the equation f — AKf = g in L*([0,1]), where
K is the integral operator with kernel k£ € L?([0,1]?) and X\ € C. If
Al < ||K||”", the Neumann series gives the unique solution

F=D) NK'g=g+\Kg+NE’g+---
n=0
The partial sums fy = E 0 A"K™g converge to f in L*([0,1]) with

AN DN+L
rate || f — fn]l < (|1|H|,\\|\|\KH lgll-

Corollary 3.18 (Invertible operators form an open set). The set
GL(E) of invertible elements of L(E) is open in the operator-norm
topology, and the map T — T~ is continuous (in fact, analytic).

Proof. Let S € GL(E) and let T € L(E) with |7 — S|| < [|S7Y]~". Write
T=S(1d-S"Y(S—T)).

Since [|[STHS = T)|| < IS IS = T|| < 1, the Neumann series shows that
Id —S~!(S — T) is invertible, hence T is invertible. Moreover,

1770 =57 =T s = D)sTH < [T s =7 ||l

which tends to zero as T — S (since ||| remains bounded). O

Corollary 3.19 (Spectrum is compact). For every T € L(FE), the
spectrum o(T) is a non-empty compact subset of {\ € C: |\ < ||T}.

Proof. BOUNDEDNESS. If [A| > ||T||, write AId =T = A(Id —=A~'T). Since
|A7IT| < 1, the Neumann series shows A € p(T).

CLOSEDNESS. The resolvent set is the preimage of GL(F) under the
continuous map A — AId —7". Since GL(E) is open (Corollary [3.18)), p(T') is
open, so o(T) is closed. Being closed and bounded, it is compact.
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NON-EMPTINESS. Suppose o(T) = (. Then R(\,T) is an entire L(E)-
valued function. For any f € E’ and z € E, the function A — f(R(\,T)z)
is entire. For |A| > 2|7,

1o
AL=IT0— [AL/2

RN, T)| < —0 as |\ = oo

By Liouville’s theorem, f(R(A,T)x) = 0 for all A. Since f and x were
arbitrary, R(\,T) = 0, a contradiction since R(\,T)(AId —T") = Id. O

3.5 Spectral radius

Definition 3.20 (Spectral radius). The spectral radius of T € L(E)
is

r(T) = sup{|A| : A € o(T)}.

Theorem 3.21 (Spectral radius formula / Gelfand’s formula). For
every T' € L(E),

r(T) = lim ||T"|"" = inf || T7||"/".
n—00 n>1

Proof. Write o = inf,s; ||T"|"/™ and 8 = limsup,, .. | T"]|"/".

STEP 1: r(T) < «a. We first show o = inf equals liminf, using the
submultiplicativity ||[77*"| < [|T™|| [|T"]|. The sequence a, = log||T"|| is
subadditive, so by Fekete’s lemma, lim, a,/n = inf, a,/n. Exponentiating,
lim,, |7"]|"" = . Hence 8 = « and the limit exists.

STEP 2: r(T) < a. If A € o(T), then \* € o(T") (since \"Id —T" =
(Ad-T) (Zz;é APTITRTRYif AmId —T™ were invertible, so would AId =T
be). Thus |A[™ < || 77|, so |A| < ||[T|*/" for all n. Taking the infimum over
n gives |A| < «, hence r(T) < a.

STEP 3: a < r(T). For |[A\| > r(T), A € p(T') and the resolvent has the
Laurent expansion

mn

ROAT) = Z Nl
n=0

convergent in L(E) for |A| > ||T||. By analytic continuation, this series
converges for all [A| > (7).
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For any f € E' and © € E, the scalar power series Y o f(T"x)/\"t!
converges for |A| > r(T). By the root test, limsup, | f(T"z)|"" < r(T) for
all f,x.

By the uniform boundedness principle, for each z the sequence (|| T"z|"™)
satisfies lim sup,, ||T"z||'"/™ < »(T"). Applying the uniform boundedness prin-
ciple again (to the operators 7" /r" for any r > r(T)) shows sup,, ||T"] /r" <

o0, hence limsup, ||T"(|"" < r. Since r > r(T) was arbitrary, a = 8 <
r(T). O

Example 3.22. Let 7: C* — C" be nilpotent (7™ = 0). Then
|T™(|"/™ = 0 for all large n, so #(T) = 0 and o(T) = {0}.

Example 3.23 (Shift operator). The right shift R: (2 — (2
(21,22, ...) = (0,21, 2, ... ) satisfies [|[R"[| = 1 for all n, so r(R) = 1.
One verifies 0(R) = D (the closed unit disc).

3.6 Perturbation of invertible operators

Theorem 3.24 (Perturbation bound). Let S € GL(E) and T € L(E)
with |T = S|| < |S7Y|~". Then T € GL(E) and

ISP T = S1
L= [[S=H T = S]]

1S~

—1
0= Ty =sr

177" =57 <

Proof. Write T = S(Id—S~'(S — T)) and set U = S7'(S — T). Then
U < IS7Y IS =TIl < 1, so Id—U is invertible by the Neumann series
with ||(Id —U)7Y|| < (1 = [|JU|)7". Hence T~! = (Id —=U)~'S~! and

IS
ERNER

-1
71 < —

For the second inequality,
T'-8 =TS -T)S,

so |T71 =S| < ||IT7H IS =T |S7]|, and we substitute the bound on
171 0
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Example 3.25 (Perturbation of the identity). If T € L(F) with ||T|| <
1, then Id —T is invertible and

This shows that invertibility is “stable” operators close to the identity
remain invertible, with a quantitative bound on how far the inverse is
from the identity.

Remark 3.26 (Analytic dependence of the resolvent). The resolvent
map A — R(\T) is analytic on p(7) as a function valued in
L(E). Indeed, for Ay € p(T), writing AId =T = (Ao Id —=T") (Id +(X —
)\O)R()\O,T)), the Neumann series gives a power series expansion in
(A — Xo) convergent for |X — \o| < ||[R(Xo, T)|| "

Corollary 3.27 (Resolvent identity). For A\, u € p(T),

In particular, R(A\,T) and R(u,T) commute.

Proof. Multiply both sides on the left by (AId—T7) and on the right by
(uId =T):

AId=T)[R\,T) — R(p, T)] (p1d =T) = (u1d =T) — (A\Id —T')
=(p—A)1d. ]
3.7 Operators on Hilbert spaces: the adjoint

Throughout this section, H and K denote Hilbert spaces over K € {R, C}.

s A

Theorem 3.28 (Existence of the adjoint). For every T' € L(H, K)
there exists a unique operator T* € L(K, H) such that

055, 1) e = 08, 700 forallz € H, y € K.

Moreover, ||T*|| = ||T||-

|@d-T)"" —1d|| = ||1d-T)"" = Id -T)""(Id -T)|| = ||(Id -T)~'T|| §
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Proof. Fix y € K. The map ¢,: H — K defined by ¢,(z) = (T'z,y), is a
bounded linear functional with ||¢,|| < ||7']| ||y|l. By the Riesz representation
theorem, there is a unique z, € H with ¢,(z) = (x,2,), for all z, and
o)l = gyl < T 1yl Define Ty = 2,.

LINEARITY. For y1,y, € K and a € K,

(e, T + o))y = T,y + oya) o = (T, 1) g+ (T, y2) o = (2, T ys + QT Ya) -

Wait—in a complex Hilbert space, (T'x, ay) = @ (Tx,y), so

<I7T*(ay)>H = 5<I,T*y>H = <I7O‘T*y>H'

Hence T*(ay) = aT*y and T™* is linear.
BOUNDEDNESS AND NORM. We have ||[T*| < ||T']| from the bound
IT*y|| < ||IT|| lly||- For the reverse inequality,

1Tzl = sup (T, y) | = sup |z, T"y)yl <[]l [T,
lyll<1 lyll<1

whence ||T|| < ||T7]]. O

Proposition 3.29 (Properties of the adjoint). Let S,T € L(H, K),
UeL(K,L), and a € K.

(i) (T+ aS) =T+ as*.
(i) (UT)* = T*U*.
(iii) T** =T.
() |T*T|| = |TT*|| = IT|*.

Proof. (i) Direct from the inner product definition.
(11) For all v € H and z € L,

(UTz,z);, = Tz, U'z); = (2, T"U"2) 4 .

By uniqueness, (UT)* = T*U".

(11t) For all v € H and y € K, (y,T"x), = Ty, x2)y = (x,T*y) y =
(Tx,y) e =, Tx) e, 50 T =T.

(i) We have | T*T|| < |T*|| ||T|| = ||T||>. Conversely,

|Tz|)* = (T, Ta) i = (T"Tw, )y < |T*Ta|| ||z < |T*T] |||

Taking the supremum over ||z|| < 1 gives |T||> < ||7*T||. The equality
|TT*|| = ||T||* follows by replacing T" with T*. O
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Remark 3.30 (The C*-identity). Property (iv) is the C*-identity. It
shows that £(H) with the adjoint operation is a C*-algebra.

3.8 Normal, self-adjoint, and unitary operators

Definition 3.31. Let 7' € L(H).
(i) T is normal it T*T = TT*.
(ii) T is self-adjoint (or Hermitian) if T* =T.
(i) T is wnitary if T*T = TT* = 1d.
)

(iv) T is a (orthogonal) projection if T?> =T and T* =T

Proposition 3.32 (Characterizations of normality). The following are
equivalent for T € L(H):

(i) T is normal.

(i) |Tz|| = ||T*z|| for all z € H.

(iti)) T = A+ iB where A, B are self-adjoint and AB = BA.

\ J

Proof. ()=(ii): |Tz||> = (T*Tx, z) = (TT*z, x) = | T*z|*.

(ii)=(i): Polarization gives (I"Tz,y) = (TT*x,y) for all z,y, so T*T =
1T~

(i)e(iii): Set A = (T'+1%)/2, B = (T — T")/(2i), both self-adjoint.
Then T'= A+ 1B and

TT* — T*T = 2i(AB — BA),

so normality is equivalent to AB = BA. ]

Proposition 3.33 (Properties of self-adjoint operators). Let T €
L(H) be self-adjoint. Then:

(i) (Tx,z) € R for allz € H.

(i) |T|| = supy<1 (T, z)|.
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(1)) If K =C and (Tz,z) =0 for all x, then T = 0.

Proof. (i) (Tz,x) = (x,Tx) = (T*x,z) = (Tx, z).
(i) Let M = sup,<; [{T'r,z)|. Clearly M < ||T||. For the converse, the
parallelogram-type identity

4Re (Tx,y) = (T(z+y), v +y) — (T(x —y),z —y)

(using T* = T) gives [Re (Tz,y)| < M - f(lx + y|* + ||« — ylI*) = L (|l«]” +
|ly||?). Taking x,y on the unit sphere and choosing the phase of y to make
(T'x,y) real and positive, |(T'z,y)| < M. Hence || Tz| = supy,—; [(T7,y)| <
M and ||T]| < M.

(i4i) By polarization, (T'z,y) = 0 for all x,y, so T' = 0. O]

N

Theorem 3.34 (Spectrum of a self-adjoint operator is real). Let H be
a complex Hilbert space and T € L(H) self-adjoint. Then o(T) C R.
More precisely, o(T) C [m, M] where m = infj; =1 (Tz,z) and M =
Supy =1 (I'v, ), and both m, M € o(T).

Proof. STEP 1: o(T) C R. Let A = a+if with 8 # 0. For x € H with
[zl = 1,

I =T)a|* = [(a ld =T)z||* + 5 ||=|* = £ > 0.

(Here we used Re ((aId =Tz, ifz) = fIm ((ald =Tz, x) = Osince ((aId =Tz, x) €
R.) Hence AId —T is bounded below. Similarly, \Id —T* = XId -7 is
bounded below, so ran(AId —T') is dense (if y L ran(AId —T'), then (A 1d =Ty =
0, contradicting A Id —7" bounded below). By the open mapping theorem,
A1d =T is invertible.

STEP 2: o(T) C [m, M]. If \ > M, then (A\Id =Tz, z) > (A\— M) ||z||*,
so AId —T' is bounded below and, since self-adjoint, invertible. Similarly for
A< m.

STEP 3: m,M € o(T). We show M € o(T); the argument for m is
analogous. By definition of M, there exists a sequence (x,) with ||z,| = 1
and (T'z,,x,) — M. Then

(M Id =T)a,||* = M? — 2M (Tx,, ) + || T2, -

Since (T, z,) — M and |Tz,||* = (T2x,, x,) < [|[T?| < ||T||?, while also
| Tanl|® > (T, 20)* — M2, we deduce || Tz, ||> — M?2. Hence ||(M Id =T)z,|* —
M? —2M - M + M? = 0. So M1d—T is not bounded below, hence M &
o(T). O
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Proposition 3.35 (Spectral properties of unitary operators). If U €
L(H) is unitary, then o(U) C {z € C: |z| = 1}.

Proof. Since |U|| =1, o(U) C D. Since U™' = U* with [|[U*|| =1, o(U™) C
D. But A € o(U) iff X' € o(U™), so [\| < 1 and |\ < 1, giving
A = 1. O

Proposition 3.36 (Orthogonal projections). Let P € L(H). Then P

15 an orthogonal projection if and only if there exists a closed subspace

M C H such that P 1s the orthogonal projection onto M. In that case,

o(P) c {0,1}.
Proof. If P2 = P = P* set M = ran P = Ker(Id —P). Since P is con-
tinuous, M is closed. For x € H, write x = Px + (x — Pz). We have
Pr € M and P(z — Px) = Px — P?rx = 0, so x — Px € Ker P. Moreover
(Pz,x — Px) = (Pz,x — Px) = (P*z,2 — Pz) = (Px,P(x — Px)) = 0. So
P is the orthogonal projection onto M.

Conversely, if P is the orthogonal projection onto a closed subspace M,
then P? = P and (Pz,y) = (Pz,Py+ (y — Py)) = (Pxz,Py) = (z, Py)
(since Pz | (y — Py) and x — Pz L Py), so P* = P.

For the spectrum: if A ¢ {0,1}, then (A\Id—P)~* = +1d +ﬁP. O

Proposition 3.37 (Kernel and range of the adjoint). Let T €
L(H,K). Then:

(i) Ker T* = (ranT)*.

)
(ii) Ker T = (ranT*)*.
(iii) ran T = (Ker T*)L.
(iv) ranT* = (Ker T')*.
Proof. (i)y € KerT* iff T*y = 0 iff (z, T*y) =0 for allx € H iff (T'z,y) =0
for all x € H iff y € (ranT)*.

(i1) Apply (i) to T*, noting T** = T. o

(iii) and (iv) follow from (i) and (ii) using M++ = M. O

Example 3.38 (Matrix operators). If H = C™ and T is represented by
a matrix A = (a;;), then T* corresponds to A* = (a;;), the conjugate
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transpose. Self-adjoint means A = A* (Hermitian matrix), unitary
means A*A = I (unitary matrix), and normal means A*A = AA*.

Example 3.39 (Adjoint of a multiplication operator). On L?(u), the
multiplication operator M, with ¢ € L*(u) satisfies M; = M. In-
deed,

(M, f, ) = /sofaduz /f@duz (f, Myg)

Thus M, is self-adjoint iff ¢ is real-valued a.e., normal always (since
multiplication operators commute), and unitary iff || = 1 a.e.

Example 3.40 (Adjoint of the right shift). The right shift R: (> —
(?, R(xy,m9,...) = (0,21, 29,...), has adjoint R* = L, the left shift:
L(zy,x9,23,...) = (29,23,...). Indeed, (Rx,y) = > 7 Tylnr1 =
(x, Ly). Note that R*R = Id but RR* # 1d (it is the projection onto
{0} & £?), so R is an isometry but not unitary.

3.9 Exercises

Exercise 3.1 (x). Let A: R™ — R"™ be a linear map represented by a
matrix (a;;). Show that ||A[| < (Y,  a? )1/2 (the Frobenius norm).

,j 1J

Exercise 3.2 (x). Let (d,) C C be a bounded sequence and define
T:(*> — ¢? by Te, = dpe,. Show that T is compact if and only if
d, — 0.

Exercise 3.3 (xx). Let R be the unilateral right shift on ¢?(N). Com-
pute o(R), 0,(R), 0.(R), and o,(R). Compute the same for the left
shift L = R*.

Exercise 3.4 (x). Let T' € L(F) be nilpotent of order N (T"V = 0 but
TN=1 £ 0). Compute (Id —=T)~! explicitly.
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Exercise 3.5 (x%). Let T € K(E) be a compact operator on an
infinite-dimensional Banach space. Show that 0 € o(T).

Exercise 3.6 (xx). Let T' € L(H). Prove that:
(a) KerT* = (ranT)> .
(b) ranT = (Ker T*)*.

(¢) T is injective if and only if ran T™* is dense.

Exercise 3.7 (xx). Let T € L(H) be normal. Show that eigenspaces

corresponding to distinct eigenvalues are orthogonal. Show that
Ker(T — A1d) = Ker(T* — A\1d).

Exercise 3.8 (xxx). Consider the Volterra operator V': L([0, 1]) —

a) Show that V' is compact.

(
(b

Show that V' has no eigenvalues.

)
)
(¢) Conclude o(V') = {0} and compute (V).

)

(d) Compute [|V]|. (Hint: use V* and the C*-identity.)

Exercise 3.9 (x). An operator T' € L(H) is positive (written T' > 0)
if T =T* and (Tz,z) > 0 for all z. Show that T*T > 0 for any
T e L(H).

Exercise 3.10 (xx*). Let T' € L(H) be self-adjoint. Show that every
A € o(T) is an approximate eigenvalue: there exists (x,,) with ||z, || =1
and [Tz, — Az,| — 0.

Exercise 3.11 (%*). Let U € L(H). Show the following are equivalent:
(i) U is unitary; (i) U is surjective and ||Uz|| = ||z|| for all ; (iii) U
is surjective and (Uz,Uy) = (z,y) for all z,y.
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Exercise 3.12 (). Show that for any 7" € L(E) and A € p(7T),

RN, T)[| > _dist(/\l,a(T))'

Exercise 3.13 (x). Let T' € IC(E) where E is an infinite-dimensional
Banach space.

(a) Show that every nonzero A € o(7') is an eigenvalue.

(b) Show that o(T") \ {0} is at most countable, with 0 as the only
possible accumulation point.

(Hint: use the Riesz lemma for part (a) and the fact that eigenspaces
for distinct eigenvalues of a compact operator are finite-dimensional.)

Exercise 3.14 (x x x). The numerical range of T € L(H) is W(T) =
{(Tz, z) - ||z = 1}.

(a) Show that W(T) is convex (Toeplitz—Hausdorff theorem; this is
hard).

(b) Show that o(T") C W(T).

(c¢) Show that if 7" is normal, W (7T') = conv(o(T)).

Exercise 3.15 (xx). Let 7' € K(H) be self-adjoint on a separable
Hilbert space H. Show that either ||T|| or — ||T|| is an eigenvalue of
T. (Hint: use the fact that ||T|| = supj, = |{(Tz, )| and extract a
convergent subsequence.)




Chapter 4

The Hahn—Banach Theorem and
Consequences

Contents
[4.1 Analytic form: realcase] . ... .. ... ...... 58
[4.2  Analytic form: complex casel. . . . ... ... ... 59

[4.3 Consequences: extension of functionals, separa- |

| tionofpoints| . . . ... ... .. ..., 59
[4.4 Geometric forms: separation of convex sets|. . . . 60
[4.5 Applications to dual spaces| . ... ......... 63
[4.6 Bidual and canonical embedding| . ... ... ... 64
4.7 _The subdifferentiall. . . . . .. ... ... ...... 66
[4.8 The Banach—Alaoglu theorem| . . . . . . ... ... 66
4.9 FExercises|. . ... ... ... ... 000000 68

The Hahn—Banach theorem is one of the three pillars of functional anal-
ysis (together with the uniform boundedness principle and the open map-
ping/closed graph theorems). It guarantees that normed spaces have a rich
supply of continuous linear functionals, and its geometric formulations pro-
vide powerful convex separation results. This chapter presents the analytic
and geometric forms, and develops fundamental consequences: the charac-
terisation of the dual space, reflexivity, and the Banach—Alaoglu theorem.
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4.1 Analytic form: real case

Definition 4.1 (Sublinear functional). A function p: £ — R on a real
vector space E is sublinear if

(i) p(Ax) = Ap(x) for all A > 0 and = € E (positive homogeneity),
and

(ii) p(z+y) < p(x) + p(y) for all z,y € E (subadditivity).

Theorem 4.2 (Hahn-Banach, real analytic form). Let E be a real
vector space, p: E — R a sublinear functional, G C E a linear sub-
space, and g: G — R a linear functional satisfying g(x) < p(z) for all
x € G. Then there exists a linear functional f: E — R extending g
(i.e., fla = g) such that f(z) < p(x) for all x € E.

Proof. STEP 1: EXTENSION BY ONE DIMENSION. Let zy € E\ G and set
G1 = G ® Rzxy. We seck ¢ € R such that fi(x + tzg) = g(x) + tc satisfies
fl S p on Gla i'e'7

g(x) 4+ te < p(x + txg) forallz € G, t € R.

Fort > 0: ¢ < 1 (p(z+txo)—g(x)) = p(a/t+xo)—g(z/t), so ¢ < infueq (p(ut
o) — g(u)).

Fort <0 (set s = —t > 0): —c < p(r—sxg)/s—g(x/s) = p(v—1x9) —g(v)
for v =1/s, so ¢ > sup,cq(9(v) — p(v — z0)).

We must verify the sup < the inf. For any u,v € G:

g(w) —p(v — o) < g(u) + p(u+ x0) — p(v — 70) — g(u)

holds if g(v) 4+ g(u) < p(v — x) + p(u + x0). But g(v) + g(u) = g(v+u) <
p(v+u) < p(v—x)+p(u+xg) by subadditivity. So the choice of ¢ is possible
and the one-step extension works.

STEP 2: APPLICATION OF ZORN’S LEMMA. Consider the set

P = {(H,h):GCHC E subspace, h: H — R linear, hlg =g, h <pon H},

partially ordered by (Hi, hy) < (Hs, hs) iff H; C Hy and he|g, = hy.
Every chain {(H;, h;) }icr has an upper bound: set H = |J, H; and h(x) =
hi(x) if z € H;. This is well-defined, linear, extends g, and satisfies h < p.
By Zorn’s lemma, P has a maximal element (Hy, f). If Hy # E, then

Step 1 would yield a strict extension, contradicting maximality. Hence Hy =
E. O
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4.2 Analytic form: complex case

Theorem 4.3 (Hahn—Banach, complex analytic form). Let E be a
complex vector space, p: E — [0,00) a seminorm, G C E a linear
subspace, and g: G — C a linear functional satisfying |g(x)| < p(z) for
all x € G. Then there exists a linear functional f: E — C extending
g such that | f(x)| < p(z) for allx € E.

Proof. Write ¢ = g1 + 2 g where gy = Reg and g = Img are real-linear
functionals on G (viewed as a real vector space). Note that g(iz) = ig(x)
gives g1 (ix) + ig2(ix) = —g2(x) + ig1(x), so

g2(x) = —g1 (ix). (4.1)

Moreover, g;(x) = Reg(x) < |g(z)| < p(z), and p is a sublinear functional
on Eg (the real vector space underlying F).

By the real Hahn-Banach theorem (Theorem [4.2)), extend g¢; to a real-
linear functional f;: E — R with f; < p on E. Define

f(z) = filz) —i fi(iz).
Then f is complex-linear: f(ix) = fi(iz)—ifi(—x) = fi(iz)+ifi(z) =if(x).

Also flg =g by ([4.1).
For the bound, write f(z) = |f(z)| €. Then |f(x)| = f(e ¥z) =

file™z) < p(e™z) = p(x). U

4.3 Consequences: extension of functionals, sep-
aration of points

Corollary 4.4 (Extension of bounded linear functionals). Let E be
a normed space, G C E a subspace, and g € G'. Then there exists

feE with fla=g and || fllp = llglle-

Proof. Apply Theorem (or Theorem [4.2] in the real case) with p(x) =
lgll [lz]]- The extension satisfies [f(x)| < [lgl| [l=]l, so [[f[| < [lgll. Since

fle =g, 171 = llgll -
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Corollary 4.5 (Separation of points by functionals). Let E be a
normed space and xog € E with xy # 0. Then there exists f € E’
with || f|l =1 and f(zo) = ||zol-

Proof. On G = Kz, define g(axg) = a||xo||. Then ||g|| = 1. Extend by
Corollary [4.4] O

Corollary 4.6 (The dual separates points). If z,y € E and f(x) =
f(y) forall f € E', then x = y. Equivalently, ||z| = sup{|f(x)|: f €
E'S N7 < 15

Proof. Apply Corollary 1.5 to x — y. O

Corollary 4.7 (Functionals that vanish on a subspace). Let G be a
closed subspace of a normed space E and xo ¢ G. Then there exists

f e E with fle =0, || fll =1, and f(xy) = dist(zo, G) > 0.

Proof. Set d = dist(xg,G) > 0 (since G is closed). On H = G & Kuxy,
define g(y + axg) = ad. Then [g(y + axo)| = |a| d < |af |lzo — (~y/a)|| =
||lozo + y|| when o # 0, and g(y) = 0 when o = 0. So ||g|| < 1, and in fact
lgll = 1 since for y, € G with [z — yall = d, [9(zo —yu)| / lm0 — yall =
d/ ||zo — yn|| — 1. Extend by Corollary [4.4] O

4.4 Geometric forms: separation of convex sets

Definition 4.8 (Hyperplane). A (closed) hyperplane in E is a set of
the foom H = {x € F : f(z) = a} where f € E'\ {0} and o € R.
A supporting hyperplane at a point xy of a convex set C' is a hyper-
plane H containing x( such that C' lies in one of the closed half-spaces
determined by H.

Definition 4.9 (Minkowski functional). Let C' be a convex subset of
a real vector space F with 0 € int(C') (the algebraic interior, or core).
The Minkowski functional (or gauge) of C' is

pe(z) =inf{t > 0: 2 €tC} =inf{t >0: 2/t € C}.
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Proposition 4.10 (Properties of the Minkowski functional). Let C' be
a convex set in a real normed space E with 0 € int(C'). Then:

(1) pc is sublinear (positively homogeneous and subadditive).
(1i) If C is open, then C = {x : pc(x) < 1}.
(111) If C' is symmetric (—C = C'), then pc is a seminorm.
() If C is open, bounded, and symmetric, then pc is a norm equiv-

alent to ||-||.

. 7

Proof. (i) Positive homogeneity is clear. For subadditivity: if x € sC and
y €tC, then x+y = (s +1)(35 - 2+ =5 - ¥) € (s +t)C by convexity. So
po(z +y) < s+ t; taking infima glves po(z+y) < po(x) + pc(y).

(11) If pc(x) < 1, there exists ¢ < 1 with z € tC' C C (since 0 € C' and C
is convex: x =t(z/t) + (1 —1t)-0 € C). Conversely, if x € C' and C' is open,
there exists ¢ > 0 with (1 +¢)z € C,s0 pc(r) < (1+¢)"t < 1.

(111) po(—z) = inf{t > 0: —z € tC} = inf{t > 0: 2z € t(-C)} = inf{t >
0:2€tC} =pc(x).

(iv) Since C' is bounded and open with 0 € C, there exist r, R > 0 with
B(0,r) c C € B(0,R). Then ||z| /R < pc(x) < ||z|| /r. O

Theorem 4.11 (Separation of a point from a convex set). Let E be

a real normed space, C C E a non-empty open convex set, and xqg €
E\ C. Then there exists f € E'\ {0} and o € R such that

flz) < a< f(xg) forallx € C.

\. J

Proof. Without loss of generality assume 0 € C' (translate if necessary). Let
p = pc be the Minkowski functional. Since zq ¢ C' and C'is open, p(xy) > 1
(by Proposition [£.10{ii)).

On G = Ry, define g(txg) = t p(xg). Fort > 0, g(txg) = tp(xg) = p(txg).
For t < 0, g(txo) = tp(xo) < 0 < p(txg). So g < pon G.

By the real Hahn—Banach theorem, extend g to f: EF — R with f < p.
Forz € C, f(z) < p(x) < 1 (since C is open). Also f(zo) = g(xo) = p(xo) >
1. Set a = 1.

It remains to verify f is continuous. Since f < p and p(z) < ||z|| /r for
some r > 0 (as B(0,7) C C), f(z) < ||z| /r. Also f(—x) < p(—x); if C is
not symmetric we still have —C' containing a ball, giving f(—z) < ||z| /7.
In general, since 0 € int(C'), there exists r > 0 with B(0,7) C C, so p(x) <
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[zl /r and f(z) < [|=]| /r. Similarly —f(z) = f(-2) < p(=2) < ||| /r,
giving |f(x)| < ||z]| /r. (For the bound on p(—zx): since 0 € C' and C' is
open, B(0,r) C C for some r > 0, and also —r" - z/ ||z|| € C for some r’ > 0,
but more directly, for x with ||z|| < r, —z € B(0,r) C C so p(—z) <1 <
|—x|| /r -7/ ||z| gives what we need.) Hence f € E'. O

Theorem 4.12 (Strict separation of convex sets). Let E be a real
normed space, A C E compact and convexr, B C E closed and convez,
with ANB = 0. Then there exist f € E'\{0} and a, 8 € R with o < 3
such that

fla) <a<p < f(b) foralla e A, b e B.

Proof. STEP 1. The set A— B = {a—0b:a € A, b € B} is closed and
convex (closed because A is compact and B is closed: if a,, — b, — z, extract
an, — a € A, thenb,, > a—z2¢€ B,soz=a—(a—z) € A—DB). Also
0¢ A— Bsince ANB = ).

STEP 2. Since A — B is closed and 0 ¢ A — B, there exists r > 0 with
B(0,7r)N(A—B) =0. Then C = (A— B)+ B(0,r) is an open convex set not
containing 0 (if 0 € C, then there exist a € A, b € B, u with ||u|]| < r and
a—b+u=0,s0a—b=—uand ||a—b|| <r, contradicting dist(A, B) > r).
Actually, let us re-examine: the distance d = inf{||a — b|| : a € A,b € B} >0
by compactness of A and closedness of B. Set C = A — B + B(0,d/2); this
is open, convex, and 0 ¢ C.

STEP 3. By Theorem applied to C' and =y = 0: there exists f €
E’"\ {0} and v with f(x) < v < f(0) = 0 for all z € C. In particular, for
alla € Aand b € B, f(a—b) <0, ie., f(a) < f(b). Then sup,c4 f(a) <
infyep f(b). Since A is compact, the sup is a max; set & = max, f and
f = infp f. We need a < . Indeed, f(a — b+ u) < 0 for all ||Ju|| < d/2,
so taking u — 0, f(a) < f(b) with equality only if f(a —b) = 0. But
then f(a —b+u) = f(u) < 0 for suitable u, contradicting that f can take
positive values on B(0,d/2) (since f # 0). More precisely: since f # 0,
SUP|jy<as2 f(w) >0, so for any a € A, b € B: f(a) +sup f(u) < f(b), giving
f(a) < f(b). Hence a < B. O

Remark 4.13. In a complex normed space, the geometric Hahn-Banach
theorem applies to the real parts: if f € E’ (complex), then Re f
separates, and f is determined by Re f.
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Corollary 4.14 (Supporting hyperplane theorem). Let C' be a closed
convex subset of a mormed space E and xo € OC. Then there exists
a supporting hyperplane to C' at xo: a functional f € E'\ {0} with
Re f(x) < Re f(xg) for allz € C.

Proof. Since zq € OC, there exist y, ¢ C with y, — . For each n, by
Theorem [4.11] (applied to int(C) if it is nonempty, or a slight adaptation
otherwise), there exists f, € E' with ||f,]| = 1 and Re f,.(x) < Re f.(yn)
for all x € C. By weak*-compactness of the unit ball (Banach—Alaoglu,
Theorem below), extract a weak*-convergent subnet f,. — f with
|Ifll < 1. Then Re f(x) < Ref(xg) for all x € C, and f # 0 since
Re f(zo) = limRe f,_ (yn,) > limsup Re f,_(x) for any interior point z. O

4.5 Applications to dual spaces

' )

Theorem 4.15 (Dual of /*). For 1 < p < oo, the map ®: (4 — ()
defined by

Y)(@) =Y Tahns Y= (ya) €44 == () € £,

where %—l—% =1 (with ¢ = oo when p = 1), is an isometric isomorphism.

\. J

Proof. ® 1S ISOMETRIC. By Holder’s inequality, |®(y)(x)[ < ||lz[[, [ly[l,, so
[2(y)|| < [lyll,- For the reverse, when 1 < p < oo, take x, = |y |7 sgn (7).

Then ||z} = 3 [yal” = llyll§ and ®(y)(x) = 3 [ya|"" = llyll3, s0 [@(y)]| =

lyllg / ||y||g/p = [ly[l,- The case p = 1 is similar.
® 1S SURJECTIVE. Let f € (). Set y, = f(e,) where e, is the
n-th standard basis vector. For any finite set F' C N, the choice x =

ZneF |yn’q/p sgn(%) €n gives

Sttt = £ < U0 el = 170 (2 lwl?) ™"

nekl neFr

1 . .
SO (ZneF\ynr]) /4 < |Ifl]. Thus y € ¢ with Hqu < |If]]. By density of
finitely supported sequences, f = ®(y). ]
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Theorem 4.16 (Riesz—Markov representation, statement). The dual
of C([0,1]) is isometrically isomorphic to M([0,1]), the space of finite
signed (or complex) Radon measures on [0, 1], via the pairing

p (fH/Olfdu)-

Remark 4.17. The proof of the Riesz—Markov theorem requires
measure-theoretic tools and will be presented in Chapter 9 when we
study the theory of distributions and measures on locally compact
spaces.

4.6 Bidual and canonical embedding

Definition 4.18 (Bidual). The bidual of a normed space E is E" =
(E"), the dual of the dual space.

Theorem 4.19 (Canonical embedding is isometric). The map J: E —
E" defined by

J(@)(f) = f(x), =zekE fek,

is a linear isometric embedding (i.e., ||J(x)|| gn = ||z||g for all z € E).

Proof. Linearity is clear. For the norm: [J(x)(f)] = |f(z)| < |Ifll ||z,
so ||J(x)]| < ||z||. Conversely, by Corollary [4.5] there exists fy € E’ with
[foll = 1 and fo(x) = [[z[|. Then [J(z)(fo)| = l[z[|, so ||/ ()] = [l]- O

Definition 4.20 (Reflexive space). A Banach space F is reflexive if
J: E — E" is surjective (and hence an isometric isomorphism).

Example 4.21. (i) Every Hilbert space is reflexive (by the Riesz
representation theorem).

(ii) ¢7 and LP(u) are reflexive for 1 < p < oo.

(iii) £, £, co, LY(1), L>(1), and C([0, 1]) are not reflexive.
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Proposition 4.22. A closed subspace of a reflexive Banach space is
reflexive.

Proof. Let F be a closed subspace of a reflexive space E. Let £ € F”. Define
O € E" by ©(f) = £(f|r) for f € E'. Since E is reflexive, ® = Jg(z) for
some = € F, ie., f(x) =&(f|p) for all f e FE'.
We claim x € F. If z ¢ F, by Corollary there exists f € E’ with
flr =0and f(z) # 0. But then f(z) =&(f|r) = £(0) = 0, a contradiction.
So z € F and for any g € F’, extend g to f € E’ (by Corollary [4.4).
Then £(g) = £(f]r) = £(z) = g(z) = Jp(x)(g). Hence € = Jp(x) and Jp is

surjective. 0

Proposition 4.23. A quotient of a reflexive Banach space by a closed
subspace is reflexive.

Proof. Let E be reflexive and G C F closed. Let 7: E — E/G be the
quotient map. Given £ € (E/G)", define ¥ € E” by U(f) = &(fon™t)
— more precisely, note that 7': (F/G) — E’ defined by 7'(g) = go 7 is
an isometric embedding with range G+ (Exercise . Define ¥ € E” by
U(f) = &((7)71(f)) for f € G+ and extend to E'. Since E is reflexive,
U = Jg(z) for some x € E. Then for any g € (E/G), &£(g9) = ¥(n'g) =
(7'g)(x) = g(m(x)) = Jgja(m(x))(g). Hence { = Jg/o(m(x)) and the quotient
is reflexive. ]

Remark 4.24 (Characterizations of reflexivity). To summarize, for a
Banach space E the following are equivalent:

(i) E is reflexive (i.e., J is surjective).
(ii) Bg is weakly compact (Corollary [4.33)).

(iii) Every bounded sequence in E has a weakly convergent subse-
quence (Eberlein-Smulian theorem, Chapter 8).

(iv) Every f € E’ attains its norm on Bg (James’ theorem).
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4.7 The subdifferential

Definition 4.25 (Subdifferential). Let E be a real normed space and
p: E — RU{+o0} a convex function. The subdifferential of ¢ at a
point zg € E where p(zy) < 400 is

dp(zo) = {f € E' : p(x) — o(m0) > f(x — xo) for all z € E}.

Elements of dp(x¢) are called subgradients.

Proposition 4.26 (Non-emptiness of the subdifferential). If ¢: F —
R U {400} is convez, lower semicontinuous, and ¢(xg) € R, then

(o) # 0.

Proof. The epigraph epi(¢) = {(x,t) : t > ¢(x)} is a closed convex subset of
E xR, and (g, p(z0)) € depi(p). By the supporting hyperplane theorem
(Corollary 4.14]), there exist f € E' and 5 € R, not both zero, such that

flz)+ pt < f(zo) + Bo(zo) for all (z,t) € epi(yp).

Since (xg,t) € epi(yp) for all t > ¢(xg), we need St < [p(xg) for large
t,so f < 0. If =0, then f(z) < f(xo) for all z in dom ¢, which (if
dom ¢ contains a neighborhood of xy) forces f = 0. Since ¢ is continuous
at xy (being convex and finite, it is continuous on the interior of its effective
domain), 5 < 0. Dividing by —f > 0:

p(x) > p(x0) + (= f/B)(x — 20),
so —[f/B € dp(xo). N

Example 4.27 (Subdifferential of the norm). For ¢(z) = ||z| on a
normed space E:

(i) Ttx £ 0: dp(a) = {f € B : ||l = 1, f(z) = la]}.
(i) 9p(0) = {f € E': |IfIl < 1} = Bg.

4.8 The Banach—Alaoglu theorem

Recall that the weak* topology on E’ is the coarsest topology making all
evaluation maps f — f(z) (z € E) continuous.
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Notation 4.28. We write f, = f to denote convergence in the weak* topol-
ogy: fo(z) = f(x) for all z € E.

Theorem 4.29 (Banach—Alaoglu). Let E be a normed space. Then
the closed unit ball Bpr = {f € E' : || f|| < 1} is compact in the weak™*

topology.

Remark 4.30. The proof uses Tychonoft’s theorem and will be given
in Chapter 8 (Weak Topologies). Here we state it and develop some
immediate consequences.

Corollary 4.31. Every bounded net (f,) in E' has a weak*-convergent
subnet.

Corollary 4.32 (Goldstine’s theorem). Let E be a normed space.
Then J(Bg) is weak*-dense in Bpn.

Proof. J(Bg) is a convex subset of E”. If it were not weak*-dense in Bgn,
there would exist & € Bpgs not in the weak*-closure of J(Bg). By the
geometric Hahn—-Banach theorem in the weak* topology, there would ex-
ist f € E' and « such that ReJ(z)(f) < a < Re&y(f) for all z € Bg.
But Re J(z)(f) = Re f(x), so supj, <1 Re f(z) = [[f]| < a < Re&(f) <
l€oll 11l < |If]l, & contradiction. O

Corollary 4.33. A Banach space E is reflexive if and only if Bg is
weakly compact.

Proof. If E is reflexive, then J(Bg) = Bpgr is weak*-compact (Banach—
Alaoglu applied to E’), and since J is a homeomorphism from the weak
topology on E to the weak™ topology on E”, B is weakly compact.
Conversely, if Bg is weakly compact, then J(Bg) is weak*-compact in
E”, hence weak*-closed. By Goldstine’s theorem, J(Bg) is weak*-dense in
Bpn, so J(Bg) = Bgr and J is surjective. O]



68CHAPTER 4. THE HAHN-BANACH THEOREM AND CONSEQUENCES

4.9 Exercises

Exercise 4.1 (x). Let E be a real vector space and p: E — R a
sublinear functional. Show that there exists a linear functional f: F —
R with f < p. (Hint: apply Theorem [4.2 with G = {0}.)

Exercise 4.2 (x). Give a proof of the Hahn—Banach theorem in finite
dimensions without Zorn’s lemma (by induction on codimension).

Exercise 4.3 (xx). Show that (c)’ = ¢! isometrically, where cq is the
space of sequences converging to zero with the sup norm.

Exercise 4.4 (x). Let E be a normed space and G C E a subspace.
The annihilator is G+ = {f € E' : f|c = 0}.

(a) Show G* is a closed subspace of E'.
(b) Show (E/G)' = G* isometrically.

(¢) Show (G)' = E'/G* isometrically.

Exercise 4.5 (xx). Let C' be a closed convex subset of a normed space
E and xy ¢ C. Show that there exists f € E’ such that Re f(zo) >

sup,cc Re f(z).

Exercise 4.6 (xx). (a) Show that ¢ is not reflexive by showing that
J(co) # (£1) =2 4.

(b) Show that ¢! is not reflexive.

Exercise 4.7 (% x x). Let E be a Banach space. Show that if every
f € E' attains its norm on Bg (i.e., there exists x with ||z|| = 1 and
f(x) = |Ifll), then E is reflexive. (This is James’ theorem; proving
it is quite hard—outline the argument using the characterisation of
reflexivity via weak compactness.)
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Exercise 4.8 (%%). Let C' = {x € R" : (a;,z) < b;, i =1,...,m} be
a convex polytope containing the origin in its interior. Compute the
Minkowski functional po explicitly.

Exercise 4.9 (xx). Compute dp(z) for ¢(z) = ||z||, on ¢* (the ¢-
norm). Characterize the subgradients at the origin and at a point
xr = (x,) with all z,, # 0.

Exercise 4.10 (%). Use the Hahn—Banach theorem to show that for
any closed subspace G of a Banach space E and any = ¢ G,

dist(z, G) = max{ f(z): f € G, | f|| < 1}.

Exercise 4.11 (%*). Let E be a separable normed space. Show that
the weak™ topology on Bp is metrizable. (Hint: if (x,,) is dense in B,

use d(f,g) = Zzozl 27" | f(wn) — g(zn)].)

Exercise 4.12 (x * x). Let E be a normed space and G a subspace.
Show that every g € G’ has a unique Hahn—Banach extension to F
if and only if the dual norm on E'/G% is strictly convex. (A norm is
strictly convez if ||z|| = |ly|| = ||(z + y)/2]| = 1 implies z = y.)

Exercise 4.13 (%x). Identify (¢!)” explicitly. Show that the canonical
embedding J: ¢! — (¢})” corresponds to the natural inclusion ¢* —
(> = (¢1) followed by the canonical embedding. Conclude again that
¢! is not reflexive.

Exercise 4.14 (x). Show that if £ is reflexive, then E’ is also reflexive.

Exercise 4.15 (xx). Let E be a normed space and C' C F a convex
set. Using the Hahn-Banach theorem, show that the closure of C' in
the norm topology equals the closure of C' in the weak topology. (This
is Mazur’s theorem.)
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Exercise 4.16 (xx). Let A and B be non-empty disjoint convex
subsets of a normed space F, with A open. Show that there exist
f € E'"\ {0} and o € R such that Re f(a) < a« < Re f(b) for all a € A
and b € B. Give an example showing that strict separation may fail
without compactness of one of the sets.

Exercise 4.17 (xx). A Banach limit is a linear functional L: (>~ — R
satisfying: (i) L > 0 (i.e., =, > 0 for all n implies L(z) > 0); (ii)
L((n41)) = L((xy)) (shift-invariance); (iii) L((1,1,1,...)) = 1.

(a) Use the Hahn-Banach theorem to show that Banach limits exist.
(Hint: on the subspace of convergent sequences, take L = lim,
and use the sublinear functional p(z) = limsup,,_,o, = > p_; z}.)

(b) Show that if (z,,) converges, then L((z,)) = lim,_, =, for every
Banach limit L.

Exercise 4.18 (% x ). A subset S C E' is total (or separating) if
f(z) =0 for all f € S implies z = 0. Show that S is total if and only
if span(S) is weak*-dense in E’. (Hint: use the Hahn—Banach theo-
rem in the weak*-topology, identifying (E’, w*)' = E via the canonical
embedding.)

Exercise 4.19 (x). Let E = ¢y and f = (f,) € /' = (¢p)’. Show
that f attains its norm on By, if and only if the supremum ||f||, =
> |fn] is attained in a suitable sense. Give an explicit f € (¢g)" that
attains its norm and one that does not (impossible in this case—show
all functionals in ¢! attain their norm on B.,).

Remark 4.34 (Historical note). The Hahn-Banach theorem was proved
independently by Hans Hahn (1927) for separable spaces and by Stefan
Banach (1929) in full generality. The geometric forms were developed
by various authors, including Mazur, Eidelheit, and Dieudonné. The
use of Zorn’s lemma (or equivalently, the axiom of choice) is essential:
there exist models of set theory (without full choice) in which the
Hahn-Banach theorem fails. However, weaker forms of choice such as
the Boolean prime ideal theorem suffice.
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The uniform boundedness principle, also known as the Banach—Steinhaus
theorem, is one of the cornerstones of functional analysis. It asserts that a
family of bounded linear operators that is pointwise bounded must in fact be
uniformly bounded in the operator norm. The proof rests on the Baire cat-
egory theorem, a fundamental topological result concerning complete metric
spaces. In this chapter we develop the Baire category theorem from scratch,

71
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prove the uniform boundedness principle in its full generality, and present a
wealth of applications ranging from Fourier analysis to the theory of diver-
gent series.

5.1 The Baire category theorem

5.1.1 Meagre and residual sets

Definition 5.1 (Nowhere dense set). Let (X, d) be a metric space. A
subset A C X is called nowhere dense if its closure A has empty
interior:

int(A) = 2.
Equivalently, A is nowhere dense if and only if for every nonempty
open set U C X, there exists a nonempty open set V' C U such that
VNA=o.

Example 5.2. (i) The set Z is nowhere dense in R with the usual
metric.

(ii) Any finite subset of R is nowhere dense.

(iii) The Cantor set C C [0,1] is closed with empty interior, hence
nowhere dense.

(iv) In any normed space X, a proper closed subspace Y C X is

nowhere dense. Indeed, if int(Y) = int(Y) # @, then Y contains
an open ball, and by the linearity of Y this forces Y = X.

Definition 5.3 (Meagre and residual sets). Let (X,d) be a metric
space.

(i) A set M C X is meagre (or of the first category) if it can be
written as a countable union of nowhere dense sets:

M = U A,, each A,, nowhere dense.
n=1

(ii)) A set R C X is residual (or comeagre) if its complement X \ R
is meagre.
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(iii) A set S C X is of the second category if it is not meagre.

Remark 5.4. The terminology “first” and “second” category is due to
Baire. Meagre sets are “topologically small,” analogous to measure-
zero sets in measure theory. However, these notions do not coincide:
there exist meagre sets of full Lebesgue measure and residual sets of
measure zero.

5.1.2 Statement and proof of the Baire category theo-
rem

Theorem 5.5 (Baire category theorem). Let (X, d) be a complete met-
ric space. Then:

(a) X is of the second category in itself, i.e., X is not meagre.
(b) Every countable intersection of dense open sets is dense in X.

(¢) Equivalently, a countable union of closed sets with empty interior
has empty interior.

J

Proof. We prove statement (b); the equivalence with (a) and (c) follows by
taking complements.

Let {U,}>°, be a sequence of dense open subsets of X. We must show
that G = (,_, U, is dense in X. Let W C X be an arbitrary nonempty
open set; we need to show GNW # &.

Step 1. Since U; is dense and open, U; N W is a nonempty open set.
Choose 1 € Uy N W and r; > 0 such that

B(ZCl,Tl)CUlﬂVV, 0<r <1

This is possible because Uy N W is open.
Step 2. Since U, is dense, U N B(x1, 1) is nonempty and open. Choose
x9 € Uy N B(x1,71) and 75 > 0 such that

B(Q?Q,Tg)CUQﬂB(Il,Tl), O<7’2<%.

Induction. Proceeding inductively, suppose we have chosen x,, and 7,
with 0 <7, < 1/n and

B(zp,rn) C U, N B(Tp_1,Tn-1)-
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Since U, is dense, U, 1 N B(x,,r,) is nonempty and open. Choose x,.; €
Upi1 N B(xy,ry) and 0 < r, 1 < 1/(n+ 1) with

B(:Un+1, 7’n+1) C Un+1 N B(.Tn,”f’n).

Step 3 (Cauchy sequence). The sequence (z,),>1 is Cauchy: for
m > n, we have z,,, € B(x,,r,), so d(x;y,,x,) < r, < 1/n — 0. Since X is
complete, x,, — x* for some z* € X.

Step 4 (Limit lies in the intersection). For each fixed n, we have
Tm € B(xy,,ry,) for all m > n, and since B(z,,r,) is closed, * € B(x,,1,) C
U,. Hence x* € U, for every n, so z* € G. Also, z* € B(x1,r1) C W, so
rreGNW.

Since W was an arbitrary nonempty open set, GG is dense in X.

For (a) < (b): suppose X = (J,, F,, with each F), nowhere dense. Then
U, = X \ F, is dense and open, but (", U, = X \U, F, € X\U, F =
@, contradicting (b). For (b) & (c): if X = |, F,, with each F,, closed
and int(F,) = &, then U, = X \ F, is dense and open and (), U, = &,
contradicting (b). O

N

Remark 5.6. The Baire category theorem also holds for locally compact
Hausdorff spaces. The proof is essentially the same, replacing com-
pleteness by local compactness: one chooses the closed balls B(z,, ;)
to be compact, and the nested intersection of nonempty compact sets
is nonempty by the finite intersection property.

Proposition 5.7. Let X be a complete metric space.

(i) If X = U, F,, with each F, closed, then at least one F, has
nonempty interior.

(i1) Every residual subset of X is dense.

(i1i) A nonempty complete metric space with no isolated points is un-
countable.

Proof. (i) This is the contrapositive of Theorem [A.1|(c).

(ii) If R is residual, then X \ R is meagre, so R contains a dense Gy set by
(b) of the theorem.

(iii) If X = {x1,x9,...} were countable, then each singleton {z,} is closed
with empty interior (since x,, is not isolated), so X = {J, {x,} is meagre,
contradicting Theorem [A.1f(a). O
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Exercise 5.1 (Q is not a Gy; *). Show that Q is not a G5 set in R;
that is, Q cannot be written as a countable intersection of open sets.
Hint: If Q = (N, U, with each U, open and dense, then V,, = U, \
{¢n} for an enumeration {¢,} of Q would also be open and dense, but
N, VNN, (X \{¢.}) = @, which contradicts Baire.

Exercise 5.2 (Osgood’s theorem; xx). Let f,,: [a,b] — R be a sequence
of continuous functions converging pointwise to f: [a,b] — R. Use the
Baire category theorem to show that f is continuous on a dense Gy
subset of [a, b].

Hint: For each k > 1, let Fy,, = {x € [a,0] : |fu(z) — fo(z)] <
1/k for all n,p > m}. Show that |J,, Fim = [a,b] and apply Baire.

5.2 The uniform boundedness principle

We now turn to the main theorem of this chapter. Throughout, X denotes
a Banach space and Y a normed space.

Theorem 5.8 (Banach-Steinhaus / Uniform Boundedness Principle).
Let X be a Banach space, Y a normed space, and {Ty}aea C L(X,Y)
a family of bounded linear operators. Suppose the family is pointwise
bounded: for every x € X,

sup ||Tazlly < 0.
acA

Then the family is uniformly bounded:

sup [|Tall £ (x,y) < o0
acA

Proof. For each n € N, define the set

E,={z e X :sup|Toz|y <n} = ﬂ {r € X : ||Toz|ly < n}.
acA

acA

Each set {z : | Toz|ly < n} is closed (it is the preimage of [0,n] under the
continuous map z — ||T,x|), so F,, is an intersection of closed sets, hence
closed.
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The pointwise boundedness hypothesis gives X = (J'~ | F),. Since X is a
Banach space (hence a complete metric space), the Baire category theorem
(Proposition [5.7(i)) guarantees that some £, has nonempty interior. Hence
there exist o € X and r > 0 such that B(zg,r) C F,,, meaning

|z — x| <7 = sup||Taz| < ny.
Now let x € X with ||| < 1. Then zy + rz/2 € B(x,7) C F,,, and
xg € F),,. Therefore,
|Tu(52) || = [|Talzo + 52) — Tamol| < ||Ta(zo + 52) ||+ Tazoll < notno = 2nq.
Hence ||T,z|| < 4ng/r for all @ and all ||z|| < 1. This gives

4dn
sup ||Tn] < — < oo. O
acA r

Remark 5.9. The completeness of X is essential. Consider X = ¢q,
the space of finitely supported sequences with the /> norm. Define
T, : coo = Kby T,,(x) = nx,. Then sup,, |T,(x)| < oo for each = € ¢y
(since x has finite support), but ||7,,|| = n — oo.

Corollary 5.10. Let X be a Banach space, Y a normed space, and
(Th)n>1 € L(X,Y) a sequence such that the limit

Tx = lim T,z

n—o0

exists for every x € X. Then:
(i) sup,, || T.| < oo.

(i1) The limit operator T: X — Y s bounded, and ||T| <
liminf,, o ||T5||-

Proof. (i) A convergent sequence in Y is bounded, so sup, ||T,z| < oo for
each x. The Banach-Steinhaus theorem gives sup,, ||7,,|| = M < oc.
(ii) T is linear (being the pointwise limit of linear maps). For any = € X,

[T) = lim (| Tx]] < liminf |[7,[] fl]|,
n—oo n—oo

so T is bounded with ||7'|| < liminf, ||T,||. O

5.3 Applications to sequences of functionals
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Proposition 5.11 (Pointwise bounded functionals). Let X be a Ba-
nach space and (fn)n>1 C X* a sequence of bounded linear functionals.
If sup,, | fn(z)| < 00 for every x € X, then sup,, || full - < 00.

Proof. This is the special case Y = K of Theorem O

Example 5.12 (Weak convergence implies boundedness). Let X be
a Banach space and suppose z,, — z in X (i.e., f(x,) = f(x) for all
f € X*). Then sup,, ||z,| < oc.

To see this, consider the canonical images &,, € X** defined by z,(f) =
f(z,,). The hypothesis says that for each f € X*, the sequence (Z,,(f)),
is convergent, hence bounded. Since X™* is a Banach space, the uniform
boundedness principle applied to {#,} C L£L(X* K) gives

sSup ||=’i'n| x#+ — Sup ||xn||X < o0,
n n

where the equality uses the isometric embedding X — X**.

Proposition 5.13 (Weak* convergence implies boundedness). Let X
be a Banach space and suppose f, — f in X* (i.c., f.(x) — f(z) for
all x € X). Then sup,, || full v« < o0 and || f|| < liminf, || f,|.

Proof. Apply Corollary with T, = f, and Y = K. ]

5.4 Strong convergence versus uniform conver-
gence

Definition 5.14. Let X,Y be normed spaces and (7},),>1 C L(X,Y).

(i) (T,,) converges strongly (or pointwise) to T € L(X,Y) if
T,z — Tz for every x € X. We write T}, = T.

(i) (T,) converges uniformly (or in norm) to 7" if ||7,, — T'|| — 0.
We write T,, — T.
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Remark 5.15. Uniform convergence implies strong convergence, since
Tz — Tz|| < ||T,, — T|| ||x|]|. The converse is false in general.

Example 5.16. On X = (*(N), let P, be the orthogonal projection
onto span{ey, ..., e,}. Then P, = Id (since every o € £? is the sum of
its Fourier series), but ||P, — Id|| = 1 for all n, so the convergence is
not uniform.

Theorem 5.17 (Banach-Steinhaus for strong convergence). Let X be
a Banach space, Y a normed space, and (T,,) C L(X,Y) a sequence
converging strongly to T'. Then:

(1) sup, ||Tn|| < 00 and T € L(X,Y).

(i) If x, — x in X, then T,x, — Tx inY.

Proof. (i) follows from Corollary |5.10} Let M = sup, ||T5,]|.
(ii) We write

Thr, —Tx =T, (x, —x)+ (Thx — Tx).

For the first term: ||T,,(x, — )| < M ||x, — x| — 0. For the second term:
T,x — Tx by hypothesis. Hence T,,z,, — Tx. O

Exercise 5.3 (Strong convergence and equicontinuity; *). Let X
be a Banach space, Y a normed space, and (7,,) C L(X,Y) with
sup,, ||T|| < M. Show that T}, = T if and only if T,z — Tz for all x
in a dense subset of X.

5.5 Application: divergent Fourier series

One of the most striking applications of the uniform boundedness principle is
the proof that there exist continuous functions whose Fourier series diverges
at a given point. This result, due to du Bois-Reymond (1876), was one of
the motivations for the development of the Baire category approach.



5.5. APPLICATION: DIVERGENT FOURIER SERIES

5.5.1 The Dirichlet kernel and partial sums

Let f: [—m,m] — C be a 27m-periodic integrable function. The N-th partial

sum of its Fourier series at the point t = 0 is

N
. . 1 [~ ~
Sf0)= 3 J0. J0)=5; JREC
One computes
Sx(0) = 5- [ 50 Dat
where Dy is the Dirichlet kernel:
N . 1
, sin((N + 3)t)
Dn(t) = tht _ 2 )
M=) e sin(t/2)
k=—N

Lemma 5.18. The L' norm of the Dirichlet kernel satisfies

1 [" 4
%/_W|DN(75)| dt = ﬁlnN—l—O(l) as N — oo.

In particular, || Dy||;. — oo.

Proof. We have

_/ ()] dt = %/Oﬂ ‘Smgi(i\(f;/;?)t” dt
> %/Oﬂ |sin((]t\f/;— 3)1)] dt (since sin(t/2) <t/2)
(N7 16inu
=3/ P g (= (V4

| \/

N N
|Smu| 2 [ . 4 1
— E / _%kg E ; Sandu—Fkgl E

Since Z,ivzl 1/k=In N+0O(1), we get the lower bound. A similar calculation

gives a matching upper bound.
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5.5.2 The du Bois-Reymond theorem

Consider the Banach space X = C(|—m,7]) of continuous 27-periodic func-
tions with the supremum norm. For each N, the N-th partial sum operator
at t = 0 defines a bounded linear functional:

Ax: C(=m7]) = C, ANG>=Swa>=§§/ffa»DNawﬁ

Its operator norm is

1 [" 4
Av|l = — D =—InN 1 :
IAvl = 5= | IDyO] dt = SN +0() — o

Theorem 5.19 (du Bois-Reymond). There exists a continuous 2m-
periodic function f whose Fourier series diverges at t = 0, 1i.e.,
supy |Sn.f(0)| = oc.

More precisely, the set of functions f € C([—m,n]) for which
supy |Snf(0)] = oo is a dense Gs subset of C([—m,7|); in particu-
lar, it is residual.

Proof. We apply the contrapositive of the Banach—Steinhaus theorem (The-
orem [5.8). Consider the functionals Ay € C([—,7])* defined above. We
have shown that ||Ay| — oc.

If supy |An(f)] < oo were to hold for every f € C([—m,x]), then the
uniform boundedness principle would give supy ||[Ax|| < 0o, a contradiction.
Hence there exists f € C([—m, w]) with supy |Syf(0)] = oo.

For the second statement, define Gy = {f € C([—m,7]) : supy [Sn f(0)| >
k}. Each Gy is open (as a union of the open sets {|An(f)| > k} over N), and
we need to show each G}, is dense. If G, were not dense for some k, there
would exist a ball B(g,e) with supy [An(f)| < k for all f € B(g,e). Then
for ||h| < 1:

[An(eh)| < [Ax(g +h)[ + [An(9)] < 2,

giving ||Ax|| < 2k/e for all N, contradicting ||Ax|| — co. Hence each Gy is
open and dense, and (), G, = {f : supy [Sn f(0)] = 0o} is a dense G by the
Baire category theorem. L]

Remark 5.20. The theorem shows that “most” continuous functions
(in the Baire category sense) have divergent Fourier series at any given
point. This stands in sharp contrast to Carleson’s celebrated theorem
(1966) that the Fourier series of any L? function converges almost
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l everywhere. J

5.6 The Gibbs phenomenon

The Gibbs phenomenon describes the overshoot of partial Fourier sums near
a jump discontinuity. While not directly a consequence of the uniform bound-
edness principle, it illustrates the behavior of the Dirichlet kernel and com-
plements the discussion of Fourier series.

Example 5.21 (Gibbs phenomenon for the square wave). Consider
the 27-periodic function

1 if0<t<m,
f)=< -1 if —w<t<O,
0 ift € {0,£7}.

sin(2k+1)t
2k+1

Its Fourier series is f(t) ~ 237,
t =m/(2N + 1) satisfies

2 [7si 2
SNf< T )%—/ Y gu = Z Si(r) ~ 1.17898,
0 T

. The N-th partial sum at

2N +1 T U

where Si is the sine integral. This represents an overshoot of approxi-
mately 8.95% above the function value 1, and this overshoot does not
diminish as N — oo — it merely moves closer to the discontinuity.

Proposition 5.22. Let f be a piecewise smooth 2m-periodic function
with a jump discontinuity at ty. Then the partial sums Sy f exhibit an
overshoot near ty whose magnitude approaches

ftg) = fte) (3 /07r RLC 1) ~ 0.0895 - (f(tg) — f(tg))-

2 T U
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5.7 The Banach—Steinhaus condensation theo-
rem

The following refinement of the uniform boundedness principle describes the
structure of the “exceptional set” where pointwise boundedness fails.

Theorem 5.23 (Condensation of singularities / Banach—Steinhaus).
Let X be a Banach space, Y a normed space, and let (T, m)nm>1 C
L(X,Y) be a double sequence of bounded linear operators. Suppose that
for eachn > 1,

U [T ] = 001

m>1

Then the set

R ={z € X :sup ||T,nmz| = oo for alln > 1}
m>1

is a dense Gy subset of X (hence residual).

\.

Proof. For each n,k > 1, define

Gni = {x € X : 3Im with || T, x| > k} = U {x € X : || Tumz| > k‘}

m=1

Each set {x : || T}, mxz| > k} is open (preimage of (k,c0) under a continuous
map), so G, is open.

Claim: G, is dense for each n, k.

Suppose not: there exist ng, ko, o € X, and r > 0 with B(zo, 7)NGpyk, =
@. This means ||T,, nx| < ko for all m and all z € B(zq,r). For ||| < r:

HTno,th < “Tno,m(xﬂ + h)|| + HTno,meH < 2k,

SO || Thgml| < 2ko/r for all m, contradicting sup,, ||Zn,.m|| = co.

Now observe that
R={[)GCns
n=1k=1

This is a countable intersection of dense open sets. By the Baire category
theorem (Theorem [A.1)), R is a dense Gs. O
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Corollary 5.24. There exists a continuous 2mw-periodic function whose
Fourier series diverges at every rational multiple of m. More generally,
given any countable set S = {t,},>1 C [—m, 7w, the set of functions
f € C([—m,x]) whose Fourier series diverges simultaneously at every
tn € S is residual in C([—m, ).

Proof. For each n, let T),,,(f) = Smf(t.) be the m-th partial Fourier sum
at t,. Then | Tyl = 5= /7 [Dp(t)| dt — 0o as m — oco. The condensation
theorem (Theorem [5.23)) gives the result. [

5.8 Uniform boundedness for families of oper-
ators

The uniform boundedness principle extends naturally to arbitrary (not nec-
essarily countable) families of operators.

Theorem 5.25 (Uniform boundedness for operator families). Let X
be a Banach space, Y a Banach space, and let {Ty}aca C L(X,Y) and
{Ss}sen C L(Y,K) be families of operators such that

sup |9p(Tax)| < 00 for every x € X.
a€A, BEB

Then sup,, g ||Ss 0 To|| < o0o.

\. J

Proof. For each fixed z € X, the family {Ss o T,,} is pointwise bounded
on X. First, for each «, the family {S3(T,z)}s is bounded. Since Y is a
Banach space, the Banach—Steinhaus theorem applied to {Ssz}s C Y™* gives
Co = supg [|S3(Ta)|| < oo for each z, and moreover supg ||Ss|| < oo (call
this bound K).

Now sup, [|[Toz| < sup,supg |Ss(Toz)| /ianSBH;éO ... — but more di-

rectly, since for each x, sup,supg|Ss(Tow)| < oo, we have in particular
sup,, ||Taz|ly < oo (by Hahn-Banach applied in Y'). The Banach-Steinhaus
theorem then gives sup,, ||Ta|| < 0o, say < M. Hence ||Sz o To || < ||9s|| | 7w <
KM. [

Proposition 5.26 (Principle of condensation for bilinear forms). Let
X, Y be Banach spaces and B: X xY — K a separately continuous
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bilinear form. Then B is jointly bounded:

|B(z,y)| < M ||z ||yl for some M >0 and allz € X, y €Y.

Proof. For each z € X, the map y — B(x,y) is a bounded linear func-
tional on Y, so there exists T, € Y* with T,(y) = B(z,y) and ||T,| =
supj, <1 |B(z,y)|. The map z +— T, is a linear operator T': X — Y.

For each y, the map x — B(z,y) is bounded, so |B(z,y)| < C,|z].
In particular, sup,<; [T:(y)| < C, < co. Since Y is a Banach space, the
uniform boundedness principle (applied to {7, }.<1 C Y*) gives that z
T, maps the unit ball of X to a bounded subset of Y*. But this means T is
bounded, say ||T|| < M, and

1Bz, y)| = |Te(y)| < | TelH yll < Mzl [yl - O

5.9 Exercises for Chapter

Exercise 5.4 (Nowhere dense subsets; x). Show that a finite union of
nowhere dense sets is nowhere dense. Give an example showing that a
countable union of nowhere dense sets need not be nowhere dense.

Exercise 5.5 (Baire category in ¢7; x). Let 1 < p < co. Show that
(7 C 7 is meagre in {7 for ¢ < p. Hint: Write £9 =, {z € 7 : ||z <

Exercise 5.6 (Pointwise but not uniform convergence; *). Let
T,: > — (% be the right shift applied n times: Ty (x1,2s,...) =
(0,...,0,21,29,...) with n leading zeros. Show that 7, = 0 but
IT.|| = 1 for all n. Reconcile this with the Banach—Steinhaus the-
orem.

Exercise 5.7 (Divergence on a dense set; xx). Let X be a Banach
space and (7,,) C X* with sup,, || 7,]| = co. Show that the set {z €
X :sup, |T(x)| = oo} is dense in X. Can you show it is residual?
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Exercise 5.8 (Unbounded Toeplitz matrix; #x). A matrix A =
(@nk)n k>0 defines a summability method: given a sequence (sy), we set
On = Y1 GnkSk (When convergent). Show that if the Toeplitz conditions
hold (lim,, a,r = 0 for each k, sup, >, |ans| < oo, lim, >, anp = 1),
then o, — s whenever s, — s. Hint: Apply the Banach—Steinhaus
theorem to functionals on ¢ (the space of convergent sequences).

Exercise 5.9 (Principle of condensation application; *). Let (a,)n>0
be a sequence of complex numbers such that ) a,2" has radius of
convergence 1. Use the condensation theorem to show that the set of
points € on the unit circle where Y a,e™’ diverges is either empty
or residual in the unit circle.

Exercise 5.10 (Continuous nowhere differentiable functions; x x *).
Use the Baire category theorem to show that the set of continuous
functions f € C([0,1]) that are nowhere differentiable is residual in
C((0,1]).

Hint: For each n > 1, let A,, be the set of f € C(]0, 1]) such that there
exists x € [0, 1] with |f(z + h) — f(z)| < n|h| for all sufficiently small
h. Show that each A, is closed and has empty interior.

Exercise 5.11 (Banach—Steinhaus for Hilbert spaces; x). Let H be
a Hilbert space and (7,,) C L(H) a sequence of self-adjoint op-
erators with sup, [(T,z,z)| < oo for every x € H. Show that
sup,, ||T.]] < oo. Hint: Use the polarization identity and the fact
that ||T'|| = supy, =1 [Tz, z)| for self-adjoint T'.

Exercise 5.12 (Weak* sequential completeness; xx). Let X be a Ba-
nach space and (f,) C X* a weak® Cauchy sequence (i.e., (fn(z)) is
Cauchy in K for each € X'). Show that there exists f € X* such that

f, = f. Is the analogous statement true for weak Cauchy sequences
in X7

Exercise 5.13 (Superdense orbits; xx*). Let X be a separable Banach
space and T' € L(X) a hypercyclic operator (there exists x € X such
that {T™xz : n > 0} is dense in X). Use the Baire category theorem
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to show that the set of hypercyclic vectors for T' is either empty or a
dense Gj.

Exercise 5.14 (Uniform boundedness and integration; xx). Let (f,)
be a sequence in L!([0,1]) such that for every g € L*([0,1]), the

sequence <f01 fng d:r;) is bounded. Show that sup,, || full;1 < oo
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closed graph theorem. Like the uniform boundedness principle, both rest
upon the Baire category theorem and require completeness in an essential
way. Together with the Hahn—Banach theorem and the uniform boundedness
principle, these form the “big four” theorems that underpin much of linear
functional analysis.

6.1 The open mapping theorem

6.1.1 Preliminary: the open mapping lemma

Definition 6.1. A map 7: X — Y between topological spaces is called
open if it maps open sets to open sets: U C X open implies T(U) C Y
open.

The key technical step is the following lemma, which uses the Baire cat-
egory theorem.

Lemma 6.2 (Open mapping lemma). Let X and Y be Banach spaces
and T € L(X,Y) a surjective bounded linear operator. Then there
exists 6 > 0 such that

By (0,0) C T(Bx(0,1)).

That is, the closure of the image of the open unit ball of X contains
an open ball in'Y .

Proof. Since T is surjective, Y = T(X) = J.—, T(Bx(0,n)) = U,—, nT(Bx(0,1)).
Taking closures, Y = J)~, nT(Bx(0,1)).

Since Y is a Banach space (hence a complete metric space), the Baire
category theorem (Proposition (1)) implies that some ny 7' (Bx(0,1)) has
nonempty interior. Since multiplication by ng is a homeomorphism, T'(Bx (0, 1))
itself has nonempty interior. Hence there exist yo € Y and r > 0 with
By(yo, ’I“) C T(BX(O, ].))

Since T'(Bx (0, 1)) is symmetric (if y € T(Bx(0,1)) then —y € T(Bx(0, 1)),
because Bx (0, 1) is symmetric) and convex (since T'(Bx(0,1)) is convex), we
can average:

By (0,r) = 3(By (yo.)+By (=0, 7)) C 3(T(Bx(0,1))+T(Bx(0, ))) C T(BX(O 1)).

The last inclusion uses the convexity: if u,v € T(Bx(0,1)), t €
T(Bx(0,1)) since Bx(0,1) is convex and 7' is linear. Set § = r-. O
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6.1.2 The main theorem

Theorem 6.3 (Open Mapping Theorem / Banach—Schauder). Let X
and Y be Banach spaces and T € L(X,Y) surjective. Then T is an
open mapping. More precisely, there exists 6 > 0 such that

By (0,0) C T(Bx(0,1)).

\ J

Proof. Step 1 (Closure contains a ball). By Lemma , there exists
0 > 0 such that By (0,9) C T(Bx(0,1)). By scaling, for every € > 0,

By (0,28) € T(Bx(0,2)). (6.1)

Step 2 (Image itself contains a ball — the approximation ar-
gument). We show that By (0,0) C T(Bx(0,2)). Let y € By(0,0). We
construct a sequence (z,) in X such that

Yy— Z Ty,
k=0

Base case: By with € = 1, the element y € By (0,9) C T(Bx(0, 1)),
so there exists zop € X with ||zo|| < 1 and ||y — Txo|| < 6/2.

Inductive step: Having chosen xy, ..., x,, the residual y — Y ,_ Tz €
By (0,6/2"1). By with € = 1/2""! there exists x,41 with ||z, 1| <
1/27 7 and ||y — Y00 Tay|| < /272

Step 3 (Convergence). Set s, = >,z Since Y oo [lox]] < Ypp 277 =
2, the series converges absolutely, so (s,,) is Cauchy in the Banach space X.
Let © = )", xy; then ||z|| < 2. By continuity of T,

Tx = T(i%) = Jirgozn:Txk = .
k=0 k=0

Hence y = Tx with = € Bx(0,2), proving By (0,d) C T(Bx(0,2)).
Replacing by Bx(0, 1) via scaling: By (0,0/2) C T(Bx(0,1)).
Step 4 (Openness). Let U C X be open and yo = Txy € T(U). Choose
r > 0 with By (xg,r7) C U. Then

4] 1
TSR 2] < on

T(U) D T(Bx(zo,7)) =Txo+ T(Bx(0,7)) D yo + By (0,70/2),

so T(U) contains an open ball around each of its points, hence T(U) is
open. (]
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Remark 6.4. The completeness of both X and Y is used: completeness
of Y in the Baire category argument (Step 1), and completeness of X
for the convergence of the series in Step 3. Without completeness, the
theorem can fail: consider the identity map Id: (C([0,1]),]|c1) —
(C([0,1]), I/l o), which is continuous and bijective but not open.

6.2 The Banach isomorphism theorem

Corollary 6.5 (Banach isomorphism theorem). Let X and Y be Ba-
nach spaces and T € L(X,Y) a continuous linear bijection. Then
T € L(Y,X); that is, T~ is automatically continuous. Hence T is
a topological isomorphism.

Proof. Since T is a bijection, T7!': Y — X is a well-defined linear map. By
the open mapping theorem (Theorem[6.3)), T is open, so for any open U C X,
T(U) is open in Y. But (T-1)"Y(U) =T(U), so T~! is continuous. O

Example 6.6. Let X be a vector space equipped with two norms |-||,
and |||, such that (X, ||-|;) and (X, ||-||;) are both Banach spaces. If
there exists C' > 0 with [|z||, < C'||z||; for all z, then the norms are
equivalent, i.e., there exists ¢ > 0 with c||z||; < ||z||,.

Indeed, the identity Id: (X, ||-||;) = (X,]]|,) is continuous and bijec-
tive. By the Banach isomorphism theorem, Id ™" is continuous, giving
the reverse inequality.

Example 6.7. Consider ¢!(N) with its standard norm and the map
T: (' — ¢y defined by T(z),, = > 4, @ (partial tail sums). One can
verify that T is a bounded linear bijection. The Banach isomorphism
theorem guarantees that 7-! is bounded, even though an explicit for-
mula for 7! may be complicated: (T'y), = Yn — Yni1-

Proposition 6.8 (Bounded below implies open range). Let X be a
Banach space, Y a normed space, and T € L(X,Y). The following are
equivalent:

(1) T is bounded below: there exists ¢ > 0 with |Tz|| > c||x|| for all
z e X.
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(ii) T is injective and T(X) is closed in Y, and T™': T(X) — X 1is
bounded.

If in addition Y is a Banach space and T is surjective, then (i) and
(i1) are equivalent to T being a topological isomorphism.

. v

Proof. (i) = (ii): Boundedness below gives injectivity (Tx = 0 = = = 0) and
T~ < 1/c. To see T(X) is closed, let Tx,, — y. Then (Tz,) is Cauchy,
0 [|Zp — Tl < ¢ || Tx, — Txp|| — 0, hence (z,,) is Cauchy. Since X is
complete, x,, » x and y = Tz € T(X).

(i) = (i): 7'(X) with the norm inherited from Y is a Banach space
(closed subspace of a — possibly incomplete — normed space, but T'(X) =
X/KerT = X since T is injective). The boundedness of T~! gives ||z|| =

1T HT2)| < T Tl so ([Tl = ¢ |l=f| with ¢ = 1/{|TH]. O

6.3 The closed graph theorem

6.3.1 The graph of a linear operator

Definition 6.9. Let X and Y be normed spaces and 7: D(T) — Y a
(possibly unbounded) linear operator defined on a subspace D(7") C X
(the domain of T'). The graph of T is

I(T)={(z,Tz) ;2 e D(T)} C X x Y.

We equip X x Y with the product norm ||(z,y)|| = ||=|lx + ||y|ly (or
equivalently max{||z||, ||y||}, as these are equivalent).

Definition 6.10 (Closed operator). An operator T: D(T) — Y is
closed if its graph I'(T') is a closed subset of X x Y. Equivalently, T
is closed if and only if: whenever (x,) C D(T') with z,, — = in X and
Tz, —yinY, then z € D(T) and Tx = y.

Remark 6.11. A continuous operator with closed domain is always
closed (if z,, — = and D(T) is closed, then = € D(T) and Tz, — Tx
by continuity). However, a closed operator need not be continuous —
this is the key distinction when dealing with unbounded operators.
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Example 6.12. On X = ([0, 1]) with the supremum norm, consider
the operator T = d/dx with domain D(T) = C'([0,1]). Then T is
closed: if f, — f uniformly and f; — ¢ uniformly, then f is differen-
tiable and f’ = ¢g. However, T" is not bounded on (D(T), ||-||.)-

6.3.2 Statement and proof of the closed graph theorem

Theorem 6.13 (Closed Graph Theorem). Let X and Y be Banach
spaces and T: X — 'Y a linear operator (defined on all of X ). If T is
closed (i.e., T(T) is closed in X XY ), then T is bounded.

Proof. Since X and Y are Banach spaces, the product X x Y (with the norm
|z, v)|| = |||l + |ly]|) is a Banach space. The graph I'(T") is a closed linear
subspace of X x Y, hence itself a Banach space.

Consider the projections:

m:N(T)— X, m(z,Tx) ==z,
mo: IN(T) =Y, m(x,Tx)="Tux.

Both are bounded: |71 (z, Tx)|| = ||z| < ||z|| + ||Tx|| and similarly for 7.
The projection m; is a bounded linear bijection from the Banach space
['(T) to the Banach space X. By the Banach isomorphism theorem (Corol-
lary , 7' X — I(T) is bounded. Therefore T = 7, o 7} ' is bounded,
being the composition of two bounded operators. O

Remark 6.14. The proof of the closed graph theorem via the Banach
isomorphism theorem is remarkably elegant: the entire argument re-
duces to the observation that two natural projections and one inverse
are bounded.

Theorem 6.15 (Closed graph theorem — equivalent formulation).
Let X andY be Banach spaces and T': X — 'Y a linear operator. The
following are equivalent:

(i) T is bounded (i.e., continuous).
(i1) T is closed.

(iii) For every sequence (x,) in X: if v, — 0 and Tz, — y, then
y=0.
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Proof. (i) = (ii): If T is continuous and z,, — =, T'z,, — vy, then Tz, — Tx
by continuity, so y = Tz and ['(T) is closed.

(ii) = (iii): Immediate from the definition, with x = 0.

(iii) = (ii): Suppose z,, — = and T'z,, = y. Set z,, = x,, — x; then z, — 0
and Tz, =Tx, — Tex — y— Tz. By (iii),y — Tx =0, s0 y = Tx.

(ii) = (i): This is Theorem [6.13] O

Example 6.16 (Automatic continuity). Let H be a Hilbert space and
T: H — H a linear operator satisfying (T'z,y) = (x,Ty) for all z,y €
H (i.e., T is formally symmetric and defined on all of H). Then T is
bounded.

Proof: We verify condition (iii). Suppose z,, — 0 and T'z,, — y. For
any z € H:

(y,2) = lim (T'z,, z) = lim (x,, Tz) = 0.

Since this holds for all z, y = 0. By the closed graph theorem, 7' is
bounded. This is the Hellinger—Toeplitz theorem.

6.4 Applications of the closed graph theorem

6.4.1 Unbounded operators and their domains

r

Definition 6.17. An unbounded operator from X to Y is a linear
map T': D(T) — Y where D(T) is a (not necessarily closed) linear
subspace of X. The operator is densely defined if D(T') is dense in
X.

Proposition 6.18. Let X and Y be Banach spaces. If T: D(T) =Y
is a closed operator and D(T) is a closed subspace of X, then T is
bounded.

Proof. Since D(T) is a closed subspace of a Banach space, it is itself a Banach
space. The operator T': D(T') — Y is closed and defined on the entire Banach
space D(T'). By the closed graph theorem, 7" is bounded. ]

Corollary 6.19. IfT: D(T) — Y is closed and unbounded, then D(T)
cannot be a closed subspace of X. In particular, if T is densely defined,
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closed, and unbounded, then D(T) # X.

Example 6.20. The Laplacian A = Y7 | 9*/0zf on L*(R") is a
densely defined closed operator with domain D(A) = H?*(R") (the
Sobolev space of functions with two weak derivatives in L?). By
the corollary, H*(R") is not closed in L?*(R™) (which is obvious since
H? # [? but H? is dense).

Proposition 6.21 (Graph norm). Let T: D(T) — Y be a closed op-
erator. The graph morm on D(T) is defined by

[l = llzllx + 1Ty -

Then (D(T), ||-|l;) s a Banach space, and T: (D(T), ||-||;) = Y is
bounded with |[T'|, _, <1.

Proof. The map ®: (D(T), ||-|l;) — I'(T) defined by ®(z) = (x,Tx) is an
isometric isomorphism. Since T' is closed, I'(T) is a closed subspace of the
Banach space X x Y, hence complete. Thus (D(T),||-||) is complete. The
boundedness of T" follows from ||Tz|| < ||z|| + |Tz| = ||z, O

6.4.2 Application: automatic continuity of homomor-
phisms

Theorem 6.22. Let A and B be Banach algebras and let p: A — B be
an algebra homomorphism that is also a surjection. If B is semisimple
(i.e., its Jacobson radical is zero), then ¢ is continuous.

Remark 6.23. This deep result, due to B. E. Johnson (1967), illustrates
how the closed graph theorem can be used to derive automatic conti-
nuity in algebraic settings. The proof uses the closed graph theorem
together with properties of the spectrum. We omit the full proof and
refer to [I] for details.
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6.5 The closed range theorem

Definition 6.24. Let X be a Banach space. For S C X, the annihi-
lator of S is

St={feX*: f(z)=0foralxcS}
For W C X*, the preannihilator of W is

W={zeX: f(x)=0foral fc W}

Theorem 6.25 (Closed range theorem). Let X and Y be Banach
spaces and T € L(X,Y). The following conditions are equivalent:

T)=T(X) is closed in Y.

Proof. We prove the cycle (i) = (iv) = (ii) = (iii) = (i).

(i) = (iv): The inclusion ran(7*) C (Ker T)* is clear: if f = T*g and
x € KerT, then f(z) = g(Tz) =0.

For the reverse, let f € (KerT)t. Since ran(7T) is closed, the quotient
map induces an isomorphism T': X/ Ker T' — ran(T) defined by T([z]) = Tz,
and T is bounded below (by the open mapping theorem applied to T, since
both X/ KerT and ran(T)) are Banach spaces). Define f: X/KerT — K by
f([z]) = f(x) (well-defined since f € (KerT)'). Then f is bounded. Define
h: ran(T) — K by h(Tz) = f(z). Then h is well-defined and bounded
(since |h(Tx)| = |f(x)] < ||f|| ll=]| and ||z|| < C'||Tz|| by the bounded below
property on X/ Ker T, we get |h(y)| < ||f]| C |ly|| for y € ran(T")). Extend h
to g € Y* by Hahn—Banach. Then T*g = f, so f € ran(T™).

(iv) = (ii): Immediate, since (Ker T')* is a closed subspace of X*.

(ii) = (iii): The inclusion ran(7") C *(KerT*) always holds. For the
reverse, suppose y € ~(KerT%), i.e., g(y) = 0 for all g € KerT*. We must
show y € ran(7T") = ran(T") (we need to show the range is closed). Define
®: ran(T*) — K by ®(T*g) = g(y). This is well-defined: if T*g; = T*gs,
then g — g2 € Ker T, so (g1 — g2)(y) = 0, i.e., g1(y) = ga(y)-
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Since ran(7*) is closed (hypothesis (ii)), it is a Banach space. The
functional ® is bounded: by the open mapping theorem, the induced map
T*: Y*/KerT* — ran(T*) is an isomorphism, so there exists C' > 0 with
infpexerre |9 — bl < C|[T7g||. Then |®(T*g)| = |g(y)| = infrekers- [(9 = h)(y)] <
[yl infr [lg — Il < Cllyl[ [ Tg]-

By Hahn-Banach, extend ® to F' € (X*)* = X**. Under the canonical
embedding X < X** we have F(T*g) = g(y) for all g. However, we need
y € ran(T'), not just y € +(Ker T*).

Consider the restriction 7: X — ran(T). Then (ii) for T gives ran(T*) =
ran(7*) is closed. Repeating the argument of (i) = (iv) with ran(7’) in place
of Y: since ran(T*) is closed, the induced map is bounded below, and the
construction shows y € ran(7T"). Hence ran(T) = +(Ker T*) and in particular
ran(7) is closed.

(iii) = (i): *(KerT™) is an intersection of kernels of continuous func-
tionals, hence closed. So ran(T) = +(Ker T*) is closed. O

Corollary 6.26. Let T € L(X,Y) with X,Y Banach spaces. Then T
15 surjective if and only if T* 1s bounded below, i.e., there exists ¢ > 0
with ||T*g|| > ¢||g|| for all g € Y*.

Proof. 1t T is surjective, then ran(7") = Y is closed, and the closed range the-
orem gives ran(T™*) = (Ker T')*. Moreover, Ker T* = (ranT)* = Y+ = {0},
so T* is injective with closed range, hence bounded below by Proposition [6.8]

Conversely, if 7% is bounded below, then 7™ is injective and ran(7™) is
closed. By the closed range theorem, ran(7T) = +(Ker 7*) = {0} =Y. O

6.6 Characterization of operators with closed
range

Theorem 6.27 (Characterization via minimum modulus). Let X and
Y be Banach spaces and T € L(X,Y). Define the minimum modulus
of T as

[T

+(T) :mf{m Lz ¢ KerT}.

Then ran(T') is closed if and only if v(T') > 0.




6.7. FACTORIZATION PRINCIPLES 97

Proof. The quotient space X/ Ker T is a Banach space (since Ker T'is closed).
The induced map T: X/ Ker T — Y defined by T([z]) = Tz is a well-defined
injective bounded operator with ran(7’) = ran(T'). Moreover,

T) = inf HT x H
A1) = int (70D
If v(T) > 0, then T'is bounded below by ('), so ran(T) is closed (Propo-

sition .

Conversely, if ran(T) is closed, then T: X/ Ker T — ran(7T) is a bounded
bijection between Banach spaces. By the Banach isomorphism theorem, 7!

is bounded, say HT‘I = C. Then ||[z]|| < C||Tz| for all z, giving v(T') >
1/C > 0. O

Proposition 6.28. Let T' € L(X,Y') have closed range with ~(T') > 0.
If Se L(X,Y) with ||S]| < y(T), then T + S also has closed range.

Proof. For x ¢ Ker(T + S):
(T + S)z|| = [[Tx|| — ||Sz|| = »(T) dist(z, Ker T') — [|5] [|]]
> ~(T) dist(x, Ker(T + S)) — ||S]| ||=]| -

A more careful argument using the quotient space shows that v(7"+ S) >
Y(T) — |IS]| > 0, hence ran(T" + S) is closed. O

6.7 Factorization principles

' )

Theorem 6.29 (Factorization through a closed subspace). Let X,Y, Z
be Banach spaces and T € L(X,Y), S € L(X,Z). Suppose KerT C
Ker S. Then there exists a unique linear operator R: ran(T') — Z such
that S = RoT on X. Ifran(T) is closed, then R is bounded.

Proof. Define R(T'x) = Sz. This is well-defined: if Tzy = Txo, then 21 —x5 €
KerT' C Ker S, so Sx; = Sxs. Linearity is clear.

If ran(T) is closed, then ran(7") is a Banach space. We verify R is closed:
suppose Tz, — y € ran(T) and R(Tz,) = Sz, — z. Since ran(7) is
closed, y = Txq for some xy. By the open mapping theorem applied to
T: X/KerT — ran(T), there exist &, with T, = Tz, and ||&, — Z| — 0
(choosing coset representatives). Since KerT' C Ker S, Sz,, = Sz,, — z and
S&, — SZy, so z = Sxg = R(Txy) = R(y). By the closed graph theorem, R
is bounded. O
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Corollary 6.30 (Open mapping theorem — alternative formulation).

LetT € L(X,Y) be surjective. Then T factors as X 5 X/Ker T Ly,
where T s the quotient map and T 1s a topological isomorphism.

Proof. T is a bijective bounded operator from X/ Ker T (a Banach space) to
Y (a Banach space). By the Banach isomorphism theorem, 7" is an isomor-
phism. O

6.8 Fréchet spaces and the generalized closed
graph theorem

The open mapping and closed graph theorems generalize beyond Banach
spaces to the setting of Fréchet spaces.

Definition 6.31. A Fréchet space is a topological vector space X
whose topology is induced by a complete, translation-invariant metric
d and by a countable family of seminorms {p, },>1 such that:

[e.e]

1 pu(r—y)
d(z,y) = ZQ_"l +pu(z —y)

n=1

Equivalently, X is a complete metrizable locally convex space.

Example 6.32. (i) Every Banach space is a Fréchet space (with a
single seminorm equal to the norm).

(ii)) C*°([0,1]), the space of smooth functions on [0, 1], with semi-
norms py (1) = maxozkn 7).

(iii) The Schwartz space S(R™) of rapidly decreasing functions, with
seminorms pa,s(f) = sup, |z*D? f(z)|.

(iv) H(€2), the space of holomorphic functions on an open set 2 C
C, with seminorms p,(f) = supg, |f| for a compact exhaustion

{K,} of Q.

(v) w =K, the space of all sequences, with seminorms p,(z) = |x,|.




6.8. FRECHET SPACES AND THE GENERALIZED CLOSED GRAPH THEOREM99

Theorem 6.33 (Open mapping theorem for Fréchet spaces). Let X
and Y be Fréchet spaces andT: X — Y a continuous linear surjection.
Then T is open.

Proof sketch. The proof follows the same pattern as for Banach spaces. The
Baire category theorem applies since Y is a complete metric space. The ap-
proximation argument in Step 2 of Theoremis adapted to the metric d (or
equivalently to the countable family of seminorms), using the completeness
of X to sum the convergent series. ]

Theorem 6.34 (Closed graph theorem for Fréchet spaces). Let X and
Y be Fréchet spaces andT: X —'Y a linear operator with closed graph.
Then T is continuous.

Proof. The product X x Y is a Fréchet space. The graph I'(T") is a closed
subspace, hence a Fréchet space. The projection mp: I'(T)) — X is a contin-
uous bijection between Fréchet spaces. By Theorem [6.33] 7 is open, hence
7, ! is continuous. Then T = my o ;' is continuous. [

Remark 6.35. There are further generalizations. De Wilde (1971)
proved the closed graph theorem for operators from an wltrabornolog-
ical space to a webbed space. The class of webbed spaces includes
all Fréchet spaces, countable inductive limits of Fréchet spaces (LF-
spaces), and their closed subspaces and quotients. This provides the
most general framework in which a “closed graph implies continuous”
theorem holds without additional hypotheses on the operator.

Example 6.36 (Failure of the closed graph theorem). The closed
graph theorem fails if X is not complete. Let X = (C'([0,1]), []]l..)
and Y = (C([0,1]),]]-]|..)- The differentiation operator 7" =
d/dx: X — Y is closed (as shown in Example but unbounded.
Here X is not complete in the |[|-||  norm.
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6.9 Exercises for Chapter [

Exercise 6.1 (Open mapping theorem application; %). Let X be a
Banach space and M a closed subspace. Show that the quotient map
m: X — X/M is an open mapping. Conclude that the quotient topol-
ogy on X /M coincides with the topology induced by the quotient norm.

Exercise 6.2 (Two Banach space norms; ). Let (X, ||;,) and
(X,]|-|;) be Banach spaces with the same underlying vector space.
Suppose that ,, — 0 in ||-||, and x, — x in ||-||, implies z = 0. Show
that the two norms are equivalent.

Hint: Consider the identity map and use the closed graph theorem.

Exercise 6.3 (Projection operators; x). Let X be a Banach space and
P € L(X) a projection (P? = P). Show that X = ran(P) @ Ker(P)
and both ran(P) and Ker(P) are closed. Conversely, if X = M & N
with M, N closed subspaces, show that the projection onto M along
N is bounded.

Hint for the converse: Use the closed graph theorem or the Banach
isomorphism theorem on the map M x N — X, (m,n) — m +n.

Exercise 6.4 (Closed graph and sequential characterization; x). Let
X and Y be Banach spaces and T: X — Y a linear operator. Show
that T is bounded if and only if z,, — x in X implies Tz, = Tz in Y
(i.e., T'is weakly sequentially continuous).

Exercise 6.5 (Hellinger—Toeplitz; ). Let H be a Hilbert space. Sup-
pose T: H — H is a linear map satisfying (T'z,y) = (x,Ty) for all
x,y € H. Prove that T is bounded without using the closed graph
theorem, by directly applying the uniform boundedness principle.
Hint: Fix y € H and consider the functionals f,(z) = (T'z,y).

Exercise 6.6 (Inverse of a perturbation; xx). Let X be a Banach space
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and T' € L(X) with ||T']] < 1. Show that Id —T" is invertible with

o0

(d-7)"' =) 1"

n=0

(the Neumann series), and ||(Id —7)7*|| < 1/(1 — ||T||). Use this to
show: if S € L(X) is invertible and [|[U — S| < 1/[|S7Y, then U is

invertible.

Exercise 6.7 (Closed range and duality; x). Let T' € L(X,Y") with
X,Y Banach spaces.

(a) Show that if 7" has closed range, then ran(7) is a Banach space
isomorphic to X/ KerT.

(b) Show that T" has closed range if and only if there exists C' > 0
such that for every y € ran(7'), there exists x € X with Tz =y
and [|zf] < C'ly]l.

(¢) Deduce that T is surjective if and only if 7* is injective and has
closed range.

Exercise 6.8 (Fréchet space of smooth functions; xx). Let X =
C>(R) with the family of seminorms p, x(f) = Sup,c(_nn ‘f(k)(x ‘
for kK <n.

(a) Show that X is a Fréchet space.

(b) Show that the differentiation operator D: X — X, Df = f is
continuous.

(c) Show that D is surjective (every smooth function has a smooth
antiderivative) and apply the open mapping theorem.

Exercise 6.9 (Schauder’s theorem; xxx). Let X, Y be Banach spaces
and T € L(X,Y). Prove that T is compact if and only if 7* is compact.
Hint: For one direction, use the Arzela—Ascoli theorem. For the other,
use the closed range theorem and properties of compact operators.
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Exercise 6.10 (Operators on F; *). Let 1 < p < oo and let A =
(aij)ij>1 be an infinite matrix defining a linear map Tq: ¢ — (7 by
(Taz)i = 3_; ai5T;.

(a) Use the closed graph theorem to show: if 74 maps ¢? into % (i.e.,
the series converges and the result is in * for every = € (7), then
T4 is automatically bounded.

(b) For p =1, show directly that ||T4]| = sup, >, |a;|.

(c) For p = oo, show that ||T4[| = sup; >, |ai;|-

Exercise 6.11 (Banach isomorphism and complementation; x*x). Let
X be a Banach space and M, N closed subspaces with M NN = {0}
and M + N = X. Prove:

(a) The map ®: M x N — X, ®(m,n) = m + n is a topological
isomorphism.

(b) There exists C' > 0 such that ||m| + ||| < C|m + n]| for all
méeM,néeN.

(c¢) Give an example of a Banach space X and a closed subspace M
that is not complemented. Hint: co in £°°.

Exercise 6.12 (The three-space property; x * x). Let X be a Banach
space and M a closed subspace such that both M and X/M are iso-
morphic (as Banach spaces) to Hilbert spaces. Must X be isomorphic
to a Hilbert space? Hint: Consider the Enflo-Lindenstrauss—Pisier
example, or prove the positive result under additional hypotheses.

Exercise 6.13 (Uniform boundedness via open mapping; xx). Derive
the uniform boundedness principle as a consequence of the open map-
ping theorem.

Hint: Given pointwise bounded (7},) C £(X,Y"), consider the operator
O: X — (°(Y) (or YY) defined by ®(z) = (T,,x),, show it has closed
graph, and apply the closed graph theorem.
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Exercise 6.14 (Quotient maps are open; x). Let X be a Banach space
and M C X a closed subspace. Prove directly (without using the open
mapping theorem) that the canonical projection 7: X — X/M is an
open map. Then give a second proof using the open mapping theorem.

Exercise 6.15 (Isomorphic preduals; x % x). Let X and Y be Banach
spaces such that X* = Y* (isometrically isomorphic). Must X = Y7
Investigate this question for the following cases:

(a) X =/¢"and Y = ¢'. (Here X* =Y* = (>*))

(b) X = L'([0,1]). What is X*? Find a non-isomorphic space with
the same dual.

Exercise 6.16 (Closed graph for multilinear maps; »x). Let
Xi,...,X,, Y be Banach spaces and T: X; x --- x X,, — Y an n-
linear map. Show that if T is separately continuous in each variable,
then T is jointly continuous.

Hint: Proceed by induction on n. For n = 1, this is trivial. For the
inductive step, fix all but one variable and apply the uniform bound-
edness principle.

Exercise 6.17 (Surjectivity and the open mapping theorem; xx). Let
X,Y be Banach spaces and 7' € L(X,Y) with ran(7") of second cate-
gory in Y. Show that T is surjective.

Hint: Revisit the proof of the open mapping lemma. If ran(7) is of
second category, the same Baire argument shows that the closure of
the image of the unit ball has nonempty interior in Y.

Exercise 6.18 (Application to differential equations; xx). Consider
the Banach space X = C([0,1]) and the operator T: D(T) — X de-
fined by T'f = f” + f with D(T) = {f € C*([0,1]) : f(0) = f(1) = 0}.

(a) Show that 7' is a closed operator (with D(7") equipped with the
supremum norm from X).

(b) Show that D(T) is not closed in X.

(¢) Equip D(T) with the graph norm. Show that 7" becomes a
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bounded operator from (D(T), ||-||) to X.

(d) Determine Ker(7') explicitly.

Exercise 6.19 (The Mittag-Leffler theorem; xx*). (A topological ver-
sion.) Let (X,,d,),>0 be a sequence of complete metric spaces and
Yn: Xni1 — X, continuous maps with dense range. Define the projec-
tive limit X' = lim X,, = {(zn) € [[ Xn : on(Tn41) = @n}. Prove that
the projection m,: X — X, has dense range for each n.

Hint: Use a Baire-category-style nested ball argument, constructing
compatible approximations in each X,.

Exercise 6.20 (Open mapping for non-complete spaces; xx). Let X =

(¢4, ||[l,) and define ¥ = (£, ||||,) where [lz]l, = (32, |za]?)"*. Note
that Y is not complete.

(a) Show that the identity Id: X — Y is a well-defined, continuous,
linear bijection.

(b) Show that Id™" is not continuous, hence Id is not open.

(c) Explain which hypothesis of the open mapping theorem fails.

Exercise 6.21 (Fredholm operators; x x x). Let X,Y be Banach
spaces. An operator T' € L(X,Y) is called Fredholm if Ker T is finite-
dimensional, ran(7") is closed, and codim(ran7T") < co. The Fredholm
index is ind(7") = dim Ker " — codimran 7'.

(a) Show that 7' is Fredholm if and only if 7™ is Fredholm, and
ind(7*) = —ind(7").

(b) Show that if 7" is Fredholm and K € £(X,Y’) is compact, then
T + K is Fredholm with ind(7" + K) = ind(7).

(c) Show that the set of Fredholm operators is open in £(X,Y) and
the index is locally constant.
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7.1 The Topological Dual

Throughout this chapter, E denotes a normed space over the field K (= R
or C) unless otherwise stated.

Definition 7.1 (Topological dual). The topological dual (or simply

105



106 CHAPTER 7. DUAL SPACES AND REFLEXIVITY

dual) of a normed space E is the Banach space
E' = L(E,K) = {f:E— K| f is continuous and linear},
equipped with the operator norm

Ifllg = sup [f(z)].

llzl|<1

Elements of E’ are called continuous linear functionals (or simply
functionals).

Remark 7.2. Since K is complete, ' = L(FE,K) is always a Banach
space, regardless of whether E itself is complete.

We recall the fundamental extension theorem whose consequences pervade
the entire theory.

Theorem 7.3 (Hahn-Banach, analytic form). Let E be a real or com-
plex vector space, p : E — R a sublinear functional (or seminorm in
the complex case), F' C E a subspace, and f : F — K a linear func-
tional satisfying | f(x)| < p(x) for all x € F. Then there ezists a linear

functional f : E — K extending f such that |f(z)| < p(z) for all
r€EL.

Corollary 7.4. Let F be a subspace of a normed space E and let f €
F'. Then there exists f € E' such that f‘F = f and fH = || fllp-
E/

Corollary 7.5. For every x € E with x # 0, there exists f € E' with
If|l =1 and f(x) = ||z||. In particular, E' separates points of E:

(VfeFE, f(z) =0) = z=0.

Proof. Apply Corollary [7.4] to the functional fo : Kz — K defined by
fo(Az) = A||z||, which satisfies || fo|| = 1. O
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7.2 Duals of Classical Sequence Spaces

7.2.1 The dual of /# for 1 < p < c©

We denote by p’ the conjugate exponent of p, defined by % + z% = 1 with the
convention 1’ = oo.

( A

Theorem 7.6 (Dual of /7, 1 < p < o0). For 1 <p < oo, the map

D : gp’ — (fp)/, (I)(y)(l') = anym

1s an isometric isomorphism.

\. J

Proof. We divide the proof into three steps.

Step 1: @ is well-defined and ||®(y)|| < [ly|,. By Hélder’s inequality,
for every y € ¢ and x € (7,

00
‘ E TnlYn
n=1

Hence ®(y) € (¢7)" and [|®(y)| < [yl

Step 2: [|®(y)[| = [lyll,, (isometry). We exhibit an element x € (7 with
|]|, = 1 that achieves equality.
Case 1 <p < oo (sol<p <o0). Define

S
<zl lyal < Nl Myl -
n=1

n

Pyl i # 0,
0 if y, = 0.

_ 1—p’ — ’ o
Then [z,[P = [ya|® 7 [yl = Jyal” lyll,” so llz]% = llyll% yll,? =
1. Moreover,

Q) (@) =Y waya = Iyl ™ D lyal” =yl ™ lylly =yl -

Casep =1 (so p’ = 00). For any € > 0, pick ng with |y,,| > |ly||.,—€. Set
& = g1 (Yny ) €ny Where e, is the no-th standard basis vector. Then ||z||, = 1
and @(y)(x) = |yno| > ||yl — €. Letting e — 0 gives ||P(y)|| > ||yl
Step 3: ® is surjective. Let f € (¢?)'. Define y,, = f(e,) where (e,),>1 is
the standard basis.
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Case 1 < p < oo. For each N, define ™ € 7 by

L0 _ ol i 1<n < N and g, #0,
" 0 otherwise.

Then ||m(N)Hz — Zﬁle |y, | @'~ DP = 25:1 lya|P and

N
Fa™) =37yl
n=1

By the bound | f(z™)| < || /] Hx(N)”p’

N ’ N ’ 1/p
Sl < A (X ll”)
n=1 n=1

i\ 1—1 . N 1/p .
hence (S0 [yal”) '™ < 11l de. (02 lwal”)” < II£]l Letting N —
oo, we get y € 7 and [ly[|,, < [|f]|-

Now for any x € (P, the partial sums sy = ZN

n_1 Tn€p converge to x in
/P, so

N—oo

N 00
n=1 n=1

Hence f = ®(y).
Case p = 1. We have [yn| = [f(en)| < [[f]| llenll; = [If]} for all n, so
y € (= with ||y, < ||f|l. The same density argument as above shows

[ =2(@). 0

7.2.2 The dual of ¢

Theorem 7.7 (Dual of ¢y). The map

P . £1 — CE), @(y)(m) = anym
n=1

18 an isometric isomorphism.

J

Proof. Well-defined and contractive. For y € ¢' and # € ¢y (hence
x € (),

o0

@) @)] < D zal Iyl < llallo llyls

n=1
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s0 ®(y) € cp with [|2(y)[| < [|yll,-

Isometry. For ¢ > 0, define ™) € ¢, by

) sgn(y,) if1<n<N,
T =
" 0 if n> N.

Then [[z™M||
@)=yl

<1 and ®(y)(z™) = >N |ya| — |lyll, as N — co. Hence

Surjectivity. Let f € ¢} and set y, = f(e,). For each N and each choice
of signs 0, € {z € K : |z|] = 1} with 6, = sgn(y,), the vector zV) =
25:1 0,, e, € co satisfies Hx(N)HOO <1 and

N
> lynl = F&™) < If]I-

Letting N — oo gives y € ¢! with |y||; < |f||. Since finite sequences are
dense in ¢y, the same approximation argument as in Theorem [7.6] shows

f=2(y). 0

7.2.3 The dual of L?

r 3

Theorem 7.8 (Dual of L, Riesz representation). Let (£, A, 1) be a
o-finite measure space and 1 < p < oco. Then the map

&L () — (LP(w)),  ®(g)(f) = / P,

1 an isometric isomorphism.

Remark 7.9. The complete proof uses the Radon-Nikodym theorem
and will be given in Chapter 11. For p = 2, the result follows immedi-
ately from the Riesz representation theorem for Hilbert spaces.
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7.3 The Canonical Injection and Bidual

Definition 7.10 (Bidual and canonical injection). The bidual of E
is E” = (E')'. The canonical injection (or evaluation map) is

J:E— E", J(z)(f)=f(x), z€E, fekl.

Proposition 7.11. The canonical injection J is a linear isometry from
E into E".

Proof. Linearity is clear. For each x € F,

1T (@)l gr = sup [J(2)(f)] = sup [f(z)]

£l zr <1 If1I<1

On the one hand, |f(z)] < [|f]| |[z]| < |[z[| for || f] <1, so |[J(z)[| < [z[|. On
the other hand, Corollary provides fy € E’ with || fo|| = 1 and fo(z) =
]|, so [[J(@)]| = [fo(x)] = llz[]. O

Remark 7.12. The map J is always injective (since it is an isometry),
but it need not be surjective. When J is surjective we say F is reflexive.

7.4 Reflexive Spaces

Definition 7.13 (Reflexive space). A Banach space E is called re-
flexive if the canonical injection J : E — E” is surjective (hence an
isometric isomorphism).

Remark 7.14. Tt is essential that the isomorphism onto E” be the
canonical one. James constructed a Banach space J that is isomet-
rically isomorphic to J”, yet is not reflexive because the canonical
injection is not surjective.

Example 7.15.

(i) Every finite-dimensional Banach space is reflexive (since dim £ =
dim ' = dim E").
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(ii) Every Hilbert space is reflexive (by the Riesz representation the-
orem).

(iii) LP(p) is reflexive for 1 < p < oo (as we shall prove below).
(iv) ¢P is reflexive for 1 < p < 0.

v) 01,02, ¢y, LY (i), and L>®(u) are not reflexive (for non-trivial p).
H H

Theorem 7.16 (¢ is reflexive for 1 < p < 00). For 1 < p < oo, the
space (P is reflexive.

\. J

Proof. Let p’ = p/(p — 1) be the conjugate exponent, so that 1 < p’ < oo
and (p')’ = p. By Theorem the isometric isomorphisms

(Ep)l (Y] gp/’ (gp)// — ((gp)/)/ o (ép/)/ ~ g(p/)/ iy

hold. We must verify that the composite isomorphism (¢7)” = P is precisely
the canonical injection J.

Let 2 = (x,,) € 7. Under the identification ® : /¢ = (¢7)', a functional
f € (7) corresponds to y = (y,) € €% via f(x) = > 2,9,. Then

J(x)(f) = f(l’) = anyn = \If(l')(y),

where W : (? — (7)" is the canonical identification from Theorem ap-
plied to ¢”'. Under the identification (¢7)” = (¢} = (7, the element J(x)
corresponds to x itself. Since .J is an isometry and the identification maps
to all of /7, J is surjective. ]

Theorem 7.17 (¢! is not reflexive). The space (' is not reflezive.

Proof. We have (')’ 2 (> by Theorem [7.6] If £* were reflexive, then (¢1)” =
¢ canonically, whence () = ¢!, But ¢ is non-separable (it contains the
uncountable set {(e,) : &, € {0,1}} whose pairwise distances are all 1),
while the dual of a separable space need not be separable, but the predual
of a separable space must be separable (since a separable dual implies a
separable predual is false in general).

More directly: we exhibit a functional in (£*°)" not in J(¢'). Let U be a
free ultrafilter on N. Define A : ¢* — K by A(x) = limy x,. Then A is a
bounded linear functional with ||A]] = 1, and A(e,) = 0 for every standard
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basis vector e,. If A = J(a) for some a € ¢!, then a, = A(e,) = 0 for all n,
hence a = 0, contradicting [|A]| = 1. O

Theorem 7.18 (¢, is not reflexive). The space ¢y is not reflexive. ]

Proof. We have ¢, = (' (Theorem and ¢j = (¢') = ¢>*. The canonical
injection J : ¢y — > is the inclusion map. Since ¢ C ¢ (for instance, the
constant sequence (1,1,1,...) € £>°\ ¢), J is not surjective. ]

7.5 James’ Characterization of Reflexivity

The following deep result provides a purely geometric characterization of
reflexivity.

Theorem 7.19 (James, 1964). A Banach space E is reflexive if and
only if every continuous linear functional f € E' attains its norm, i.e.,
there exists xg € E with ||xo|| =1 and |f(zo)| = || f]]-

Remark 7.20. The “only if” direction is straightforward: if F is reflex-
ive, then Bp is weakly compact (Kakutani’s theorem, Theorem [8.26)),
and any f € E’ is weakly continuous, hence attains its supremum on
Bg. The “if” direction is considerably harder; we refer to [2] for the
proof.

Corollary 7.21. The space cy s not reflexive because the functional
flx) =370 w,/2" satisfies || f|| = 1 but does not attain its norm on
the closed unit ball of cg.

Proof. We have ||f|| =>.2"" = 1. If x € B, with ||z|| <1, then |f(z)| <
> |xnl/2™. Equality |f(z)| = 1 requires |z,,| = 1 for all n, but then z, 4 0,
contradicting z € cy. O
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7.6 Subspaces and Quotients of Reflexive Spaces

Theorem 7.22. Every closed subspace of a reflexive Banach space is
reflexive.

Proof. Let E be reflexive and F' C E a closed subspace. We must show that
the canonical injection Jp : F' — F” is surjective.
Let £ € F”. Define n € E” by

n(f)=&(flp),  feE

This is well-defined: f ’ » € F' for every f € E’, and the restriction map
R:E — F', R(f) = f|, is bounded with |[[R|| <1 (by Hahn-Banach it
is surjective). Moreover, [n(f)] = &(f| )| < [l [|£| [l 5 < NN IFIl g, s0
n € E" with |[n] < €[]

Since F is reflexive, n = Jg(x) for some « € F, meaning f(z) = n(f) =

E(f|,) forall f e E.
We claim z € F. If x ¢ F, by Hahn—Banach there exists f € E’ with

f‘F = 0 and f(z) = 1. But then 1 = f(z) = £(f‘F) = £0) =0, a
contradiction.
So xz € F, and for every g € F’, extend g to g € E' (Hahn—Banach):

Jr(x)(9) = g(x) = g(z) = £(9|,) = £(9).

Hence Jp(x) = &, proving surjectivity. ]

Theorem 7.23. If E is a reflexive Banach space and F C E is a
closed subspace, then the quotient space E/F is reflexive.

Proof. Let # : E — FE/F denote the quotient map. The adjoint 7’ :
(E/F) — E'is an isometric embedding whose image is F* = {f € E' :
fl. =0}

‘FLet ¢ € (E/F)". Define n € E" by n(f) = £(¢) where ¢ € (E/F)" is the
unique functional with 7/(3)) = f, whenever f € F*. For general f € E', we
note that the composition f — & o (7/)~! is defined on F* and extends by
Hahn-Banach; however, a cleaner approach is as follows.

Define T : (E/F) — K by T' = £. Consider the adjoint 7" : (E/F)" —
E" of 7', defined by 7”(€)(f) = £((x")~1(f)) for f € ran(r’) = F+—but this
requires care. Instead, we use the transpose construction.

Let n = or where ' : E' — (E/F) is defined by 7'(f)(&) = f(z), valid
when f € F*. Since 7! is not defined on all of E’, we proceed differently.
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Consider the map a : E' — (E/F)" given by a(f) = 0 if we compose
differently. Let us use the direct approach.

Define ¢ € (F*)" by ¢(f) = £(¢y) where ¢; € (E/F)’ corresponds to
f € F* via the isometry 7. Then ( is bounded, and by Hahn-Banach we
extend ¢ ton € E”. Since E is reflexive, n = Jg(x) for some x € E, meaning
f(x) =C(f) for all f € F*.

Set ¢ = 7n(z) =x+ F € EJF. For any v € (E/F), let f =7'(¢) =
Yom € F+. Then

Je/p(@) (W) = U(&) = ¢(n(z) = f(x) = ((f) = £(V).
Hence Jg p(#) = £ and E/F is reflexive. O

Corollary 7.24. A Banach space E is reflexive if and only if E' is
reflezive.

Proof. (=) Suppose E is reflexive, so Jp : E = E”. Let ® € E". Define
f € E' by f(z) = &(Je(x)) (well-defined since Jg is surjective). Then for
any £ € E’ writing £ = Jg(x), we get Jp(f)(§) = &(f) = Jr(x)(f) =
f(x) = ®(Jg(x)) = D(&). So Ju(f) = @.

(<) Suppose E' is reflexive. Since Jg(E) is a closed subspace of E” =
(E") (being the isometric image of a Banach space), and E’ is reflexive,
Theorem shows every closed subspace of E” is reflexive. But if Jg(E) #
E", then by Hahn-Banach there exists ® € E” \ {0} vanishing on Jg(E).
Since E' is reflexive, ® = Jg/(f) for some f € E'\ {0}. Then for all z € E:
0=®(Jg(z)) = Je(f)(Je(z)) = Je(z)(f) = f(z), so f = 0, contradicting
f #0. Hence Jg(E) = E". O

7.7 The Eberlein—-Smulian Theorem

Theorem 7.25 (Eberlein Smulian). Let E be a Banach space and
A C E. The following are equivalent:

(i) A is relatively weakly compact (its weak closure is weakly com-
pact).
(i1) A is relatively weakly sequentially compact (every sequence in A

has a weakly convergent subsequence with limit in E).

(111) A is weakly limit-point compact (every infinite subset of A has a
weak limit point in E).
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Remark 7.26. This is remarkable because the weak topology on an
infinite-dimensional space is never metrizable on the whole space, so
one cannot expect sequential and topological compactness to coincide
in general. The Eberlein-Smulian theorem shows they do coincide for
the weak topology of a Banach space. The proof is technical; see [3] or
[4] for details.

7.8 Uniformly Convex Spaces and the Milman—
Pettis Theorem

Definition 7.27 (Uniformly convex space). A normed space F is uni-
formly convex if for every € > 0 there exists § > 0 such that

T+y
2

Izl <1, Iyl <1, lz—yl| > = H Hgl—é.

The function §g(e) = inf{1 — || 2| : lz| < L Iyl < 1, ||z —yl| > ¢}
is called the modulus of convexity of F.

Example 7.28.

(i) Every Hilbert space is uniformly convex. Indeed, by the par-
allelogram law, ||z +y|* + ||z — ylI> = 2|j=|* + 2|ly||* < 4, so
|2£2||* <1 — 2, giving 6(e) > 1 — /1 — 2/4.

(ii) LP(p) and ¢P are uniformly convex for 1 < p < oo (Clarkson’s
inequalities).

(iii) LY, L, (', > are not uniformly convex.

Proposition 7.29. Fvery uniformly convex space is strictly convex: if
|z = |lyll = 1 and & # y, then || %52]| < 1.

Proof. Set e = ||z — y|| > 0. By uniform convexity, || 32| < 1-d(c) < 1. O

Theorem 7.30 (Milman—Pettis, 1939). Every uniformly convex Ba-
nach space is reflezive.
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Proof. Let E be a uniformly convex Banach space. We must show that
J: E — E" is surjective. Let £ € E” with [|£]| = 1. We will find z € E with

J(z)=¢.
Step 1. By definition of the norm in E” and the fact that J(Bg) is dense in

Bpn for the weak-x topology of E” (this is Goldstine’s theorem, Theorem m,
proved in Chapter 8), for each n > 1 there exists x,, € Bg such that

1E(f) — flzn)] < % for f in a finite set F,, C E'. (7.1)

However, we need a cleaner approach. We use the following key fact.

Step 1 (revised). Since [[{||z, = 1, for each n there exists f, € £’ with
I fall = 1 and €(f,) > 1 — L. Choose @, € E with |jz,| < 1 and f,(z,) >
1-1

Step 2: (z,) is Cauchy. Let ¢ > 0 and let § = dg(e) > 0 be the modulus
of uniform convexity. We claim that for m,n large enough, ||z, — z,|| < €.

Suppose for contradiction that ||z, — z,|| > ¢ for infinitely many pairs.
Then ||Znttn|| <1 —§. But for any f € E' with [|f|| =1,

<33m + In> B f(@m) + f(2,)
N B 2
In particular, choosing appropriately: we take f = f,, for large n and observe
that we need f to test both x,, and x,. Let us refine the argument.
We use a single functional. Since [|£|| = 1, there exists a net (z,) in Bg
with J(z,) — £ weak-x in E”. Instead, we use the following direct approach.
For m,n large, pick g € E with ||g|| =1 and £(g) > 1 —§/2. Then for n
large enough (depending on g), since J(Bg) is weak-* dense in Bgr, we can
ensure ¢g(z,) > 1 —6/2 and similarly ¢g(z,,) > 1 — /2. Hence

T + T, 1 )

(=g

But ||Z2fen || <1 — 6 (by uniform convexity if ||z, — z,|| > ), which gives
g(E=f2e) <1 -4, a contradiction.

More precisely: we construct the sequence as follows. Pick f € E’ with
IIfll =1 and &£(f) > 1—6/4. By Goldstine’s theorem, for each n there exists
T, € Bg with | f(z,) —&(f)] < + (and also with |g(x,) —&(g)| < + for finitely
many g’s we pre-select). In particular, f(x,) — £(f) > 1 —§/4, so for large
n, Re f(x,) >1—0/2.

If @ — @,|| > €, then ||Z=fn|| <1 -4, so

<1-0.

e f(Feg) < g
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But Re f(%=ff) = L(Re f(zm) + Re f(z,)) > 1 — §/2 for m,n large, a

contradiction.

Step 3: Conclusion. Since E is complete, x,, — x for some z € FE with
|z|| < 1. For any f € E', J(z)(f) = f(z) = lim f(x,). By construction
(choosing the sequence so that f(x,) — &(f) for all f in a countable dense
subset of E’, and using the fact that ||J(z,) — || — 0 in E” follows from the
Cauchy property), we obtain J(z) = &.

Let us make Step 3 precise. We have shown that any sequence (x,) C
Bp with f,(x,) — 1 for some sequence (f,,) in the unit sphere of E’ with
£(fn) — 1 must be Cauchy. Now use a diagonal argument: let (gx)r>1 be
a sequence dense in Sg (or any countable family). By Goldstine’s theorem,
for each n we can find z,, € Bp with |gr(z,) — &(g)] < = for k =1,...,n.
The Cauchy argument shows z,, — x. Then gi(x) = lim gx(z,) = £(gx) for
all k. By density and continuity, f(z) = £(f) for all f € E', i.e. J(x) = &.

(Note: if £’ is not separable, one modifies the argument to work with nets,
or uses a different approach. The argument works for arbitrary E because
uniform convexity forces Cauchy behavior without needing separability of
E’; one applies the argument to any single £ € E”.) ]

Corollary 7.31. For1 < p < oo, the spaces LP(u) and (P are reflexive.

Proof. These spaces are uniformly convex by Clarkson’s inequalities, hence
reflexive by the Milman—Pettis theorem. O]

7.9 Exercises

Exercise 7.1 (x). Let E be a finite-dimensional normed space. Show
that £’ = E (as vector spaces) and that every linear functional on E
1s continuous.

Exercise 7.2 (x). Let E be a normed space and A C E. The annihi-
lator of Ais A* ={f € E': f(a) =0Va € A}.

(a) Show that At is a closed subspace of E'.

(b) If F is a closed subspace of E, show that F* = (E/F) isomet-
rically.

(c) Show that E/F+ = [’ if E is reflexive.
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Exercise 7.3 (xx). Prove that if E’ is separable, then FE is separable.
Hint: For each f, in a dense subset of Sg/, choose z,, with |f,(z,)| >
:||fall- Show that span{z,} is dense.

Exercise 7.4 (xx). Show that a reflexive Banach space is separable if
and only if its dual is separable.

Exercise 7.5 (x). Let £ be a Banach space and F' a closed subspace.
Show that E is reflexive if and only if both F' and E/F are reflexive.

Exercise 7.6 (xx). (a) Show that (> is not separable.

(b) Deduce that ¢! is not reflexive (without using ultrafilters). Hint:
Use Exercise [7.3]

Exercise 7.7 (x*). Let E be a Banach space and f € E’ with || f]| = 1.
We say f attains its norm if there exists x € By with |f(x)| = 1.

(a) Show that in a reflexive space, every f € E’ attains its norm.

(b) Find an explicit f € ¢} that does not attain its norm.

Exercise 7.8 (xx). Let E be a uniformly convex Banach space and
C C F a nonempty closed convex subset. Show that for every z €
there exists a unique y € C with ||z — y|| = inf,cc ||z — 2||.

Exercise 7.9 (x x*). (Day) Show that ¢! admits no equivalent uni-
formly convex norm. Hint: Use the fact that ¢! is not reflexive and
the Milman—Pettis theorem.

Exercise 7.10 (x). Let Ey, E5 be Banach spaces and E = E; @, Ey
with the P-norm (1 < p < 0o0). Show that £’ = E| &,/ £, isometrically.

Exercise 7.11 (xx). Let E be a normed space. Show that J(E) is
dense in E” if and only if E’ is separating (which it always is, by
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Hahn-Banach). Conclude that J(E) is always dense in E” for the
weak-* topology o(E”, E").

Exercise 7.12 (% * x). (James’ space) Consider the space J of all
sequences = = (x,,) with z, — 0 and finite James norm:

k—1 N\ 12
lolly = sup{ (3" (@ = 20)?) k22 p<p2<-c<m.

i=1
(a) Verify that J is a Banach space.

(b) Show that J is isometrically isomorphic to J” but is not reflexive

(codim J(J)=11in J").
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8.1 Initial Topologies: Review

We begin with a review of the general construction that underlies both the
weak topology and the weak-x topology.

Definition 8.1 (Initial topology). Let X be a set and {(Y;, 7;) }ies a
family of topological spaces. For each i € I, let p; : X — Y; be a map.
The initial topology on X with respect to the family (p;);cs is the
coarsest topology on X making each ¢; continuous. A subbasis for this

121
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topology is given by

{(p;l(Ul)ZGI, UiETi}.

Proposition 8.2. In the initial topology, a net (T4)aca converges to
x in X if and only if ¢;(xs) — @i(x) in'Y; for every i € I.

Proposition 8.3. The initial topology is Hausdorff if and only if the
family (¢;)ier separates points of X : for every x # y in X, there exists

i € I with p;(z) # pi(y).

8.2 The Weak Topology o(F, E’)

Definition 8.4 (Weak topology). Let E be a normed space. The
weak topology on F, denoted o(FE, E'), is the initial topology on F
with respect to the family of all continuous linear functionals:

o(E, E') = initial topology w.r.t. {f : E = K}scp.

Proposition 8.5 (Subbasis and neighborhood base). A subbasis of
open sets for o(E, E') is given by

{f’l(U) felE,UcCK open}.
A base of neighborhoods of a point xq € E s given by the sets
V(xo;fla--->fn;5) - {$ ek: ‘fk(-T) - fk(l’o)’ <eg, k= 1,...,%}

wheren > 1, f1,...,fn € E', and ¢ > 0.

Theorem 8.6. The weak topology o(FE, E') is Hausdorff.

Proof. By Proposition [8.3] it suffices to show that E’ separates points of E.
This is exactly the content of Corollary (a consequence of the Hahn—
Banach theorem). O
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Proposition 8.7 (Weak topology is coarser). The weak topology
o(E, E') is coarser than (or equal to) the norm topology. If dim E = oo,
the inclusion is strict: o(E,E') C 7.

Proof. Every f € E’ is norm-continuous, so every weakly open set is norm-
open. For the strict inclusion, note that the open unit ball B(0,1) is norm-
open. If it were weakly open, it would contain a basic weak neighborhood
V(0; f1,..., faie). But M,_, Ker fi is a subspace of codimension at most
n, hence of infinite dimension when dim £ = oco. Any nonzero v in this
intersection satisfies tv € V(0; f1,..., fa;€) for all ¢, so V' contains the entire
line through v, which is not contained in B(0, 1). ]

Proposition 8.8. If E is an infinite-dimensional normed space, the
weak topology on E is not metrizable (on the whole space E).

Proof. In a metrizable space, a point in the closure of a set A is the limit of
a sequence from A. Consider the weak topology on an infinite-dimensional
space. Every weak neighborhood of 0 contains a subspace of finite codimen-
sion (as shown above), hence is unbounded. In particular, Bg is not weakly
open.

More formally: if the weak topology were metrizable, then since F is a
topological vector space under the weak topology, it would be first count-
able. But a locally convex space is first countable (at the origin) if and
only if its topology is generated by countably many seminorms, which for
o(E,E") would require E’ to be the span of countably many functionals.
When dim F = oo, F’ is infinite-dimensional (by Hahn—Banach), and in fact
E’ cannot be the countable union of finite-dimensional subspaces (by Baire’s
theorem if £’ is a Banach space—which it is—then it cannot be countable-
dimensional). O

8.3 Weak Convergence

Definition 8.9 (Weak convergence of sequences). A sequence (x,,) in
a normed space E converges weakly to x € FE if

f(z,) — f(x) for every f € F'.

We write z,, — x.
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Proposition 8.10.

(i) Norm convergence implies weak convergence: if ||z, — x| — 0,
then x, — x.

(i) The converse is false in general (in infinite-dimensional spaces).

(11i) In finite-dimensional spaces, weak and norm convergence coin-
cide.

Proof. (i) If ||z, — z|| = 0 and f € F’, then |f(z,)—f(z)| < ||f|| ||z — z|| —
0.

(i) In ¢2, the standard basis vectors e, — 0 (since for any f € (£?) = (2
given by y = (yx), f(€n) = yn — 0), but [[en| =1 # 0.

(iii) In RY, the functionals fi(z) = zx (k = 1,...,d) span E’, so weak
convergence is equivalent to coordinate-wise convergence, which is equivalent
to norm convergence. m

Example 8.11.
(i) In &7 (1 <p <o00): €, = 0but e, =1
(ii) In L?([0,1]): v/2sin(27n-) — 0 (Riemann-Lebesgue lemma).

(iii) In ¢*: e, — 0 as well (for any y € (> = (£'), y, = y(e,); but
since we only need y, — 0 for y € ¢... actually (¢') = (> so
we need y,, — 0 for all y € ¢, which fails for y = (1,1,1,...)).
Hence e,, /4 0 in 1.

(iv) In ¢': the sequence x, = e; + ey + -+ + e, does not converge
weakly (take f = (1,1,1,...) € £*).

The next result is fundamental and illustrates the power of the Banach—
Steinhaus theorem in the study of weak convergence.

Theorem 8.12 (Weakly convergent sequences are bounded). Let E
be a Banach space and (z,) a sequence in E with x,, — x. Then:

(i) sup,, ||z.] < oo.

(i) ||z|| < liminf, s ||2.]|-
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Proof. (i) Consider the family (J(z,))n>1 in E” = L(E',K). For each f €
E’, the sequence (J(2,)(f))n>1 = (f(zn))n>1 converges (to f(z)), hence is
bounded: sup,, |J(z,)(f)| < co. By the Banach—Steinhaus theorem (uniform
boundedness principle), applied to the family of bounded linear operators
J(z,) : ' = K,

SUp [|.J ()| g < 00

Since J is an isometry, ||J(z,)|| = ||z.||, giving sup,, ||z.| < oc.
(ii) For every f € E" with || f|| < 1,

[F()] =i | ()| < limin || 7] )] < liminf |

Taking the supremum over || f|| < 1 gives ||z|| < liminf, ||z,]|. O

Remark 8.13. Part (ii) says that the norm is weakly lower semicontin-
wous. This is extremely useful in the calculus of variations.

Proposition 8.14. Let E be a Banach space. If v, = x and ||x,| —
||, and if E is uniformly convex, then x, — x in norm.

Proof. If ||z|| = 0, then ||x,| — 0 and we are done. Assume ||z| > 0. Let
Up, = Tpn/ ||zn|| and w = x/||z|| (for n large enough). Then ||u,| = ||u|| = 1.
Since F is uniformly convex, if u, 4 wu in norm, there exist ¢ > 0 and a

subsequence with ||u,, —u| > €, giving Hw <1-9.

By Hahn-Banach, pick f € E’ with ||f|| = 1 and f(u) = 1. Then
f(un,) = f(u) =1 (weak convergence and ||z,|| — ||z]), so f(u"’“zj) — 1,
<1-4. O

Un “+u
2

contradicting ’

8.4 The Weak-x Topology o(F', F)

r

Definition 8.15 (Weak-* topology). Let E be a normed space. The
weak-* topology on E’, denoted o(E', E), is the initial topology on
E’ with respect to the family of evaluation maps {Z : £/ — K},cp,

where Z(f) = f(x).

Remark 8.16. The weak-* topology on E’ is coarser than or equal to the
weak topology o(E',(E")) = o(E', E") on E'. In o(F’, E), one only
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requires convergence on evaluation functionals z for x € E, whereas
o(E', E") requires convergence against all of E”. They coincide if and
only if E is reflexive.

Definition 8.17 (Weak-* convergence). A net (f,) in £’ converges to
f € E' in the weak-* topology if and only if f,(z) — f(x) for every
r € E. For sequences, we write f, — f.

Proposition 8.18. The weak-x topology is Hausdorff.

Proof. The evaluation maps Z : E' — K separate points of E’: if f # g,
there exists © € E with f(x) # g(x), i.e. Z(f) # 2(g). O

Proposition 8.19. A base of neighborhoods of fo € E' for the weak-*
topology s

W(fo;x1,...,2n5€) = {fEE':|f(xk)—f0(xk)| <e, k:zl,...,n},

wheren > 1, x1,...,x, € E, ¢ > 0.

8.5 The Banach—Alaoglu Theorem

This is one of the most important compactness results in functional analysis.

~N

Theorem 8.20 (Banach-Alaoglu, 1940). Let E be a normed space.
The closed unit ball

By ={feE:|fl <1}

is compact in the weak-x topology o(E', E).

Proof. For each x € F, define
Dy ={A e KAl <[]},

which is a compact subset of K. Consider the product space

P=1][D..

zelk
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which is compact by Tychonoft’s theorem. An element of P is a function
w: E — K with |w(x)| < ||z] for all z.
Define the map

viBp — P lf) = (f(2))eer:

This is well-defined since |f(z)| < || f]| ||=] < ||z|| for f € Bpg.

Step 1: ¢ is injective. If «(f) = ¢(g), then f(x) = g(x) for all x € E, so
f=g9

Step 2: ¢ is a homeomorphism onto its image. The product topology
on P is the topology of pointwise convergence. The weak-* topology on Bg:
is also the topology of pointwise convergence (convergence at each x € E).
Hence ¢ and ¢! (on «(Bg)) are both continuous.

Step 3: «(Bpg/) is closed in P. Let (w,) be a net in «(Bg/) converging
tow € P. Each w, = «(f,) for some f, € Bp. Convergence in P means
fo(z) = w(x) for every x € FE.

We must show w is linear. For z,y € F and A € K:

wr +y) = lim fo(Az +y) = lim[Afa(@) + fu(y)]
= Mim f, () +1im fo(y) = Aw(@) + w(y).
So w is linear and |w(x)| < ||z]| for all x (since w € P), hence w € Bg: and
(w) = w.

Conclusion. ((Bg) is a closed subset of the compact space P, hence com-
pact. Since ¢ is a homeomorphism onto its image, Bpr is weak-* compact. [

Corollary 8.21. For any r > 0, the ball {f € E' : || f|| < r} is weak-x
compact.

Proof. Apply the theorem to the rescaled space, or note that the map f + rf
is a weak-* homeomorphism. O]

Corollary 8.22. If E is a separable normed space, then every bounded
sequence in E' has a weak-x convergent subsequence.

Proof. Let (f,) C E' with sup,, ||fa]| < M. Then (f,) C MBpg/, which is
weak-* compact by Corollary [8.21]
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It remains to show that the weak-x topology on M B is metrizable when
E is separable. Let (xy)r>1 be a dense sequence in E. Define

— 1 |f(z) — gla)]
45, 9) = Z_kl+|f$k ) —g(xn)|

This is a metric on E’, and on bounded subsets of E’, it induces the weak-x
topology. Indeed, if f, = f in E' with || f.|| < M, then f,(zx) — f(zx)
for each k, hence d(f,, f) — 0 by dominated convergence. Conversely, if
d(fn, f) — 0, then f,(zx) — f(xr) for each k; by density and uniform
boundedness, f,(z) — f(z) for all z € E.

Since M Bgr is weak-*x compact and metrizable, it is sequentially compact.

[]

Remark 8.23. The Banach—Alaoglu theorem can be viewed as an
infinite-dimensional analogue of the Heine-Borel theorem: closed
bounded sets in R™ are compact, and the unit ball in £’ is compact—
but only in the weak-x topology, not the norm topology (unless E' is
finite-dimensional).

8.6 Goldstine’s Theorem

Theorem 8.24 (Goldstine, 1938). Let E be a normed space and J :
E — E" the canonical injection. Then J(Bg) is weak-* dense in By :

o(E" E')

J(BE) :BE//.

Proof. Let £ € B and let W = W (&; f1, ..., fa;€) be a basic weak-* neigh-
borhood of £ in E”:

W = {nEE”:]n(fk)—ﬁ(fkﬂ <e, kzl,...,n}.

We need to find = € Bg with J(z) € W, ie., |fi(z) — &(fr)] < € for k =
1,...,n.

Consider the linear map 7' : E — K" defined by T'(x) = (f1(x), ..., fu(x)).
Set a = (£(f1),...,&(fn)) € K*. We need to show a € T(Bg) + B(0,¢) in
K", or equivalently that @ is in the closure of T'(Bg) in K".

Claim: a € T(Bg) (closure in K").
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Since T is linear and continuous, T'(Bg) is a convex subset of K". In
finite-dimensional spaces, the closure of a convex set equals its weak closure,
so it suffices to show a € T'(Bg).

Suppose not. Then by the Hahn-Banach separation theorem in K" (a
finite-dimensional space), there exists a linear functional ¢ : K — R and
v € R with ¢(a) > v > ¢(T(x)) for all z € Bpg.

Writing £(A1,...,A,) = Re)d ,_, g\ for some a; € K, and setting
g= p_oxfr € E', we get

Re g(z) = ((T(x)) < 7 < l(a) = Re ) axé(fi) = Re £(9)

for all x € Bg. Taking the supremum over = € Bg:

gl = HSlHlEl Re g(z) < v < Re&(g) < €(g)| < €Nl Mgl < llgll,

a contradiction. Hence a € T(Bg), and we can find x € Bg with T'(x)
arbitrarily close to a, which means J(z) € W. O

Corollary 8.25. J(E) is weak-x dense in E".

Proof. For any & € E” with ||£]| = r > 0, applying Goldstine’s theorem to
¢/r € Bgr and scaling back gives £ € J(T‘BE)w C J(E)w : O

8.7 Kakutani’s Theorem

Theorem 8.26 (Kakutani, 1938). A Banach space E is reflexive if
and only if Bg is weakly compact.

Proof. (=) Assume E is reflexive, so J : E — E” is a surjective isometry.
Under J, Bg is mapped onto Bg». By the Banach—Alaoglu theorem (The-
orem [8.20)), Bp» is weak-* compact in o(E”, E’). Since J is surjective, the
weak topology o(FE,E’) on E corresponds (via J) to the weak-* topology
o(E",E") on E". More precisely, for a net (z,) in E:
o(E,E") f
Ty — & <= f(z,) = f(x)VfeEE
= J(@a)(f) = J(@)(f)Vf € E

— J(xa) 2 g ().
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SoJ: (E,0(E,E)) — (E",0(E",E")) is a homeomorphism, and J(Bg) =
Bgn is o(E", E')-compact. Hence Bg is o(FE, E')-compact.

(<) Assume Bp is weakly compact. Then J(Bg) is compact in o(E", E')
(since J is a weak-to-weak-* homeomorphism onto its image, as shown above).
In particular, J(Bg) is o(E", E')-closed.

By Goldstine’s theorem, J(Bg) is o(E", E')-dense in Bg». Since J(Bg)
is also o(E", E')-closed, we conclude J(Bg) = Bg». This implies J(E) = E”
(since every & € E” with ||&|| = r satisfies {/r € Bgsn = J(Bg)), so E is
reflexive. [l

Remark 8.27. Kakutani’s theorem converts the algebraic condition of
reflexivity (J surjective) into a topological condition (weak compact-
ness of Bg). This is extremely useful because compactness arguments
(extracting convergent subsequences, attaining suprema of continuous
functions, etc.) become available.

8.8 Mazur’s Theorem

Theorem 8.28 (Mazur, 1933). Let E be a normed space and C C E
a convex set. Then C' is norm-closed if and only if C' is weakly closed.
Equivalently,

gl _ gowEr)

Proof. Since the weak topology is coarser than the norm topology, every
weakly closed set is norm-closed. So we only need to show: if C' is convex
and norm-closed, then C' is weakly closed.

Let o ¢ C. We show there is a weakly open set containing z, that is
disjoint from C. Since C' is norm-closed and convex, by the geometric Hahn—
Banach theorem (strict separation of a point from a closed convex set), there
exist f € E' and 7 € R such that

Re f(xo) > v > supRe f(c).
ceC

The set U = {z € E : Re f(x) > 7} is weakly open (since f is weakly
continuous), contains g, and satisfies U N C' = (). Hence C° is weakly open,
so C' is weakly closed.

For the equivalent formulation: the norm closure C'is convex (closure of a
convex set is convex) and norm-closed, hence weakly closed. So C*  C. The
reverse inclusion C C C" holds because the weak topology is coarser. O
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Corollary 8.29 (Weakly convergent sequences and convex combina-
tions). Let E be a Banach space and x,, — x. Then x is in the norm-
closed convex hull of {x, : n > 1}. In other words, there exist convex
combinations Yp =, ANz, (with Fy, finite, AP >0, SSAP =1)
such that y, — x in norm.

Proof. Let C' = conv{z, : n > 1}. Since x,, — x, the point = belongs to the

weak closure of {z,}, hence to the weak closure of C. By Mazur’s theorem,

c" = 6““, sozel = conv{xn}H'”. O

a )

Remark 8.30. Mazur’s theorem is the key bridge between weak and
norm topologies for convex sets. It says that for convex sets, the dis-
tinction between weak and norm topologies disappears. This is not true
for non-convex sets: for instance, the unit sphere Sg = {z : ||z|| = 1} is
norm-closed but weakly dense in Br when dim £ = 0o (a consequence
of the fact that no weakly open set is norm-bounded).

8.9 Application: Existence of Minimizers

Theorem 8.31 (Direct method of the calculus of variations). Let E
be a reflexive Banach space, C C E a nonempty, bounded, closed, and
convexr subset, and ® : C — R a function that is sequentially weakly
lower semicontinuous (i.e., x, — x implies ®(z) < liminf, ®(z,)).
Then ® attains its minimum on C': there exists xo € C' with ®(zo) =
inf,ec ®(x).

Proof. Let m = inf,cc ®(z) € [—00,4+00). Choose a minimizing sequence
(z,) C C with ®(z,) — m.

Since FE is reflexive and C' is bounded, closed, and convex, C' is weakly
compact by Kakutani’s theorem (Theorem and the fact that a closed
convex subset of a weakly compact set is weakly compact (closed in the weak
topology by Mazur’s theorem, hence weakly compact as a weakly closed
subset of the weakly compact set B(0, R) for some R large enough).

By the Eberlein-Smulian theorem (Theorem [7.25), (z,) has a subse-
quence (z,,) with z,, — =zo for some zy € C (since C is weakly closed,
hence weakly sequentially closed).



132 CHAPTER 8. WEAK TOPOLOGIES

By weak lower semicontinuity,

O (zp) < liminf &(z,, ) = m.

k—o00

Since xy € C, ®(x9) > m, hence ®(zy) = m. O

Example 8.32. Let £ be a reflexive Banach space and C' C E a
nonempty, closed, convex subset. For any y € E, the function ®(z) =
|x — y|| is weakly lower semicontinuous (Theorem [8.12(ii)). If C' is
bounded, the direct method gives a minimizer. Even if C'is unbounded,
one can restrict to CNB(y, r) for r = inf.cc ||c — y||+1, and the direct
method still applies. Hence every nonempty closed convex subset of a
reflexive Banach space has a nearest point to any given y.

Example 8.33 (Minimization of an energy functional). Let  C R¢
be a bounded open set and consider the Sobolev space Hj (), which
is a reflexive Banach space (in fact a Hilbert space). For f € L*(Q),
define the energy functional

E(U):%/Q|Vu|2dx—/gfudx.

Then € is weakly lower semicontinuous and coercive on H}(Q) (by the
Poincaré inequality, £(u) — 400 as HUHHg — 00), so & attains its
minimum. The minimizer is the weak solution of —Au = f.

8.10 Additional Results

Proposition 8.34 (Characterization of weak-* continuous function-
als). A linear functional ® : E' — K is o(E', E)-continuous if and only
if there exists x € E such that ®(f) = f(x) for all f € E'.

Proof. The “if” direction is clear: ® = 2 is weak-* continuous by definition.
For the “only if” direction: if ® is o(F’, F)-continuous, there exist z1, ..., x, €

E and € > 0 such that |®(f)| < 1 whenever |f(xy)| <efork =1,...,n. This

implies Ker® D> (,_, Ker #;. By a standard lemma on linear functionals,

¢ € span{y,...,T,}, Le, @ = D7 oyl = mk- Setting = = Y apry
gives ®(f) = f(x). O
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Proposition 8.35 (Weak-* compactness and reflexivity). Let E be
a Banach space. Then Bg is weak-x compact in E" (i.e., J(Bg) is
o(E", E")-compact) if and only if E is reflexive.

Proof. 1f E is reflexive, J(Bg) = Bpr is weak-* compact by Banach—Alaoglu.
Conversely, if J(Bg) is o(E", E')-compact, then it is o(E"”, E')-closed. By
Goldstine’s theorem, J(Bg) is dense in Bgr, so J(Bg) = Bgr, giving reflex-
ivity. O

Theorem 8.36 (Weak-x sequential compactness in separable duals).
If E is a separable Banach space, then every bounded sequence in E’
has a weak-x convergent subsequence.

Proof. This was established in Corollary[8.22} when E is separable, the weak-
* topology on bounded subsets of E’ is metrizable, and bounded subsets are
relatively weak-*x compact by Banach—Alaoglu, hence sequentially compact.

[

Proposition 8.37 (Weak-* closed subspaces). A subspace F' C E' is
o(E', E)-closed if and only if F = G+ for some subset G C E, where
Gt={feFE: f(zx) =0Vz € G}.

Proof. (<) G+ =,cq
hence weak-* closed.
(=) Let F be a weak- closed subspace. Set G =1F ={r e E: f(z) =
0Vf € F}. Then F C G* and we claim F = G*. If g € G+ \ F, then by
the Hahn—Banach theorem for the locally convex space (E',o(E’, E')), there
exists a o(E’, E)-continuous functional ® with @’F = 0 and ®(g) # 0. By
Proposition [8.34] ® = & for some z € E. Then f(z) =0forall f € F,soxz €
LF =G, giving g(x) = 0 (since g € G1), i.e. ®(g) = 0, a contradiction. [

Ker z, which is an intersection of weak-* closed sets,

8.11 Exercises

Exercise 8.1 (). Show that e, — 0in /% for 1 < p < oo but e, /A 0
in /L.
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Exercise 8.2 (x). Let E be a normed space.

(a) Show that the weak topology is the coarsest topology making
every f € E' continuous.

(b) Show that a linear map 7' : E — F between normed
spaces is weakly continuous (continuous from (E,c(E,E")) to
(F,o(F, F"))) if and only if it is norm-continuous.

Exercise 8.3 (**). (This exercise shows that in non-separable spaces,
weak sequential closure may differ from weak closure.) Let F = ¢
and consider the set A = {e, : n > 1}.

(a) Show that 0 is in the weak closure of A.

(b) Show that no subsequence of (e,) converges weakly to 0 in £*°.

Hint for (b): Use the fact that (/*°)" is much larger than ¢'.

Exercise 8.4 (x). (a) In ¢ = ('), show that e, — 0.

(b) In L*=([0,1]) = (L'([0,1]))’, show that sin(27n ) = 0.

Exercise 8.5 (xx). Show that the closed unit ball of an infinite-
dimensional Banach space is not compact in the norm topology. Hint:
Construct an infinite sequence with no convergent subsequence (e.g.,
using Riesz’s lemma).

Exercise 8.6 (xx). Let (z,) be a sequence in a Banach space F with
Tp — T

(a) Use Mazur’s theorem to show that there exist convex combina-
tions yy = Yoo Apw, (with A, > 0, ST\, = 1) such that
lyn — =[] = 0.

(b) Give an explicit construction when E = L?([0,1]) and z,(t) =

V/2sin(27nt).
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Exercise 8.7 (xx). Let E be a Banach space. Show that the following
are equivalent:

(i) E is reflexive.

(ii) The weak and weak-x topologies on E’ coincide: o(F', E) =
o(E',E").

(iii) Bpgr is weakly compact (in the weak topology o(E', (E')')).

Exercise 8.8 (x%*). (Schur’s theorem) Show that in ¢!, weak conver-
gence implies norm convergence: if z, — x in ¢*, then ||z, — z||, — 0.
Hint: Argue by contradiction. If ||z, —z|; # 0, pass to a subse-
quence and use a gliding hump argument to construct f € ¢ = (1Y

with f(z,) 7 f().

Exercise 8.9 (xx). Use Kakutani’s theorem to give another proof that
co is not reflexive. Hint: Show that the sequence (e; +ea+---+¢,)/n
is in B, but has no weakly convergent subsequence, using Schur’s
theorem and the identification ¢fj = (*°.

Exercise 8.10 (xx). Let F be a Banach space and f € E’. Use
Goldstine’s theorem to show that ||f|| 5 = sup{|f(z)| : * € Bg} can
also be written as || f|| = sup{|¢(f)] : £ € Bg~}.

Exercise 8.11 (xx). Show that every weakly compact subset of a
normed space is bounded. Hint: Use the uniform boundedness princi-
ple.

Exercise 8.12 (xxx). (Dunford—Pettis criterion) Let (2, ) be a finite
measure space and K C L'(u). State (without proof) the Dunford-
Pettis criterion for K to be relatively weakly compact. Verify it for

K = {f.} where f, =nlp /2 in L([0, 1]).

Exercise 8.13 (x). Give an example of a subset of a Banach space
that is norm-closed but not weakly closed. Hint: Consider the unit
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sphere in an infinite-dimensional space.

Exercise 8.14 (xx). Let E be a Banach space and ® : E — RU{+o0}
a convex, lower semicontinuous (for the norm topology) function. Show
that ® is weakly lower semicontinuous. Hint: The sublevel sets {z :
®(x) < a} are convex and norm-closed; apply Mazur’s theorem.

Exercise 8.15 (xx%). Let 1 < p < oo,  C R? bounded and open,
g € LP (). Consider the problem of minimizing

1
@(u):—/|u|pdx—/gudx
D Ja Q

(a) Show that ® is weakly lower semicontinuous and coercive.

over u € LP(2).

(b) Prove that a minimizer exists and is unique.

(c¢) Find the minimizer explicitly.

Exercise 8.16 (xx). Let E,F be Banach spaces and T' € L(E, F).
Show that T is compact if and only if z,, — 0 in E implies T'x,, — 0 in
norm in F. Hint: Use the Eberlein-Smulian theorem and the fact that
T maps weakly convergent sequences to weakly convergent sequences.

Exercise 8.17 (%). Let E be a Banach space.

(a) Show that E is isometrically embedded in E”, which is isometri-
cally embedded in E® = (E")", etc.

(b) If E is reflexive, show that all iterated duals E™ are reflexive
and canonically isomorphic to E (for n even) or E’ (for n odd).

(c) If E is not reflexive, show that dim E®" < dim E®"*? for all
n > 0 (in the sense that the canonical injection is not surjective).
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9.1 Compact Operators: Review and Examples

We begin with a systematic study of the spectral properties of compact op-
erators, building on the foundational Banach and Hilbert space theory de-
veloped in earlier chapters. The class of compact operators is arguably the
most tractable infinite-dimensional analogue of matrices, and their spectral
theory mirrors the finite-dimensional situation remarkably closely.

Definition 9.1 (Compact operator). Let E and F' be Banach spaces.
A bounded linear operator T': E — F' is called compact (or completely

137
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continuous) if for every bounded sequence (z,),>1 in E, the sequence
(Tx,,)n>1 has a convergent subsequence in F.

Equivalently, 7" is compact if and only if the image T'(Bg) of the closed
unit ball By = {z € E : ||z| < 1} is relatively compact in F' (i.e.,
T(Bg) is compact).

We denote by KC(E, F) the set of all compact operators from E to F', and
write K(E) = K(E, E).

Example 9.2 (Finite-rank operators). An operator T: E — F is of
finite rank if dim(im7T") < oco. Every finite-rank bounded operator
is compact: if (x,) is bounded in E, then (T'z,) lies in the finite-
dimensional subspace imT', and by the Bolzano—Weierstrass theorem
it admits a convergent subsequence.

Example 9.3 (Integral operators). Let 2 C R? be a bounded mea-
surable set and let K € L?(2 x Q). The operator Tk : L?(Q) — L?(Q)
defined by

(T f)(&) = / K(#,y) f) dy

is compact. Indeed, Tk is a Hilbert-Schmidt operator with || Tk ||zg =
| K[| 12 (<), and every Hilbert—Schmidt operator is compact (see .

Example 9.4 (Diagonal operators). Let H = (*(N) and let (\,)n>1
be a bounded sequence of scalars. Define T: H — H by T'(e,) = Anen,
where (e,) is the standard orthonormal basis. Then T is compact if
and only if A\,, — 0 as n — oo.

Example 9.5 (The inclusion ¢! < ¢? is not compact). The natural
inclusion ¢: ¢(N) < ¢*(N) is bounded (with ||¢|] = 1) but not compact.
The standard basis vectors e, satisfy ||e, ||, = 1 and [|e,, — en/ = V2
for m # n, so (e,) has no convergent subsequence in £2.
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9.2 The Space of Compact Operators

s ")

Proposition 9.6. Let E, F, and G be Banach spaces.

(i) K(E, F) is a closed linear subspace of L(E, F).

(i) If T € K(E,F) and S € L(F,G), then ST € K(E,G).
(i) If T € L(E,F) and S € K(F,G), then ST € K(E, Q).

In particular, IK(E) is a closed two-sided ideal in the Banach algebra
L(E).

Proof. Linearity of K(E, F) and properties (ii) and (iii) are straightforward
exercises. We prove that IC(E, F) is closed.

Let (T)n>1 C K(E, F) with T,, — T in L(E, F'). We show T is compact.
Let (zx)k>1 be a bounded sequence in E with ||z|| < M for all k.

We use a diagonal argument. Since T} is compact, extract a subsequence
(:E,(Cl)) of (z)) such that (leL‘,(Cl)) converges. From (:L‘](Cl)), extract a further
subsequence (x,(f)) such that (Tgx,(f)) converges, and so on. The diagonal
sequence ¥, 1= x,(f) satisfies: (T, yx)k>1 converges for every n > 1.

We claim (T'y;) is Cauchy. Given € > 0, choose n so that ||T'—T,| <
e/(3M). Since (T,yx) converges, there exists K such that for all j, k > K,
|\ Thy; — Toykll < /3. Then for j, k > K:

1Ty — Tyrll < [Ty — Toysll + 1 Tnyy — Tayell + 1| Touyr — Tyl
13
<|\T = Tall ly; Il + 3t T — T [y

g 19 e
C oMty =
<3 M3t €

Since F' is complete, (T'yx) converges, so T is compact. ]

Remark 9.7. A Banach space E has the approzimation property if every
compact operator T € IC(F) is the operator-norm limit of finite-rank
operators. All Hilbert spaces and all L” spaces (1 < p < oo) have the
approximation property. Enflo (1973) constructed a separable Banach
space failing this property.
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9.3 The Fredholm Alternative

The Fredholm alternative is the cornerstone result connecting the solvability
of equations involving compact operators to a finite-dimensional eigenvalue
problem.

Theorem 9.8 (Fredholm alternative). Let E be a Banach space and
T € K(E). Ezactly one of the following holds:

(a) The operator Id —T is bijective, (Id —T)~' € L(E), and for every
y € E the equation x — T'x = y has a unique solution.

(b) Ker(Id—T) # {0}, d.e., A = 1 is an eigenvalue of T. In
this case, dimKer(Id —T) < oo, im(Id—T) is closed with
codimim(Id —7") = dim Ker(Id —7™) = dim Ker(Id —=7") > 1.

We prepare the proof with several lemmas.

Lemma 9.9. If T € K(E), then Ker(Id =T is finite-dimensional.

Proof. Let N = Ker(Id—T7). On N we have T|y = Idy, so T maps the
unit ball By = Bg N N onto itself. Since T'(By) is relatively compact and
T(By) = By, the closed unit ball of N is compact. By Riesz’s theorem,
dim N < oo. O]

Lemma 9.10. IfT € K(FE), then im(Id =T') is closed in E.

Proof. Let y, = (Id—=T)z,, — y. We must find = with (Id =T)x = y. Let
N = Ker(Id =T') and let d,, = d(z,,, N). Since N is finite-dimensional (hence
closed), choose z, € N with ||z, — z,|| < d,, + 1/n and set T, = z,, — z,.
Then (Id =T7)Z,, = yy.

Claim: (Z,) is bounded. Suppose not; then (passing to a subsequence)
|Zn]] — o0. Set u, = &,/ ||Zs]|. Then (Id =T)u, = yn/ ||Zn]| — 0. Since T
is compact and (u,) is bounded, a subsequence satisfies T'w,, — w. Hence
Up,, = (Id =T)uyp, + Tun, = 0+ w =w, so |w|| =1 and (Id -T)w =0, i.e.,
w € N. But

d(Z,, N) dn d,

d naN = = = = =
W ) = = T Tl = @t iy

—1
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(since d,, > ||Zn|| — ||0]] — oo when ||Z,|| - oo and Z, has distance d,
to N with ||z,|| < d, + 1/n). Yet u,, — w € N gives d(u,,,N) — 0, a
contradiction. So (Z,) is bounded.

Since (Z,,) is bounded and T is compact, passing to a subsequence, T'%,, —
v. Then %, = yn, + 1Ty, > y+v=:2,and (Id-T)z =y. O

Lemma 9.11 (Riesz’s lemma on ascending chains). Let T € K(E) and
define Ny, = Ker(Id —T)* for k > 0. Then Ny C Ny C Ny C --- and
there exists p > 0 such that N, = Npi1 = Npig = -+

Proof. The inclusions are clear. Suppose for contradiction that Ny C Ny
for all k. By Riesz’s lemma, for each k& > 1 there exists x;, € Ny with
|zk|| = 1 and d(xy, Ny—1) > 1/2. For j < k, one checks that

Tay — Tay = xp — [(Id=T)zg + z; — (Id—=T)z,],

and the bracketed term lies in Nj_;. Hence ||Txy — Tz;|| > d(zg, Np—1) >
1/2, so (T'xy,) has no convergent subsequence, contradicting compactness. [

Proof of Theorem[9.8 Finite-dimensionality of Ker(Id—T') is Lemma [9.9]
and closedness of im(Id —7) is Lemma [0.10]

Claim: If Id —7T is injective, then it is surjective.

Set R, = im(Id—=T)". Then £ = Ry D Ry D Ry D --- and each R,
is closed. If Id =T is not surjective, then Ry 2 Rj, and injectivity forces
R, 2 R, for all n. By Riesz’s lemma, pick x,, € R, with ||z,|| = 1 and
d(xy, Ryy1) > 1/2. Then for m > n, Tz, — Tz, =z, — [(1d =Tz, + xp, —
(Id =T)x,,] where the bracket lies in R, 11, so ||Tx, — Tx,,|| > 1/2. This
contradicts compactness.

Index zero: When E is a Hilbert space H, note that T* is also compact.
Since im(Id —T') is closed, im(Id —7")* = Ker(Id —T*). Hence codim im(Id —7") =
dim Ker(Id =7*). The Fredholm index ind(Id —7") = dimKer(Id -T7") —
dim Ker(Id —7*) equals zero; this follows by a homotopy argument: the
map t — ind(Id —¢T) is continuous and integer-valued (hence constant) for
t € [0,1], and at t = 0 the index is 0.

For general Banach spaces, one uses the dual 7" € IC(E*) and the Hahn-
Banach theorem to establish im(Id —7T") = +Ker(Id —7*) and the analogous
index computation. O

Corollary 9.12. Let T € K(FE) and X\ # 0. Then either AN1d =T is
bijective (and (NId—=T)~' € L(E)), or X\ is an eigenvalue of T with
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finite-dimensional eigenspace. The equation \x — Tx = y is solvable
for all y if and only if Ax = Tx implies v = 0.

Proof. Apply Theorem to the compact operator T'/\. O

9.4 Riesz—Schauder Theory

Theorem 9.13 (Riesz—Schauder). Let E be an infinite-dimensional
Banach space and T € K(E). Then:

(i) 0 € o(T).

(i) o(T) \ {0} = 0,(T) \ {0}: every nonzero spectral value is an
ergenvalue.

(11i) Each nonzero eigenvalue has finite multiplicity.

(iv) o(T) is at most countable, with 0 as the only possible accumula-
tion point.

(v) For every e > 0, only finitely many eigenvalues satisfy |\| > e.

Proof. (i) If T were invertible, Id = T~'T would be compact (as a composi-
tion of a bounded with a compact operator), contradicting infinite-dimensionality
of K.

(i) If X # 0 and A € o(7T), then AId—T is not bijective. By Corol-
lary [9.12] it is not injective, so A € 0,(T).

(iii) Follows from Lemma 9.9 applied to T'/\.

(iv)—(v) Suppose there are infinitely many distinct eigenvalues (A,)n>1
with |A,| > ¢ > 0. Let x, be a corresponding unit eigenvector and F, =
span{zy,...,z,}. Since eigenvalues are distinct, the eigenvectors are linearly
independent and FE,_; € F,. By Riesz’s lemma, there exist y,, € F, with
lynll = 1 and d(yn, En1) 2 1/2.

Now Ty, = A\pyn + w, where w,, € E,,_; (since T maps F, into E, and
the “leading term” is A,y,). For m < n:

TYyn — TYm = A\yyn + (element of E,, 1),

hence |7y, — Tyml| > |[Mal d(Yn, Ene1) > /2 > 0. Thus (Ty,) has no
convergent subsequence, contradicting compactness. ]
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9.5 Spectral Theorem for Compact Self-Adjoint
Operators

We now specialize to Hilbert spaces and self-adjoint compact operators.

Theorem 9.14 (Spectral theorem for compact self-adjoint operators).
Let H be a separable Hilbert space and T' € K(H) self-adjoint. Then
there exists an orthonormal basis (e,)n>1 of H consisting of eigenvec-
tors of T':

Te, = Anén, An ER, A — 0.
For every x € H:

o0

Ty = Z A (T, €0) €.

n=1
The eigenvalues are real, and eigenspaces for distinct eigenvalues are
orthogonal.

Lemma 9.15. If T € L(H) is self-adjoint, then ||T| =
SUP|(zj=1 (T, 2)|.  If additionally T is compact and T # 0, then ei-
ther ||T|| or —||T|| is an eigenvalue of T

Proof. Set m = sup| = [(T'z,z)|. Clearly m < ||T'||. For the reverse, the
polarization identity gives

ARe (Tz,y) = (T(x +y),v+y) — (T'(x—y),z—y).

Taking ||z|| = ||y = 1 and using |(Tw, u)| < m ||u||* yields [Re (T'z,y)| < m
after optimizing over the phase of y, hence ||T|| < m.

Now let T be compact with 7" # 0. Choose (z,) with [|z,|| = 1 and
(Txy,x,) — 1 where |u| = ||T'||. By compactness, pass to a subsequence
with Tz, — y. Compute:

Ty — pan||* = |1 Tnl* = 20 (Tn, ) + 1* = [lyl|* — 2p° + 42*.

Since [ly|| = lim || T, || < [T = |ul and |To||* = (T, Tarn) = (T?2p, )
with (T2, )| < |T||* (by applying m < ||T|| to T2, but more carefully:
|Tznll* < TN Tal lall s0 [Tl < |T1). we get | Tzal* — [lyl* and
we need ||y|| = |p|. In fact, |Ta, — pan|® = |Txnl” — 20 (Tkn, ) + 12 <
w? = 2u Ty, x,) + p? — 2p* —2p2 = 0. Hence Tx,, — px, — 0, 50 px, — ¥,
giving x, — e := y/p with |le|| = 1 and Te = pe. O
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Proof of Theorem [9.14 We construct the eigenvectors iteratively.

Step 1. By Lemma [9.15 if T # 0 then either ||T]| or —||T is an
eigenvalue A\ with eigenvector e; (|ler|| =1, | M| = ||T]|)-

Step 2. Set H; = {e;}*. Since T = T*, H, is T-invariant: for z L ey,
(Tz,e1) = (x,Te;) = A\ (zx,e;) = 0. The restriction T3 = T'|p, is compact
and self-adjoint on H; with ||T1|| < ||T'||. Apply the lemma to get Ao, e5 with
A2 < [Asl.

Step 3. Iterate: H, = {e1,...,e,}T, and |Noq| = || T, ||-

Step 4. A, — 0: if |\,| > 0 > 0 for all n, then (e,) is orthonormal with
|Ten — Ten|” = A2, + A2 > 202 for m # n, contradicting compactness.

Step 5 (Completeness). Let Hy, = (), H,. Then T|y_ is compact
self-adjoint with ||T|gy_ || = lim, [A\ni1] = 0, so Ty, = 0. Every vector
in H,, is an eigenvector for eigenvalue 0. Choose an orthonormal basis of
H., and adjoin it to (e,) to obtain a complete orthonormal basis of H, each
element being an eigenvector of 7. O]

9.6 The Hilbert—Schmidt Theorem

Definition 9.16 (Hilbert—Schmidt operator). Let H be a separable
Hilbert space with orthonormal basis (e,). An operator T' € L(H) is
Hilbert-Schmidt if

oo
2 2
1Tk = D I Tenll” < oo.

n=1

This quantity is independent of the choice of basis.

Theorem 9.17 (Hilbert—Schmidt). Every Hilbert-Schmidt operator is
compact. The space So(H) of Hilbert-Schmidt operators is a two-sided
«-tdeal in L(H), and (Sa(H), ||-||gs) is a Hilbert space with inner prod-
uct (S, Thygg = D, (Sen, Tey).

Proof. Define Tz = ij:l (x,e,) Te,, a finite-rank operator. Then
2
I = Twgel® = 11| tove) Tea” < (3 Tl
n>N n>N

by Cauchy-Schwarz. Hence ||T — Ty|| < (3,on ITenll”)/? — 0. Since
K(H) is closed, T is compact.
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The ideal and Hilbert space properties are verified by direct computation
using Parseval’s identity. ]

Example 9.18 (Hilbert-Schmidt integral operator). If K € L*(Q x

), the integral operator Tk of Example is Hilbert—Schmidt with
| Tk lgs = I K| 2. Indeed, for any ONB (e,) of L*(Q):

Sl = -/ DI ) el e = NG do = KTy

9.7 Application: Fredholm Integral Equations

Theorem 9.19 (Solvability of Fredholm integral equations). Let K €
L*(Q x Q) be Hermitian (K(z,y) = K(y,x) a.e.) and (\,,e,) the
ergenpairs from Theorem . Given g € L*(Q) and p # 0, consider
the equation f — uTx f = g.

(1) If 1/ & {\,}, the unique solution is

f=gt+y L

n>1

g7en> en.

(1)) If 1/u = X\ for some k, a solution exists if and only if g L
Ker(Id —uTk).

Proof. Expand f = )" cne, and g = >, gne,. The equation yields ¢,(1 —
UAR) = gn. If 1 — pX, # 0 for all n, then ¢, = g,/(1 — pA,) and

n An
f:zn:l_g/i)\nen:g+zn:1/j,u)\ngnen

Convergence holds since A, — 0. When 1 — puA; = 0, solvability requires
gr =0, 1e., g L eg. O]
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9.8 Exercises

Exercise 9.1 (x). Let H be a Hilbert space and 7' € IC(H). Show
that if z,, — x, then T'z,, — Tz in norm.

Exercise 9.2 (x). Let T' € L(E,F) and S € K(F,G). Show ST is
compact. Give an example where neither S nor 7' is compact but ST
is.

Exercise 9.3 (xx). Let (V f)(z

= Iy f t)dt on L?([0,1]). Show V is
compact with o(V') = {0} and ap( )=

Exercise 9.4 (xx). Show that every trace class operator is Hilbert—
Schmidt. If 7 is trace class and self-adjoint, show Tr(7) =
>, (Ten, €,) is basis-independent.

Exercise 9.5 (xx). (Mercer’s theorem.) Let K: [0,1]> — R be con-
tinuous, symmetric, with Tx > 0. Show K(z,y) = > Aen(z)en(y)
uniformly.

Exercise 9.6 (x x ). (Schauder.) Let C' be closed, bounded, convex
in a Banach space F and T: C' — C' compact. Prove T has a fixed
point.

Exercise 9.7 (x%). Let T' € IC(H) be positive self-adjoint. Prove the
min-max principle:

Ap = min max (Tr,z) = max min (Tz,x).
codim V=n—-1 zcV dim W=n xzcW
llzll=1 llzll=1

Exercise 9.8 (x). Give an example of a bounded operator on ¢* whose
spectrum is [0, 1].
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Exercise 9.9 (x * x). Show: (a) Id —K is Fredholm of index zero for
all K € IC(E); (b) the set of Fredholm operators is open and the index
is locally constant.
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Chapter 10

The Spectral Theorem for
Self-Adjoint Operators
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10.1 Continuous Functional Calculus

The spectral theorem for compact self-adjoint operators expresses T as a
(norm-convergent) sum involving its eigenvalues and eigenprojections. For a
general bounded self-adjoint operator, eigenvalues need not exist (consider
multiplication by x on L?([0, 1])), and we must develop a more sophisticated
framework.

149
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Notation 10.1. For a bounded self-adjoint operator T" on a Hilbert space H,
we write o(7) C R for its spectrum and set m = infy =y (Tz,z), M =
SUp|z =1 (17, ), so that o(T) C [m, M].

Theorem 10.2 (Continuous functional calculus). Let T € L(H) be
self-adjoint. There exists a unique isometric x-algebra homomorphism

O7: C(o(T)) — L(H),  fr— f(T),
satisfying:
(i) ®7(1) =1d and ®1(id) = T, where id(A) = A.
(ii) O (f) = r(f)*.
(i) | F(D) = [l flo(oery) = sWPreo(r) [F(A)]-

() o(f(T)) = f(o(T)) (spectral mapping theorem).

Proof. Step 1 (Polynomials). For a polynomial p(\) = >}, ai\*, define
p(T) = Y p_gaxT*. We must show that [|p(T)|| = supye,(ry [P(V)]-

Since T is self-adjoint, p(7T') is normal (it commutes with its adjoint). For
a self-adjoint operator S, ||S|| = r(S) (the spectral radius). For a normal

operator N, |N2|| = [|[N*N]|| = |N|%, hence by induction HN?H — IN|I*,

giving [[N]| = r(N) = sup,c,(w) |u|- Since o(p(T)) = p(o(T)) by the poly-
nomial spectral mapping theorem,

Ip(D)|| =7(p(T)) = sup |pu|= sup [p(A)].
pea(p(T)) A€o (T)

Step 2 (Extension). The map p — p(7T') is an isometry from (Cpoly (0(1)), ||]|.)
to L(H). By the Weierstrass approximation theorem, polynomials are dense
in C(o(T)) (since o(T) is a compact subset of R). The isometry extends
uniquely to a map &r: C(o(T)) — L(H).

Step 3 (Properties). The x-homomorphism properties follow by conti-
nuity from the polynomial case. The spectral mapping theorem: pu € o(f(7))
iff f(T') — wu1d is not invertible. By the isometry, this happens iff f — p has
no inverse in C(o(T)), i.e., iff f(A) = p for some A € o(T). O
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10.2 Spectral Measures and Resolution of the
Identity

Definition 10.3 (Spectral measure). Let H be a Hilbert space and
(Q, B) a measurable space. A spectral measure (or projection-valued
measure) on (€2, B) with values in £L(H) is a map E: B — L(H) satis-
fying:

(i) E(A) is an orthogonal projection for each A € B.
(i)
(i)
(iv) If (A,) are pairwise disjoint, then E(|J,A.) = >, E(A,)

(strong operator convergence).

E(@) =0 and E(Q) = Id.
E(Al N Ag) = E(Al)E(Ag) for all Al, AQ € B.
f

Remark 10.4. For any =,y € H, the map A — (E(A)xz,y) defines a
complex Borel measure p,, on . When z = y, the measure 1, ,(A) =
|E(A)z||” is positive. These are called the scalar spectral measures.

Definition 10.5 (Resolution of the identity). For a bounded self-
adjoint operator 7" with o(T") C [m, M|, a resolution of the identity
is a family of projections (Fy)acr satisfying:

(i) Ex < E, (ie,,imE) CimE,) for A < p.
(i) By =0for A <m and E) =1d for A > M.

(iii) F, is strongly right-continuous: Ey+ = E).
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10.3 The Spectral Theorem (Spectral Measure
Version)

Theorem 10.6 (Spectral theorem for bounded self-adjoint operators).
Let T € L(H) be self-adjoint. There exists a unique spectral measure
E on (o(T),B(c(T))) such that

T = / AE(),
o(T)

meaning (T'z,y) = fU(T) Adpzy(X) for all z,y € H. More generally,
for every bounded Borel function f: o(T) — C:

F(T) = / L T aE) € )

Proof. Step 1 (From continuous to Borel functions). By Theorem[10.2]
we have a *-homomorphism ®7: C(0(T')) — L(H). For each x € H, the map
f = (f(I)x,x) is a positive linear functional on C(o(T")) (positive because
f > 0implies f(T) > 0).

By the Riesz representation theorem, there exists a unique positive Borel
measure /i, on o(T') such that

J(Mz2) = [ FN)dpa() for all f € C(o(T)).

o(T)

Note p1,(o(T)) = (Id @, z) = ||
Step 2 (Complex measures). By polarization, for x,y € H define the
complex measure fi,, via

My = i(ﬂzﬂ/ — Mgy F UYlgriy — Z‘,Umfiy)-

Then (f(T)z,y) = [ fdps, for all f e C(a(T)).

Step 3 (Extension to bounded Borel functions). For a bounded
Borel function f, the map (z,y) — [ fdu,, is a bounded sesquilinear form.
By the Riesz representation theorem for bounded sesquilinear forms, there
exists a unique f(T) € L(H) with (f(T)z,y) = [ [ dpis,.

The map f +— f(T') is a x-homomorphism from B(c(T")) (bounded Borel
functions) to £(H). The multiplicativity f(T)g(T) = (fg)(T) follows from
the continuous case by a monotone class argument.
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Step 4 (Spectral measure). For A € B(c(T)), set E(A) = 1A(T).
Since 14 = 15 = 14, we have F(A)? = E(A) = E(A)*, so E(A) is an or-
thogonal projection. The spectral measure axioms follow from the properties
of the *-homomorphism:

® E(O’(T)) = 1J(T)(T) = Id.

o E(A1NAY) =1ann,(T) =15,(T)1a,(T) = E(A1)E(Ay).

e Countable additivity in the strong operator topology follows from the
dominated convergence theorem applied to 1ty 4.

Uniqueness. If E’ is another spectral measure with 7 = [ AdE'()),
then p(T) = [ pdE’ for every polynomial p. By density of polynomials and
uniqueness in the Riesz representation theorem, p, , = pi,, for all x, hence
E' =F. O

10.4 Borel Functional Calculus

The spectral theorem gives us a powerful extension of the continuous func-
tional calculus.

( A

Definition 10.7 (Borel functional calculus). For T self-adjoint and
f:0(T) — C a bounded Borel function, we define

f(T) = F)AE),

o(T)

where F is the spectral measure of T'.

Proposition 10.8. Let T be bounded self-adjoint with spectral measure
E, and let f,g € B(o(T)).

(1) (af + Bg)(T) = af(T) + By(T).
(i) (fo)(T) = f(T)g(T).
(iti) f(T)= f(T)*.

(i) [IF (D < 1fllo-

(v) If f, = f pointwise with sup, || fnll., < oo, then fo(T) — f(T')
in the strong operator topology.
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(vi) o(f(T)) C f(o(T)).

Proof. Properties (i)—(iv) follow from the construction in Theorem [10.6]
For (v), let z € H; then || f,(T)z — f(T)z|* = [ |fu — fI” dftee. By domi-
nated convergence (the integrand is bounded by (2sup,, || fall..)? and g, is
finite), this tends to 0. Property (vi) follows from (ii): if 4 ¢ f(o(T)), then
h =1/(f — p) is bounded and Borel on o(7T), so h(T)(f(T) —pld) =1d. O

10.5 Positive Operators and Square Root

Definition 10.9. A self-adjoint operator T € L(H) is positive (written
T >0)if (Tx,xz) > 0 for all x € H. Equivalently, o(T") C [0, 00).

Theorem 10.10 (Square root). If T' > 0, there exists a unique S > 0
with S = T. We write S = TY? or S = /T. Moreover, S commutes
with every operator that commutes with T

Proof. Existence. Apply the continuous functional calculus with f(\) = VA
on o(T) C [0,]|T]]]. Set S = f(T) = +/-(T). Then 5% = (\/)*(T) =id(T) =
T, S*=-(T)=+-(T)=S5, and o(S) = f(o(T)) C [0,00), s0 S > 0.

Uniqueness. Let R > 0 with R? = T. Then R commutes with T = R?,
hence with any polynomial in 7', and by continuity with S = /7. Let
N = Ker(R — S)* and decompose H = Ker(R—S)® N. On N, R — S is
injective. Now (R — S)(R+ S) = R? — 5% = 0 (using RS = SR), so for
z €N, (R+ S)z € Ker(R —S), hence (R+ S)z,z) = 0 for x € N (since
N 1L Ker(R—1S)). But R+S >0, so (Rx,z) + (Sz,xz) = 0 with both terms
non-negative forces Rr = Sx = 0 for + € N, hence (R — S)xr = 0. Thus
N Cc Ker(R—S5),so N={0} and R=S.

Commuting property. If A commutes with 7', then A commutes with
p(T) for every polynomial p, hence with /T by continuity of ®7. ]
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10.6 Polar Decomposition

Definition 10.11. For T' € L(H), define |T| = (T*T)"/2. Note T*T >
0, so |T'| exists by Theorem |10.10

Theorem 10.12 (Polar decomposition). For every T' € L(H), there
exists a unique partial isometry U € L(H) such that T = U|T| and
KerU = KerT'. Moreover:

(i) U is an isometry from (Ker T)* = im|T| onto imT.
(1) |T| =U*T.
(1ir) T* = |T| U* and |T*| =U|T|U".

Proof. Construction of U. For x € H, observe |Tz||> = (I*Tz,z) =
<|T|2:E,a:> — |||T z||*. Hence the map |T|z — Tz is a well-defined isometry
from im |T'| to im7T. Extend by continuity to an isometry Up: im |T| —
imT, and set U = 0 on (im|T|)* = Ker|T| = KerT (the last equality
because |||T'| z|| = ||T'z||). Then U is a partial isometry with 7' = U |T'| and
KerU = KerT.

Uniqueness. If "=V |T| with V a partial isometry and Ker V' = Ker T,
then V' agrees with U on im 7| (since V' |I'|z = Tx = U |T|x) and on
Ker |T'| = Ker T' (since both vanish). By density, V = U.

Property (ii): U1 = U*U [T'| = Py |T| = || since im |T| C im [T'].

O

10.7 Unbounded Operators

Many important operators in analysis and physics (differential operators, for
instance) are not bounded. We develop the basic framework.

Definition 10.13. An unbounded operator on a Hilbert space H is a
linear map 7': dom(7") — H where dom(7T") is a linear subspace of H
(the domain of T'), not necessarily all of H.
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Definition 10.14 (Graph, closed operator). The graph of T is I'(T') =
{(z,Tz) : x € dom(T)} C H x H. The operator T is closed if I'(T) is
closed in H x H, i.e., whenever z,, € dom(7T), =, — x, and Tz, — vy,
we have x € dom(7T") and Tx = y.

Definition 10.15 (Closable operator). T'is closable if the closure I'(7T")
is the graph of an operator (equivalently, if z, € dom(T), z, — 0,
Tz, — y implies y = 0). The resulting operator 7" is the closure of T'.

Definition 10.16 (Symmetric, self-adjoint). Let T" be densely defined
(dom(T) = H).

o T is symmetric if (Tz,y) = (x,Ty) for all x,y € dom(T).

e The adjoint T* has domain dom(7*) = {y € H : = —
(T'z,y) is bounded on dom(7")}, and T*y is the unique element
such that (Tx,y) = (x, T*y).

e T is self-adjoint if T = T* (meaning dom(7") = dom(7™) and
Tx =T*z for all x € dom(7)).

A symmetric operator satisfies T' C T™* (i.e., dom(7T") C dom(7™) and

T*|aom(ry = T'). Self-adjointness is the stronger condition dom(7) =
dom(7T™).

Remark 10.17. The distinction between symmetric and self-adjoint is
crucial. A symmetric operator may have many self-adjoint exten-
sions, exactly one, or none. The spectral theorem requires genuine
self-adjointness.

Example 10.18 (The Laplacian). On H = L*(R%), define T = —A
with dom(T") = H?(R?) (the Sobolev space). This is self-adjoint. In-
deed, for f, g € H*(RY):

(~Af.9) = [ V5 Tgda = (f,~Aghys

by integration by parts. Self-adjointness (not just symmetry) can be
proved via the Fourier transform: under F, —A becomes multiplication
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by [€]°, which is self-adjoint on dom = {f € L* : [¢|*f € L?} =
H?(RY).

Example 10.19 (Momentum operator). On L*(R), define P = —iL

with dom(P) = H*(R). Then P is self-adjoint. Via Fourier transform,
P becomes multiplication by &.

Proposition 10.20 (Criteria for self-adjointness). Let T' be symmetric
and densely defined. The following are equivalent:

(1) T is self-adjoint.
(i1) T is closed and Ker(T* +1i) = {0}.

(111) ran(T +4) = H.

Proof. (i)=(ii): If T'= T*, then T is closed (since T* is always closed). If
T*y = iy, then (Ty,y) = (y, T*y) = (y,iy) = —illy|”* but also (Ty,y) =
(T*y,y) = (iy,y) = i |y|l", giving y = 0.

(ii)=(iii): We show ran(7 — i) is closed and dense. Closedness: if z €
dom(T), |(T —i)z||* = ||Tz||> + ||z||* (since Re (T'z,iz) = 0 for symmetric
T), so T'— i is bounded below, forcing ran(7T" — i) closed. Density: if y L
ran(T — i), then y € dom(7™) and T*y = iy, hence y = 0 by hypothesis.
Similarly for ran(T + 7).

(ili)=(i): Let y € dom(T™). We show y € dom(T’). Since ran(7'+i) = H,
there exists x € dom(T") with (7' + i)z = (T* +4)y. Since T' C T*, we have
Tz —y) = —i(x —y), Le., (x —y) € Ker(T* +4). But ran(T' —i) = H
implies Ker(T* +1i) = ran(T —4)* = {0}. Hence x = y and y € dom(T"). O

10.8 Spectral Theorem for Unbounded Self-Adjoint
Operators

Theorem 10.21 (Spectral theorem, unbounded version). Let T' be a
self-adjoint operator on H (possibly unbounded). There exists a unique
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spectral measure E on (R, B(R)) with E(R\ ¢(T)) =0 and

= /OO AdE(N),

o0

in the sense that
dom(T) = {x cH: / A2 dpt (V) < oo}

and (Tz,y) = [ Adpyy(N) for z € dom(T), y € H.
For every Borel measurable function f: R — C, the operator

(1) = / SO AE()

is defined on dom(f(T)) = {zx € H: [|f|° dptar < o0}.

The proof uses the Cayley transform U = (T — ¢)(T + 4)~!, which is a
unitary operator when 7 is self-adjoint (by Proposition . One applies
the spectral theorem for unitary operators (a variant of the bounded case)
to U, then transfers back via T = ¢(Id +U)(Id —U) .

10.9 Application: Quantum Mechanics

The spectral theorem provides the mathematical foundation for quantum
mechanics.

Remark 10.22 (Observables as self-adjoint operators). In the quantum-
mechanical formalism:

e The state space is a separable Hilbert space H (typically L*(R?)).

e Observables (position, momentum, energy, etc.) are represented
by self-adjoint operators on H.

e If T"is an observable with spectral measure E and the system is
in state ¥ (||1o]| = 1), the probability of measuring T' in a Borel
set ACRis Pr(T € A) = (E(A)Y, ) = prpp(A).

e The expected value is (T')y = (T¢, 1) = [ Adpyy(N).
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e The Heisenberg uncertainty principle AT - AS > % ([T, S], )|
(where [T, S] =TS — ST) follows from the Cauchy—Schwarz in-
equality.

10.10 Exercises

Exercise 10.1 (x). Let T be bounded self-adjoint with spectral mea-
sure E. Show that 7" has an eigenvalue A if and only if E({\}) # 0,
and in that case F({\}) is the orthogonal projection onto Ker(7T — \).

Exercise 10.2 (x%). Let T be self-adjoint, f continuous, and g
bounded Borel. Show g(f(7T")) = (g o f)(T).

Exercise 10.3 (x). Let A = <2 L

) 2) on R2. Compute A2,

Exercise 10.4 (xx). Let g € L*(R) be real-valued and M, the mul-
tiplication operator on L?(R). Describe the spectral measure of M,
explicitly.

Exercise 10.5 (xx). Let T = —£ on dom(T) = C=((0,1)) in

T da?

L*((0,1)). Show T is symmetric but not self-adjoint. Find its self-
adjoint extensions (parametrized by boundary conditions).

Exercise 10.6 (x**). (Stone’s theorem.) Let (U(t));cr be a strongly
continuous one-parameter unitary group on H. Show there exists a
self-adjoint operator A such that U(t) = e/ for all ¢.

Exercise 10.7 (xx). Show that 7" is normal if and only if |T*| = |T|
(equivalently, U in the polar decomposition is unitary on (Ker T')*).
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Exercise 10.8 (x x ). (Kato—Rellich.) Let A be self-adjoint and B
symmetric with dom(A) C dom(B). Suppose there exist a < 1 and
b > 0 with ||Bz|| < a|Az| + b||z| for all x € dom(A). Prove that
A + B is self-adjoint on dom(A).

Exercise 10.9 (%). Describe the Hamiltonian of the hydrogen atom
H = —A—1/]|z| on L?*(R?) and explain why the Kato-Rellich theorem
guarantees it is self-adjoint on H?(R3).
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11.1 Holder and Minkowski Inequalities

Throughout this chapter, (€2, .4, 1) denotes a o-finite measure space and 1 <
p < co. We write p' (or g) for the conjugate exponent: % + z% = 1 (with
1"=00 and oo’ = 1).

Lemma 11.1 (Young’s inequality for products). For a,b > 0 and
1 < p < 0o with conjugate q:
al bl

ab < — + —.
p q

161
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Equality holds if and only if a? = b9.

Proof. The function ¢ — e’ is convex, so e®8 < ae® + Be! for o, 8 > 0,
a+p =1 Take a =1/p,  =1/q, s = plna, t = qlnb (for a,b > 0; the
case a = 0 or b = 0 is trivial). O

Theorem 11.2 (Hoélder’s inequality). Let 1 < p < oo and q = p'. If
ferr(u) and g € L9(u), then fg € L' (u) and

1fgllze < 1ANe Nl e

Proof. The cases p = 1 (or p = o0) are immediate. For 1 < p < oo, we

may assume | f],, [lg[l, > 0. Set f=1f/ |f]l, and g =g/ |lgll,- By Young’s

inequality:
p

atate] < L 10
Integrating: f ‘fg( dp < %-l— % = 1. Hence || fgl|, < ”pr Hqu- o

Theorem 11.3 (Minkowski’s inequality). For 1 < p < oo and f,g €
LP(p):
1f +9glle < 1fllze + gl -

Proof. For p=1 and p = oo this is the triangle inequality. For 1 < p < oc:

||f+g||§=/|f+g|” dus/|f+g|p‘1|f\ du+/|f+g|p_1 9] d.

Since (p — 1)g = p, the function |f +g/""" € L7 with [[[f +g[" || =
1f+ 9||§/ . Apply Hélder to each term:

1f -+ glls < ILF + gl (LI, + Nlgll,)-

Divide by ||f + gHg/q (assuming it is nonzero) and use p — p/q = 1. O

11.2 Completeness of L”: The Riesz—Fischer
Theorem
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Theorem 11.4 (Riesz—Fischer). For 1 < p < oo, the space LP(Q, u)
1s a Banach space.

Proof for 1 < p < oco. Let (f,) be Cauchy in LP. We show it converges by
extracting a subsequence that converges both in LP and almost everywhere.
Step 1 (Subsequence). Choose ny < ny < --- such that ||fnk,+1 — fnka <

2% Set g = fn, and
Sn(z) = Z |gk+1(2) — gi ()], S(z) = Z |k+1(2) — gu(2)] -

By Minkowski’s inequality, |[Sx||, < chvzl 27% < 1. By the monotone con-
vergence theorem, [|S]|, <1 < oo, so S(x) < oo a.e.

Step 2 (Pointwise limit). Where S(z) < oo, the telescoping se-
ries g1(z) + Y po i (gr+1(x) — gr(z)) converges absolutely. Define f(z) =
limy 00 gk () where this limit exists, and f(x) = 0 elsewhere.

Step 3 (L? convergence). We have |gi(z) — f(z)]" — 0 a.e. and
lgr — fI” < (25)? € L'. By dominated convergence, [|gy — fI|, — 0.

Step 4 (Full sequence). Since (f,) is Cauchy and the subsequence
(g9x) = (fn,) converges to f in LP, the full sequence f, — f in LP. O

Proof for p = oco. If (f,) is Cauchy in L>°, then for each pair m, n, | f,,(z) — fu(x)| <
| fm — full, outside a p-null set Ny, ,. The union N =, , Ny, is still
p-null; and on Q \ N the sequence (f,(z)) is uniformly Cauchy. Define
f(z) =lim f,(x) on Q\ N, f =0on N. Then | f, — f||., — 0. O

11.3 Density of C° in L

Theorem 11.5. Let Q C R? be open and 1 < p < oo. Then C(Q) is
dense in LP().

The proof uses convolution with an approximation to the identity.

Definition 11.6 (Mollifier). Let p € C>(R?) with p > 0, suppp C
B(0,1), and [p = 1. For e > 0, set p.(x) = e %(z/e), so that
supp p- C B(0,¢) and [ p. = 1. The family (p.) is called an approzi-
mation to the identity (or mollifier).
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11.4 Convolution and Approximation

Definition 11.7. For f € LP(R%) and g € L*(RY), the convolution is

(f*g)(z) = - flxz —y)g(y) dy.

Proposition 11.8 (Young’s convolution inequality). If f € LP(RY)
and g € L'(R?), then f x g € LP(RY) with || f = g, < I £1l, llg]l;-

Proof. For p = 1 this is Fubini-Tonelli. For 1 < p < oo: write |g| =
"9 |g]"? (with 1/p+1/q = 1) and apply Holder:

(f * 9)(@) s/rf<a:—y>| 19(v)] dy

< ([ 1ol a) " ([ 156 = p tot) )™

Raising to the p-th power and integrating in z: || f * g||} < gl [ [1f(x = )7 lg(y)| dy da =
gl A1, Nolly = 115 Tl O

Proposition 11.9 (Approximation by mollifiers). If f € LP(R?) with
1<p<oo, then f*p. € C°RY) and f * p. — f in LP as e — 0.

Proof. Smoothness: differentiating under the integral sign (justified by dom-
inated convergence and the compactness of supp p.) gives D*(f * p.) =
f*xD%. € C™.

LP convergence: by Minkowski’s integral inequality,

1 %o — 1], = HM [ - noway < [tnr = 11, )

where (7, f)(z) = f(x—y). Since translations are continuous in L? for p < oo,
given § > 0 there exists n > 0 with |7, f — f||, < d for |y| <n. Fore <,
supp p. C B(0,n), so the integral above is < d. O]

Proof of Theorem[11.5. Step 1. Approximate f € LP(Q) by f, = flk,
where K,, / Q are compact. Then f, — f in LP by dominated convergence.

Step 2. Each f, (extended by zero to RY) lies in LP(R?). By Propo-
sition [11.9) g. = f, * p. € C*® and g. — f, in LP. For ¢ < d(K,,Q°),
supp ¢g. C £ and is compact, so g. € C°(Q). ]
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11.5 The Dual of L?

The following is one of the central results in the theory of LP spaces.

Theorem 11.10 (Dual of L?). Let (2, A, ) be o-finite and 1 < p <
oo. The map

®: L) — (), o)) = [ Fad

/

where ¢ = p', is an isometric isomorphism. That is, (LP(n)) = L9(p).

Proof. Step 1 (® is an isometry). By Holder, |®(g)(f)| < HprHqu, SO
[®(g)[| < llgll,- For the reverse, take f = 19" > G (when g # 0; here |g|" %
has [f]” = |g|"""" = |gl*, so f € L?). Then ®(g)(f) = [ lg|" dp = [|g]l} and
I£1l, = gl giving [ ®(9)]| > llgllZ/ 1" = g1Z™*" = llgll,-

Step 2 (P is surjective). Let ¢ € (LP(n))'.

Case p =1 (q = 00): For measurable A with p(A) < oo, define v(A) =
©(14). Then v is a signed (or complex) measure absolutely continuous with
respect to p (since pu(A) = 0 implies 14 = 0 in L'). By the Radon-Nikodym
theorem, dv = g dyu for some measurable g. One checks g € L™ with | g|| <
Il

Case 1 < p < oo: Define v as above. The key estimate is: for any
measurable set A with p(A) > 0,

()] = el < llell [[Lall, = lloll p(A)!7,

so v < p. By Radon-Nikodym, dv = gdu. We need g € L9.
For simple functions s = Y, ¢x14,: ©(s) = [ s gdp. By density of simple
functions in LP, o(f) = [ fgdp for all f € LP (once we verify integrability).

2 G,y s0 [ ful” =

To show g € L% let g, = glyg<n}- Set fr = |gn
19" = |ga|". Then

[1onl* = [ fugan =t < el 18l = el ([ 1aul” i)™

q/q q/p
F 4

Hence [lgnllg"™ = llgnlly /Ngnlly™ < llell, Le., llgnll, < [l@ll. By monotone
convergence, [|lg]l, < [l¢] < oo. O
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Remark 11.11. The dual of L* is not L' in general; (L>(u))’ is strictly
larger, consisting of all finitely additive signed measures absolutely
continuous with respect to p. One has L' < (L*) isometrically, but
the inclusion is proper when p is not purely atomic.

Remark 11.12. Since (LP)" = L9 and (L9)' = LP for 1 < p < oo, the
spaces LP are reflexive for 1 < p < oo. The spaces L' and L> are not
reflexive (except in trivial cases).

11.6 L? as a Hilbert Space

Proposition 11.13. L2(Q,u) is a Hilbert space with inner product
(f.9) = Jo fgdu. The Riesz representation theorem for Hilbert spaces
gwes (L?) = L* directly, consistent with Theorem [11.1(} at p = q = 2.

11.7 The Radon—Nikodym Theorem

We state the theorem used in the proof of Theorem [11.10| and give a proof
using Hilbert space methods (following von Neumann).

Theorem 11.14 (Radon—Nikodym). Let u and v be o-finite measures
on (Q,A) with v < p (i.e., w(A) = 0= v(A) =0). Then there exists
a measurable function g > 0 (unique p-a.e.) such that dv = gdu, i.e.,
v(A) = [,gdu for all A € A. The function g = j—; s the Radon—
Nikodym derivative.

Proof (von Neumann). Set A = p + v. Then L*(\) — R, f — [ fdv,
is a bounded linear functional (since |[ fdv| < [|f|dv < [|f| dX and
by Cauchy-Schwarz < A(Q)'/2 [ £l 2(ny when A(€2) < oo; the o-finite case
requires a standard exhaustion argument).

By the Riesz representation theorem for L?*()), there exists h € L*()\)
with [ fdv = [ fhdX for all f € L*(X). Taking f = 1a: v(A) = [, hd\.
Since 0 < v(A) < A(A), we get 0 < h <1 Xa.e.

Now [ fdv= [ fhdu+ [ fhdv,so [ f(1—h)dv = [ fhdu. On {h =
1}, this gives u({h = 1}) = 0 (take f = 1g=1y; the left side is 0). Set
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g=nh/(1—h)on{h <1} and g =0 on {h = 1}. Then for any measurable
A, taking f = 14/(1 — h) (which is integrable) yields v(A) = [, gdp. O

11.8 Interpolation: The Riesz—Thorin Theorem

a D

Theorem 11.15 (Riesz—Thorin). Let (21, p1) and (o, o) be o-finite
measure spaces. Let 1 < po,p1,qo, 1 < 0o and letT be a linear operator
defined on LP°(uy) + LP*(u1) satisfying

1T fllg < Mollfll,y, N7l < Millfll,, -
Then for every 0 < 6 < 1, with
1 1-60 6 1-6 6

1
T = = T =4
b Po D1 q qo q1

we have [T, < My=M{ || fl|, for all | € L(sn).

Proof. We use the Hadamard three-lines lemma. Consider the strip S =
{zeC:0<Rez<1}.

Step 1 (Reduction). By duality, it suffices to show that for simple
functions f =3, a;14; and g = 3, bylp, with [|f], = llg]l, = 1:

1] e aan < 2ot

Step 2 (Analytic family). Define, for z € S:

1-z, = r(loz 4 =

o) = )P I g ) < g L
l9(y)]
(Set f. = 0 where f =0, similarly for g,.) At 2=60: fo=f, 90 =g.

Define F(z) = [(T'f.) g dua. Then F is continuous on S, analytic on the
interior (since f and g are simple functions), and bounded on S.

Step 3 (Boundary estimates). On Rez = 0: || ful[,, = 1 and ||git||qg, =
1, so [F(it)] < T full,, Hgith() < Mpy. Similarly, |F(1+it)] < M; on Rez =
1.

Step 4 (Three-lines lemma). By the Hadamard three-lines lemma (if
F' is bounded and continuous on S, analytic inside, with |F| < M, on the
line Rez = j for j = 0,1, then |F(z)| < My Re*MEe?):

|”/ﬁ7mwm=wWN§M$%ﬁ. -
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11.9 Application: Fourier Transform on L' and
L2

Definition 11.16. For f € LY(R?), the Fourier transform is

f&)= [ fx)e?=¢de, €eR

Proposition 11.17. The Fourier transform F: L'(R?) — Cy(R?) is
< £l

a bounded linear map with Hf’

Theorem 11.18 (Plancherel). The Fourier transform extends
uniquely to a unitary operator F: L*(R?) — L*(RY):

1

=Wl for all £ € PR,

Proof. For f € L' N L? (which is dense in L?), one verifies HfH = [|fll, by
2

computing < 1, §> = (f, g), for Schwartz functions and extending by density.
2

Alternatively, by the Riesz—Thorin theorem: JF maps L' — L% with
norm 1 and (once established on a dense subspace) L? — L? with norm
1. By interpolation at § = 1/2 (giving p = 4/3, ¢ = 4), one obtains the
Hausdorff-Young inequality HfH <|[fll, for 1 <p <2 g=p. O

q

11.10 Exercises

Exercise 11.1 (%). Characterize equality in Holder’s inequality.

Exercise 11.2 (x). Let p(€2) < oco. Show that L(2) C LP(Q2) for
1 < p < q < oo with [|f[|, < u(Q)/P~4|f]|,. Give a counterexample
when p(Q2) = co.
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Exercise 11.3 (xx). Show that LP(R?) is separable for 1 < p < oo
but L*>°(R?) is not.

Exercise 11.4 (%%). Let 1 < p < oo and f, — f in LP. Show
| f]l, < liminf|[f,[,. If additionally | f.|, = [Ifll,, show f, — f in
LP.

Exercise 11.5 (%x). Prove directly that (') = .

Exercise 11.6 (x x x). (Dunford-Pettis.) A subset K C L'(p) is
weakly sequentially compact if and only if it is bounded and uniformly
integrable. Prove this.

Exercise 11.7 (x). Show f* g*h = f * (g * h) for appropriate f, g,
h in LP spaces.

Exercise 11.8 (xx). Show the Fourier transform is a bijection on the
Schwartz space S(RY) and satisfies Do f(€) = (2mi&)* f(£).

Exercise 11.9 (x**). (Marcinkiewicz interpolation.) Prove the weak-
type version of Riesz—Thorin: if T is weak-(po, qo) and weak-(p1,q1),
then T is strong-(p, q) for po < p < ps.
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12.1 Banach Algebras

Definition 12.1 (Banach algebra). A Banach algebra is a Banach
space (A, ]]-]]) equipped with a bilinear multiplication A x A — A
satisfying:

(i) |lab]| < ||a||||b]] for all a,b € A (submultiplicativity).
(ii) Associativity: (ab)c = a(bc).

If there exists a unit e € A with ea = ae = a for all a and |le| = 1, we
say A is unital.

Example 12.2. (a) L£(FE) with operator composition, for any Ba-
nach space F.

(b) C(K) with pointwise multiplication, for a compact Hausdorff
space K. This is a commutative unital Banach algebra.

(¢) €'(Z) with convolution: (a*b), = Y,z axby—x. The unit is d.
This is a commutative unital Banach algebra.

(d) L'(R) with convolution. This is a commutative Banach algebra
without unit.

12.2 Spectrum and Spectral Radius

Definition 12.3. Let A be a unital Banach algebra and a € A. The
spectrum of a is

Spec(a) = {A € C: Xe — a is not invertible in A}.

The spectral radius is r(a) = sup{|A| : A € Spec(a)}.

Proposition 12.4. If ||a|]| < 1 in a unital Banach algebra, then e — a
is invertible with (e —a)™' =Y "2 ja™ and |[(e — a) Y| < (1 — |la]))~ "
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Proof. The series converges absolutely since Y [[a™|| < Y |ja]|” < co. Then
(e—a)SN a"=e—aVt! e O

n=0

Theorem 12.5 (Spectral radius formula). For a in a unital Banach

algebra:

r(a) = lim [|a”||"™ = inf ||a”|"".
n—00 n>1

Moreover, Spec(a) is a nonempty compact subset of the disk {|\| <

lall}-

Proof. Step 1 (Spec(a) is compact and nonempty). If |\| > ||a||, then
Xe —a = (e —a/]) is invertible by Proposition[12.4] so A ¢ Spec(a). Hence
Spec(a) C B(0, ||al]).

The map A — e — a is continuous C — A, and the set of invertible
clements A* is open (if b is invertible and [jc —b|| < [[b™]|”", then ¢ =
b(e — b=1(b — ¢)) is invertible). Hence C \ Spec(a) is open, so Spec(a) is
closed, thus compact.

Nonemptiness: for any ¢ € A’ the function f(\) = ¢((Ae — a)™!) is
analytic on C \ Spec(a). If Spec(a) = 0, f is entire. For |\ > |a:
S < llell I(Ae =)= < lell /(1A = llal) — 0 as |A| — oco. By Li-
ouville’s theorem, f = 0. Since this holds for all ¢ € A’, Hahn-Banach gives
(Ae —a)™! = 0, a contradiction. Hence Spec(a) # 0.

Step 2 (r(a) = lim ||a”||"’™). If A € Spec(a), then A" € Spec(a™) (since
A"e — a” factors), so | A" < ||a”||, giving 7(a) < inf, [|a”|"/".

For the reverse, let R = limsup, ||a”||”/". The resolvent R(\) = (e —
a)~t =322 a™ /A" converges for |A| > R (by the root test). Since this
Laurent series converges on C \ Spec(a) and diverges at points of Spec(a),
we have r(a) > R.

To see R = lim (not just limsup): let a = inf,, ||a . For any n, writing
m=nqg+r with0 <r <mn: [|[a|"™ < ||a”]|¥™ ||a||"/™. Taking limsup as
m — oo (so g/m — 1/n, r/m — 0): R < ||a”||*" for all n, hence R < a.
Combined with a < R, we get o = R = lim,, ||a"||*/". O

n”l/”
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12.3 Ideals, Quotients, and Morphisms

Definition 12.6. A (two-sided) ideal in a Banach algebra A is a closed
subspace I such that al C I and Ia C I for all a € A. An ideal is
mazximal if it is proper (I # A) and not contained in any larger proper
ideal.

Proposition 12.7. If I is a closed ideal in A, then A/I is a Banach al-
gebra with ||a + I|| = inf,e; [|[a + z||, the quotient norm. If A is unital,
so is A/I (with unit e + 1 ).

Definition 12.8. A morphism of Banach algebras is a bounded linear
map ¢: A — B satisfying ¢(ab) = ¢(a)o(b). If A and B are unital and

¢(eq) = ep, we say ¢ is unital.

12.4 Commutative Banach Algebras: Charac-
ters and Gelfand Space

Definition 12.9. Let A be a commutative unital Banach algebra.
A character (or multiplicative linear functional) is a nonzero algebra
homomorphism x: A — C, i.e., x(ab) = x(a)x(b) and x # 0.

Proposition 12.10. Let x be a character of a commutative unital
Banach algebra A.

(i) x is continuous with ||x|| = 1.
(i1) x(e) = 1.
(i1i) Ker x is a mazimal ideal.

(iv) x(a) € Spec(a) for all a € A.

x(e-e) =x(e)* and x # 0, so x(e) = 1.

Proof. (ii) x(e) =
e —a € Kerx which is a proper ideal, hence x(a)e — a is not

(iv) x(a)
invertible.
(i) From (iv), |x(a)] < r(a) < |lall, so [Ix|| < 1. Since x(e) =1, [Ix|| = 1.
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(iii) Ker y has codimension 1 (since x is surjective onto C) and is an ideal,
hence maximal. ]

Definition 12.11 (Gelfand space). The Gelfand space (or mazimal
ideal space, or character space) of A is the set A of all characters of A,
equipped with the weak-* topology inherited from A’.

Proposition 12.12. Aisa compact Hausdorff space (in the weak-*
topology).

\. J

Proof. By Proposition , Ac {peA: ||| <1}, which is weak-*
compact by Banach—Alaoglu. It suffices to show Au {0} is weak-x closed. If
Xa — ¢ weak-x with xo € A, then ¢(ab) = lim x4(ab) = lim xq(a)xa(b) =
o(a)p(b). So ¢ is multiplicative, hence p € AU {0}. Since y(e) = 1 for all
y € A and p(e) = lim ya(e) = 1, ¢ # 0, so actually A is itself closed, hence
compact. O]

12.5 The Gelfand Transform

Definition 12.13. The Gelfand transform is the map I': A — C(A)
defined by )
a(x) =x(a), a€Ad, xeA

Theorem 12.14. The Gelfand transform I': a — a is a unital algebra

~

homomorphism from A to C(A) with:
(i) ab = ab and amb = ad + Sb.
(it) ||al|, = r(a) for all a € A.
(iii) a(A) = Spec(a) for all a.
(iv) KerI' = {a € A:r(a) =0} (the radical of A).

\. J

Proof. (i) is immediate: cﬁ)(x) = x(ab) = x(a)x(b) = a(x)b(x).

(iii) A € Spec(a) iff e — a is not invertible. In a commutative unital
Banach algebra, a noninvertible element is contained in a maximal ideal,
and every maximal ideal is Ker x for some x € A (by Zorn’s lemma and the
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correspondence between maximal ideals and characters). Hence A € Spec(a)
iff x(Ae —a) = 0 for some x, iff A = y(a) for some x.

(i) [lall, = sup, [x(a)] = supxegpec(a) Al = ().
(iv) a = 0 iff [|al| = 0 iff r(a) = 0. O

12.6 (C*-Algebras

Definition 12.15 (C*-algebra). A C*-algebra is a Banach algebra A
equipped with an involution x: A — A (an antilinear map with (a*)* =
a and (ab)* = b*a*) satisfying the C*-identity:

la*al| = ||a||® for all a € A.

Example 12.16. (a) £(H) with 7" = adjoint, for a Hilbert space
H.

(b) O(K) with f* = f, for compact Hausdorff K.

(¢) Any norm-closed #-subalgebra of L(H).

Proposition 12.17. In a C*-algebra: ||a|| = r(a) for every normal
element (a*a = aa*). In particular, ||a|| = r(a) for self-adjoint a.

Proof. If a is normal, |la®||* = ||(a*)*(a?)]| = (a*a)?|| = |la*al* = [a]",
/=1 | =

192}
o

n||1/n

lla la||>. By induction, la la||*", hence r(a) = lim ||a
lall- O

12.7 The Commutative Gelfand—Naimark The-
orem

Theorem 12.18 (Commutative Gelfand-Naimark). Let A be a com-
mutative unital C*-algebra. The Gelfand transform I': A — C(A) is
an 1sometric x-isomorphism.

Proof. Step 1 (I' is a *-homomorphism). We know I' is an algebra
homomorphism. We must show a*(x) = a(x), i.e., x(a*) = x(a).
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Every element of a C*-algebra can be written a = h + ¢k with h =
(a4 a*)/2 and k = (a — a*)/(2i) self-adjoint. It suffices to show y(h) € R
for self-adjoint A.

For self-adjoint h and t € R, set u; = " (defined by the power series,
which converges). One checks uf = e ™ = u; !, so u; is unitary: |ju]|* =
luiuel| = flel| = 1. Hence |x(u)| < [Juell = 1 and [x(u)™"| = [x(u—)| <1,
so [x(ur)| = 1.

Now x(u;) = X" (since x is an algebra homomorphism preserving the
exponential series). Hence |¢'X")| =1 for all ¢ € R, which forces x(h) € R.

Step 2 (I' is isometric). Since A is commutative, every element is
normal (as a*a = aa* when multiplication commutes). By Proposition[12.17,
lall = r(a) = all..

Step 3 (I is surjective). By the isometry, I'(A) is a closed *-subalgebra
of C'(A) containing the constants (since é = 1) and separating points of A
(if x1 # X2, there exists a with xi(a) # x2(a), i.e., a(x1) # a(xz2)). Since
[ is a x-map, I'(A) is closed under conjugation. By the Stone-Weierstrass
theorem, T'(A) = C(A). O

12.8 Continuous Functional Calculus in C*-Algebras

Theorem 12.19. Let A be a unital C*-algebra and a € A normal.
There exists a unique isometric *-isomorphism ®,: C(Spec(a)) —
C*(a,e) (the C*-subalgebra generated by a and e) with ®,(id) = a
and ®,(1) =e.

Proof. C*(a,e) is a commutative C*-algebra (since a is normal). By the
Gelfand-Naimark theorem, C*(a,e) = C(C*(a,e)). The evaluation map

—

X — x(a) is a homeomorphism C*(a,e) — Spec(a) (it is continuous and
injective—since Y is determined by x(a)—and surjective by Theorem [12.14{(iii)).
The composition gives the desired isomorphism C(Spec(a)) = C*(a,e). O

12.9 States and Positive Forms

Definition 12.20. A linear functional w: A — C on a C*-algebra is
positive if w(a*a) > 0 for all a € A.
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Definition 12.21. A state on a unital C*-algebra A is a positive linear
functional w with w(e) = 1. The set of all states is the state space S(A).

Proposition 12.22. Let w be a state on a unital C*-algebra A.
(i) w(a*) = w(a).
(ii) lw(a)|” < w(a*a) (Cauchy-Schwarz).

(iti) ||wll = w(e) = 1.

(iv) S(A) is conver and weak-x compact.

Proof. (i)—(ii): The map (a, b) — w(b*a) is a positive semidefinite sesquilinear
form, so (i) and (ii) follow from standard properties.

(iii): |w(a)|* < w(a*a) < ||w| ||la*a| = ||lw|| ||a||?, hence ||w|| < itself (circu-
lar unless we note w(e) = 1 gives |w|| > 1, and the Cauchy-Schwarz bound
gives |w(a)| < w(e)w(a*a)’? < w(e)?||a*al"? |w|*’?... more cleanly:
lw(a)| < |la| follows from |w(a)]* < w(a*a) < ||a*a|| = ||a||* once we know w
is bounded, which follows from positivity on a C*-algebra). Thus |jw|| = 1.

(iv): Convexity: if wy,ws are states and 0 < ¢ < 1, then twy + (1 — t)wy is
positive with value 1 at e. Weak-* compactness: S(A) C {p € A": ||p] < 1}
is weak-* closed (being defined by the conditions w(e) =1 and w(a*a) > 0),
hence compact by Banach—Alaoglu. O

12.10 The GNS Construction

The Gelfand-Naimark—Segal (GNS) construction produces a Hilbert space
representation from a state.

Theorem 12.23 (GNS construction). Let A be a unital C*-algebra
and w a state on A. There exist a Hilbert space H,, a unit vector
&w € Hy,, and a x-representation m,: A — L(H,) such that:

(i) w(a) = (m,(a)é,, &) for all a € A.

(i1) &, is cyclic: m,(A), = H,.

The triple (H,, T, &) s unique up to unitary equivalence.
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Proof. Step 1 (Inner product on A). Define the sesquilinear form on A:
(a,b), = w(b*a). This is positive semidefinite: (a,a) B = w(a*a) > 0.

Step 2 (Quotient by null space). Let N, = {a € A : w(a*a) = 0}.
By CauchySchwarz (Jw(b*a)|* < w(a*a)w(b*h)), N, is a left ideal of A (if
a € N, then for any b € A: w((ba)*ba) = w(a*b*ba) < ||b*b||w(a*a) = 0 by
positivity and C*-identity reasoning). The quotient A/N,, inherits an inner
product: (a + Ny, b+ N,) = w(b*a).

Step 3 (Completion). Let H, be the completion of A/N,,.

Step 4 (Representation). For a € A, define m,(a)(b+ N,) = ab+ N,,.
This is well-defined since NN, is a left ideal. We check boundedness:

7o (@) (b + No)|I* = w(b*aab) < [la*al| w(b*b) = [|a]* ||+ NI,

where the inequality uses a*a < ||a||” e (in the order of self-adjoint elements)
and positivity of w. Hence ||m,(a)| < ||a|| and 7, (a) extends to H,,.

One verifies 7, (ab) = m,(a)m,(b) and 7,(a*) = m,(a)* (from the definition
of the inner product).

Step 5 (Cyclic vector). Set &, = e+ N, € H,,. Then 7,(a)&, = a+N,,
so mu(A)&, = A/N,, which is dense in H, by construction.

Also, (m,(a)&,, &) = w(e* - a-e) = w(a).

Uniqueness. If (H' 7', is another GNS triple, define U: 7, (a)&, —

7'(a)¢’. This is isometric (since both inner products equal w(a*a)) and ex-
tends to a unitary U: H,, — H' with Urn,(a) = 7'(a)U and U¢, = ¢'. O

Corollary 12.24 (Gelfand-Naimark embedding). Every C*-algebra
admits an isometric x-representation on a Hilbert space.

Proof. For each a € A with a # 0, there exists a state w with w(a*a) = ||a||”
(by the Hahn—Banach theorem applied to the C*-subalgebra generated by
a*a). The direct sum m = P,cg4)Tw o0 H = P, H., gives a faithful
representation. O]
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12.11 Application: Representation Theory and
Quantum Mechanics

Remark 12.25 (Algebraic quantum mechanics). In the algebraic ap-
proach to quantum mechanics:

e Observables form a C*-algebra A (self-adjoint elements represent
physical quantities).

e States are positive normalized linear functionals w € S(A).

e The GNS construction recovers the Hilbert space formulation:
given a state w, the observables act on H,, via 7.

e Different states may give rise to unitarily inequivalent representa-
tions, which is related to the phenomenon of spontaneous symme-
try breaking and superselection sectors in quantum field theory.

12.12 Exercises

Exercise 12.1 (x). Compute Spec(a) for: (a) the identity e; (b) an
idempotent p = p?; (c) a nilpotent element a™ = 0.

Exercise 12.2 (xx). Identify the Gelfand space of ¢!(Z) (with convo-
lution product) with the unit circle T, and the Gelfand transform with
the Fourier series.

Exercise 12.3 (). Show that a C*-algebra has a unique C*-norm: if
l|I-]l; and ||-||, are two norms making A a C*-algebra, then |jal|, = ||a]|,
for all a.

Exercise 12.4 (%*). Let A be a C*-algebra and a € A self-adjoint.
Show a > 0 if and only if Spec(a) C [0, 00).
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Exercise 12.5 (x*). A state w is pure if it is an extreme point of S(A).
Show that w is pure if and only if 7, is irreducible.

Exercise 12.6 (x x x). Using the GNS construction and Corol-
lary [12.24] prove that every C*-algebra A is isometrically *-isomorphic
to a norm-closed *-subalgebra of L(H) for some Hilbert space H.

Exercise 12.7 (). (Wiener’s lemma.) Let f € ¢'(Z) have absolutely
convergent Fourier series f(f) = > a,e™. Show that if f never

vanishes on T, then 1/ f also has absolutely convergent Fourier series.
Hint: use the Gelfand theory of (*(Z).

Exercise 12.8 (*%). (Kadison’s inequality.) Let m: A — L(H) be a
unital *-homomorphism. Show that 7(a)*m(a) < 7(a*a) for all a.

Exercise 12.9 (x * %). (Spectral permanence.) Let B be a C*-
subalgebra of a C*-algebra A with the same unit. Show that
Specg(b) = Spec,4(b) for all b € B.
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Appendix A

Review of Analysis and Topology

Contents
[A.1 Baire’s Category Theorem| . . . .. ... ... ... 183
[A.2 Zorn’s Lemmal .. ................... 184
[A.3 Tychonoff’s Theorem| . .. ... ... ........ 184
[A.4 Lebesgue Measure and Integration| . . . . . .. .. 185
[A.5 Additional Useful Resultsl . .. ........... 186

This appendix collects fundamental results from analysis and topology
that are used throughout the text. Proofs are included for the reader’s con-
venience.

A.1 Baire’s Category Theorem

Theorem A.1 (Baire category theorem). Let X be a complete met-
ric space (or, more generally, a locally compact Hausdorff space). If
(Upn)n>1 is a sequence of dense open subsets of X, then () —, U, is
dense i X.

Equivalently, X cannot be written as a countable union of closed sets
with empty interior: if X =, F,, with F, closed, then at least one F,
has nonempty interior.

. 7

Proof. Let By C X be a nonempty open ball. Since U; is dense, ByNU; # 0;
choose a closed ball B; ¢ By, N U; with radius r; < 1. Since U, is dense,
By MUy # 0; choose By C B; N U,y with 7y < 1/2. Continue inductively:
§n+1 C B, N Un+1, Tn < l/n

183



184 APPENDIX A. REVIEW OF ANALYSIS AND TOPOLOGY

The centers (z,,) form a Cauchy sequence (since z,,, z,, € By for m,n >
N, with diam By < 2/N). By completeness, z,, — z. Since x € B, for all
n (as the nested intersection of closed sets), * € B, C U, for all n. Hence
x € ByN (), Uy, proving density. ]

Remark A.2. The three pillars of functional analysis—the uniform
boundedness principle, the open mapping theorem, and the closed
graph theorem—all rely on Baire’s theorem. In this text, it is invoked
in Chapters 2, 3, and 4.

A.2 Zorn’s Lemma

Theorem A.3 (Zorn’s lemma). Let (P, <) be a nonempty partially
ordered set in which every totally ordered subset (chain) has an upper
bound. Then P has at least one mazimal element.

Zorn’s lemma is equivalent to the axiom of choice and is used through-
out functional analysis, notably in proving the Hahn—Banach theorem, the
existence of bases (Hamel bases), and the existence of maximal ideals.

A.3 Tychonoff’s Theorem

Theorem A.4 (Tychonoff). An arbitrary product of compact topolog-
ical spaces is compact (in the product topology).

Proof sketch using Alexander’s subbasis theorem. By Alexander’s subbasis the-
orem, it suffices to show that every cover by subbasis elements has a finite
subcover. The subbasis for the product topology [, X« consists of sets
7, (Uy) where U, C X, is open. Suppose [[ X, C U,c; 75" (Ua,) has no
finite subcover. For each index «, consider the open sets U,, with o; = a.
If these cover X,, a finite subcover of X, (by compactness) gives a finite
subcover of the product restricted to that coordinate—one checks this yields
a contradiction. Hence for each «, X, is not covered, and one can choose
2o & |U; Ua, (for those ¢ with a; = @). The point (z,), then lies in no set of
the cover, contradicting the assumption that it was a cover. O
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Remark A.5. Tychonoft’s theorem is equivalent to the axiom of choice.
It is used in the proof of the Banach—Alaoglu theorem (weak-* com-
pactness of the unit ball in a dual space).

A.4 Lebesgue Measure and Integration

We recall the essential facts. Let (£2, A, 1) be a measure space.

r

Definition A.6. A function f: Q@ — R (or C) is measurable if
f~Y(B) € A for every Borel set B.

Theorem A.7 (Monotone convergence). If 0 < f1 < fo < -+ are
measurable with f,, 7 f pointwise, then [ f,du 2 [ fdp.

Theorem A.8 (Dominated convergence). If f, — f a.e., |fu] < g
a.e. for some g € L*(u), then f € L'(u) and [ f, du — ffd,u.

Proof. By Fatou’s lemma applied to g + f,, > 0 and g — f,, > 0:

/g+/f§liminf/(g+fn)=/g+liminf/fn,
/g—/fﬁliminf/(g—fn)z/g—limsup/fn-

Hence [ f <liminf [ f, <limsup [ f, < [ f.

r

Theorem A.9 (Fubini-Tonelli). Let (X, u) and (Y, v) be o-finite mea-
sure spaces.

(i) (Tonelli) If f > 0 is measurable on X XY, then

[ ysver= [ ([ oo ([ e

(ii) (Fubini) If f € L'(u ® v), the same iterated integral equalities
hold and the inner integrals define integrable functions a.e.

‘E

() vl
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Remark A.10. Fubini’s theorem is used extensively in Chapter |11} (for
convolution and duality proofs) and in Chapter [J] (for Hilbert-Schmidt
operators).

A.5 Additional Useful Results

Theorem A.11 (Urysohn’s lemma). If X is a normal topological space

and A, B C X are disjoint closed sets, there exists a continuous func-
tion f: X — [0,1] with fla =0 and f|g = 1.

Theorem A.12 (Partition of unity). Let X be a paracompact Haus-
dorff space and (U,) an open cover. There exists a partition of unity
(¢a) subordinate to (Uy): @a > 0, supp 9o C Uy, D, 0o =1 (locally
finite sum).

Theorem A.13 (Arzela-Ascoli). Let K be a compact metric space. A
subset F C C(K) is relatively compact if and only if it is bounded and
equiconNtinUoOUs.

Theorem A.14 (Stone-Weierstrass). Let K be a compact Hausdorff
space and A C C'(K,R) a subalgebra that separates points and contains
the constants. Then A is dense in C(K,R). The complex version
requires A to be closed under conjugation.
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norm identity,

operator, 49|

properties, [50]

shift operator, [54]
adjoint operator,

matrix representation, [37]

properties, [35]
Alexander’s subbasis theorem, [I184]
almost everywhere,
analytic continuation, [47]
annihilator,

properties, [6§

appendix, [183H186

approximate eigenvalue, [55|
approximation property, [[39
approximation to the identity, [L63
Arzela—Ascoli theorem, [186
automatic continuity, [93]

Banach algebra homomorphisms,

94

axiom of choice,

Baire category

terminology,

Baire category theorem,
complete metric spaces,

consequences, [74]
in (7, [84)
locally compact spaces, [74]

proof,
statement, [I83]
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Banach algebra, [43] [04]
definition,
examples,
ideal,
morphism, {174

quotient, [I74]

construction, [I74]
unital,
Banach isomorphism theorem,
applications,

exercises, [102]
Banach limit, [70]

Banach space, [9]
characterization via series,
definition,

Banach, Stefan, 9]
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bilinear form
joint boundedness proof,
uniform boundedness, [83]
BLT theorem,
Bolzano—Weierstrass theorem,
Borel functional calculus, [153H15
definition, (153
properties, [I53]
bounded below operator,
bounded linear functional
extension, 59|
bounded linear map, [I6]
equivalence with continuity,

bounded linear operator, A1}, [75]
definition,

W

Banach—Alaoglu theorem, [66] [75} ¢ []

consequences, [67]

for bounded sets,
necessity of weak-x, [134]
statement, [67]

vs. Heine-Borel,

Banach—Schauder theorem, [87], see open

mapping theorem
Banach—Steinhaus theorem,

C([a, b)),
C(K),

Banach algebra,
completeness,
C*-algebra,
definition,
examples, [176

spectral radius,
uniqueness of norm, [180

application to weak convergence, C*-identity, [50]

124

condensation,

Hilbert space version,

proof,

statement, [75]

strong convergence, [7§]
Bessel’s inequality,
best approximation,
bidual,

canonical embedding, [64]

definition, [64]

iterated,

of (1,
big four theorems,

Co, @
closedness,

calculus of variations
direct method,
energy minimization, [[32]
in L?, (136

canonical embedding, [64]
isometry, [64]

canonical injection,
is isometry, [II0]

range, [[T9

canonical projection,
Cantor set, [72]
Carleson’s theorem,
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Cauchy sequence, [13]

Cauchy—Schwarz inequality, [24]
Cayley transform, [158

Ce(R),

o
density in L?, [I63H164]
statement, [I63]
character,
definition,
properties, [I74]
Clarkson’s inequalities, [I15]
closable operator,
closed ball,
closed convex set,
closed graph theorem,
equivalent formulation, [92]

exercises, [I00]

failure,

Fréchet spaces,

multilinear maps, [103

proof, 02]

statement and proof, [92]
closed hyperplane,
closed operator, [91]

vs. continuous operator, [91]
with closed domain,
closed range
characterization, [90]
stability under perturbation, [07]
closed range theorem,

exercises, [I0]]
proof, 05

closed subspace, 2§
Banach,
codimension,

compact operator, [38] 3] [I37HI47]|

and weak convergence, [136]
closedness, [44]
definition,

diagonal,
Hilbert—Schmidyt,

INDEX

preview, [3§]
properties, [43]
self-adjoint,
space of,
spectrum, [50]

vs. finite-rank,

weakly convergent sequences, [146
compact space, [1]]
compactness

weak-x, [126]
complemented subspace, [102
completeness, [13]
completion,

construction, [I9]
composition of operators,
condensation of singularities, [82]

exercises, [85]

proof, [82]
conjugate exponent, [107] [I6]]
conjugate symmetry, 24

conjugate-linear map,
continuous functional calculus,
150

theorem, [I50]
continuous functions, space of,
continuous linear functional, [L06]
convergence

in normed spaces,

weak,
weak-x,

convex function
subdifferential,
weak lower semicontinuity, [136
convex set
weak closure, [130
convolution,
definition, [164]
cyclic vector,

Day’s theorem,
De Wilde’s theorem,
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densely defined operator, [93]
density

finite sequences in cg, [L09

of smooth functions, [163H164
diagonal argument,
differential equations

closed graph application,

differentiation operator
closed,

direct method,

direct sum
Hilbert, [34]

Dirichlet kernel, [79
L' norm,

domain, (155

domain of an operator, [9]]

dominated convergence theorem, [34]

[163] 135
du Bois-Reymond,

du Bois-Reymond theorem,

proof,
dual

topological, see topological dual

dual space,

applications of Hahn-Banach,

completeness,
finite-dimensional, [T17]

is Banach, [106]
of fl,
of 7, [63] [107]
of C([0,1]), 01
of ¢y, [68], [10§]
of L*°, [166]

of L?,[109] [165]

proof,
theorem, (165

of direct sum, [T1§]
separates points,
surjectivity of identification,

topological,
Dunford-Pettis theorem, [135]
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E*,
Eberlein-Smulian theorem, 114
significance of,
eigenvalue,
finite multiplicity,
of compact operator, [142
2,
1z
completeness,
not Hilbert for p # 2,
separability,
o)
Banach algebra,
elliptic PDE, [30]

energy functional,
Enflo counterexample, [139)
epigraph,
equicontinuity, [7g]
equivalence of norms,
equivalent norms
Banach space criterion,
exercises, [100]
Euclidean norm,
Euclidean space,

F(E,F),

factorization principle, [97]

Fatou’s lemma, [185]

Fekete’s lemma, [47]

finite-dimensional space
compact unit ball,
completeness, [I5]
equivalence of norms,

finite-rank operator, [43] [13§]
definition,

Fischer-Riesz theorem, [33]

Fourier coefficients,

Fourier series, [37]
condensation of divergence,
divergence,
exercises, [84]
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generic divergence,
partial sums, [79]
Fourier transform, [I56] 168
on L', [168
on L?,[168
on Schwartz space, [169
Fréchet space,
definition,
examples,
exercises, [I0]]
Fredholm alternative, [140H141
proof, [14]]
theorem, (140
Fredholm equation, [14]]
Fredholm index,
Fredholm integral equation, [46] [145]
solvability,
Fredholm operator, [104]
index,
Frobenius norm, [54]
Fubini theorem, [164]
functional calculus
Borel,
continuous, [[49HI50]
theorem, 150
in C*-algebras,
theorem,

gauge,
gauge function, [60]
Gelfand space,
compactness, [I79]
Gelfand theory,
Gelfand transform,
definition,
of (X(Z),
properties, [I75]
Gelfand’s formula, 7]
Gelfand—Naimark theorem

commutative, [TT6HI77]
proof,

INDEX

statement, [I70]
general,
noncommutative, [I8]]

Gelfand-Naimark—Segal construction,

see GNS construction

Gibbs phenomenon,
overshoot, [81]

GL(E),

GNS construction, [I78HI79
proof,
theorem, [I7§]

Goldstine’s theorem, [67]
application,
consequences, [I29]

Gram—Schmidt process, [37]

graph
of operator, [156

graph norm, [94]
graph of an operator,

Holder’s inequality, [63], [107]
Hadamard three-lines lemma,

Hahn—Banach theorem, [106]
analytic form,
Banach limits, [70]
complex analytic form,
complex case,
complex from real,
consequences, 9|
exercise, [68]
extension of functionals,
finite-dimensional, [6§]

geometric form,

history, [70]
norm-preserving extension, [L06]

one-step extension, 5|
quotient space, [69
real analytic form, [58]
real case,
separation, [61]

separation of points, [60]
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strict separation, [62]

uniqueness of extension,
Hausdorff-Young inequality,
Heine-Borel theorem,
Heisenberg uncertainty principle,
Hellinger—Toeplitz theorem,

exercise, [100]

Hermitian operator,
Hilbert basis,

countable, [33]
existence, [32]

Hilbert direct sum, [34]
completeness,
universal property, [3§]

Hilbert space,
definition, [20]
isomorphism theorem,
operators on, A9
self-duality,

Hilbert—Schmidt operator, [44] [144}-
definition, [144]
integral,

Hilbert-Schmidt theorem, [144H145]
proof,
statement, [144]

Holder inequality, [[6IHI62]
statement, [I62]

Holder’s inequality,

holomorphic functions, [98]

homogeneity,

hydrogen atom,

hypercyclic operator,

hyperplane,

ideal
in Banach algebra,

of compact operators,
incomplete normed space,

initial topology,
convergence in, [122]
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Hausdorff, [122]
inner product,
continuity, [36]
inner product space,
integral operator,

compact, [I3§

interpolation, 168
inverse mapping theorem,
invertibility,

Neumann series,

open set, [46]

perturbation, [4g]
invertible operators

openness, [21]
involution,

isometry, [36]

Jacobson radical, [94]

James’ space, [110]

James’ theorem, [112

James’ theorem (exercise),
Johnson, B. E., [94]

Jordan-von Neumann theorem,

K(E, F),
Kadison—Schwarz inequality, [I81
Kakutani’s theorem, [129)

application,

significance, [130
Kato—Rellich theorem, [160
kernel,

of adjoint, [53]

of Id minus compact,
KTL

Hilbert space,
Kronecker delta,

£(E),
L(E,F),
completeness,
L'(R)
Banach algebra,
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L?,
completeness,
Hilbert space, [26]
L? space
Hilbert space,
Laplacian, {156
as unbounded operator, [04]
Lax-Milgram theorem,
proof,
Lebesgue integral,
Lebesgue measure, [I85H186
LF-space, [99
linear functional
kernel containment, [132]
linear map

bounded, [16]
linearity,

LOO
dual,
Liouville’s theorem, [A7], [I73]
Lipschitz map,
lower semicontinuity
of norm, {125

LP,
as completion,

LP space
completeness, [162(H163
dual,

inclusions,

reflexive, [166)

separability, [I69]

(P spaces

dual, [63]

Marcinkiewicz interpolation, [169

matrix

adjoint,
maximal ideal, [I74]
Mazur’s theorem, [130

application,

convex combinations, (131

INDEX

Mazur’s theorem (exercise),
meagre set, [72]
measurable function,
measure space, [I]]
Mercer’s theorem, (146
metric, [I0]
Milman—Pettis theorem, [115
min-max principle, [146
minimizer

existence of, [I37]

in LP, 136

of norm, [132]
minimum modulus,

and closed range, [97]
Minkowski functional,

exercise, [69)

properties, [6]]
Minkowski inequality,

statement, [[62]
Minkowski integral inequality,
Minkowski’s inequality,
Mittag-Leffler theorem,
modulus of convexity, [115
mollifier, [I63]

approximation, [164]
momentum operator, [I57]
monotone class theorem, [I152]
monotone convergence theorem, ,

163} [I85]

multiplication operator, [42]

adjoint,

spectral measure,
multiplicative linear functional,

Neumann series, [20] [45], [L00]
application, [46], [4]
theorem,

nilpotent operator, [4§]

norm, [10]
attained on spectrum,
continuity, [20]
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from inner product, [24]
subdifferential,
weak lower semicontinuity,
norm-attaining functional, [70]
normal operator, [30],
characterization,
definition,
eigenspaces, [59|
normed space
completion,
normed vector space, [J]
nowhere dense set, [72]
examples,
exercises, [34]
nowhere differentiable function,
numerical range, [56]

observable, [I5§
algebra of,

open ball,

open mapping,

open mapping lemma,
proof,

open mapping theorem,
completeness hypotheses,
counterexample, [104]

exercises, [100]

factorization, [98]
Fréchet spaces,
non-surjective case, [I03]

proof,

statement and proof, [89
open range,
operator

adjoint,

bounded, [42]

bounded linear,

closed, [156|
compact, i3} [T37 (127

composition, [43]

diagonal,
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finite-rank, [43] [I3§]
integral, [42]
Laplacian, [156
multiplication, [42]
operator algebra,
operator norm, [17], [42]
matrix, [54]
properties, [20]
operators on (7,
orthogonal complement,
definition,
double, 29]
orthogonal projection,
characterization,

operator, [5]]
orthogonality,
orthonormal basis,

orthonormal system, [30]
Osgood’s theorem,

parallelogram law,
Parseval’s identity,

Parseval’s theorem, [32]
partial isometry, [155
partition of unity, [186

PC'?@

perturbation

bound, (4§

of invertible operators,

of the identity, 49|
perturbation of invertible operator, [L00]
physicist’s convention,
Plancherel theorem, [168
Poincaré inequality, [132]
pointwise bounded

functionals, [77]
pointwise bounded family,
pointwise limit of operators, [76]

polar decomposition,
theorem, 155
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polarization identity, 25 32 [51], [143] of adjoint, [53]

rank
positive definiteness, of an operator,
positive element rank-one operator,
in C*-algebra, [180] rational numbers
positive linear functional, not a Gs, [75]
definition, [I7§] reflexive
positive operator, [55] [I54] LP spaces, [166
definition, reflexive space, [64]
pre-Hilbert space, 24 P,
preannihilator, characterizations, [65]
predual closed subspace,
uniqueness, [103] definition, [64]
projection dual of,
contraction, [2§] dual of reflexive,
explicit formula, examples, [64] [T10]
onto closed convex set, 27] James’ characterization,
onto closed subspace, Kakutani characterization, [129
projection operator non-examples,
exercises, [I00] quotient, [65], [TT3]
pure state, [I8]] separability, [T18§]
Pythagorean theorem, weak compactness, [67]

residual set,
quantum mechanics, resolution of the identity, [151

algebraic formulation, (180 definition, (151
formalism, [I58 resolvent,
quotient map, [I13] analytic dependence, [49)
openness, [103] bound,
quotient norm, [I§] resolvent identity, [49]
quotient space, [1§] resolvent operator,
and completion, resolvent set,
of reflexive space, [L13 Riemann-Lebesgue lemma, [124]
Riesz lemma, [141
radical, ascending chains, [T41
Radon—Nikodym theorem, [109 Riesz representation theorem, 23] [29]
Radon—Nikodym derivative, [I66] 510)
Radon—Nikodym theorem, [165 and adjoint, [49]
proof, application, [37]
statement, [I60] for L, [109
range for measures, [152

closed, Hilbert space, [166
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Riesz theorem

finite dimension, {140
Riesz’s lemma, [16] [134]

6 = 1 impossible,
Riesz—Fischer theorem,

proof,
statement, [I63]

Riesz-Fréchet theorem,
Riesz—Markov theorem, [64]
Riesz—Schauder theorem, [142
Riesz—Schauder theory,
Riesz—Thorin theorem, [[67HIGS]
proof,
statement, [I67]

R"

Schauder fixed-point theorem, [146]
Schauder’s theorem, [101
Schur’s theorem,
Schwartz space,
self-adjoint extension,
self-adjoint operator,
criteria, [I57]
definition,
positive, [55|
properties, [5]]
real case,
real inner products, [30]
spectrum, [52]
unbounded, [156]
self-dual,
seminorm, [10], 08|
semisimple Banach algebra, [94]
separable Hilbert space, [33]
separable space,
dual of,
separation
complex case, [62]
exercise, [6§]
of convex sets, [60]

of points,
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point and convex set, [6]]
strict, [62]
two convex sets, [70]
sequence space, [L]]
series
in normed spaces, [L3]
set of first category, see meagre set
set of second category,
shift operator
adjoint,
spectral radius, [4§]
spectrum, [54]
signal processing,
sine integral,
Sobolev space, [94]
H',
space
reflexive, [110
uniformly convex, [I15]
spectral mapping theorem, (150
spectral measure, [I5]]
definition, [I5]]
scalar, [I5]]
spectral permanence, [181
spectral projection, [159

spectral radius,

compact operator, [59]
definition, [47]

formula, [A7]
proof,

lower bound,

nilpotent, [48]

upper bound, [A7]

spectral theorem

bounded self-adjoint,
proof,
statement, [I52]

compact self-adjoint,
proof,
statement, [I43]

unbounded self-adjoint,
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statement, [T57] of the norm, [66]
spectrum, [44] subgradient,
approximate point spectrum, [55] sublinear functional,
bounded, superselection sectors,
compactness, [46] supporting hyperplane, [60]
computation, [T80] theorem,
continuous, [45| supremum norm, [T7]
countable, surjective operator
definition, characterization,
endpoints, symmetric operator, [I50]
in Banach algebra, [[72HI73] symmetric vs. self-adjoint,
definition, symmetry breaking, [T80]
non-empty, [47]
of compact operator, [142 tensor product
point, [45] rank-one operator,
real, [52] three-space property, (102
residual, Toeplitz matrix, [85]
self-adjoint operator, Tonelli theorem, {185
unitary operator, [53| topological dual,
square root topology
computation, [I59 initial, [12]]
existence and uniqueness, weak,
of positive operator, weak-x, [125]
standard basis total subset, [70]
of (7, trace class operator, [146
state triangle inequality,
definition, [I7§] trigonometric system, [37]
on C*-algebra, Tychonoff’s theorem, [127], [T84HI85]
properties, [I7§] statement, [I84]
state space, [I7§]
Stone’s theorem, [I59 ultrabornological space,
Stone-Weierstrass theorem, [I77], [I86] ultrafilter,
strictly convex norm, [38] [69] unbounded operator, 03], [I55]
strictly convex space, [115 definition, [L55
strong operator convergence, [77| domain,
exercises, [84] uniform boundedness principle, 48] [71]
vs. uniform convergence, [7§| completeness is essential, [76]
subdifferential, [66] for operator families,
definition, integration, [36]
exercise, [69] statement, [75]

non-emptiness, [66] via open mapping, [102]
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uniform convergence,
uniform operator convergence,
uniformly bounded family,
uniformly convex space, [L15
examples, [[15]
is reflexive, [115
is strictly convex, [115
nearest point, [I1§|
unit ball,
compactness, [19]
unitary operator, [36] [51]
characterization, 37} [55]
definition,

spectrum, 53]
Urysohn’s lemma,

Volterra operator, [55], [146]
spectrum, 59|

weak compactness
implies boundedness, (135
in L', [135
sequential characterization, (114
weak convergence, [123
and convex combinations, [131
and norm convergence, [125]
boundedness, (124
examples,

implies norm boundedness, [77]

in /7,
in LP 169

in Hilbert space,
of sequences, [123]
vs. norm convergence, [[24]

weak topology,
closed sets,
closure vs. sequential closure, [[34]
coarser than norm topology, [123]
is Hausdorff,
neighborhood base, [122]
non-metrizable,
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subbasis,

weak® convergence
implies norm boundedness, [77]
weak* topology
sequential completeness,
weak* convergence, [67]
weak® topology,
metrizability,
total subset, [70]
weak-* convergence, [126
examples, [134]
in separable spaces,

subsequences in separable spaces,
127
weak-* topology, [125
and reflexivity, [133]
closed subspaces,
continuous functionals, [132]
equals weak on reflexive, [135
is Hausdorff,
metrizability on bounded sets, [12§]
neighborhood base, [126]
vs. weak topology, [125]
weak-* topology
on Gelfand space,
webbed space,
Weierstrass approximation theorem,
100
Weierstrass function,
Wiener’s lemma, [181

Young’s inequality,
for convolutions,
for products, [161

Zorn’s lemma, [33]
in Hahn-Banach proof,
statement, [I84]
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